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PREFACE 

In investigating the highly different phenomena in nature, scientists have 
always tried to find some fundamental principles that can explain the 
variety from a basic unity. Today they have not only shown that all the 
various kinds of matter are built up from a rather limited number of atoms, 
but also that these atoms are constituted of a few basic elements of 
building blocks. It seems possible to  understand the innermost structure 
of matter and its behavior in terms of a few elementary particles: electrons, 
protons, neutrons, photons, etc., and their interactions. Since these particles 
obey not the laws of classical physics but the rules of modem quantum 
theory of wave mechanics established in 1925, there has developed a new 
field of “quantum science” which deals with the explanation of nature on 
this ground. 

Quantum chemistry deals particularly with the electronic structure of 
atoms, molecules, and crystalline matter and describes it in terms of 
electronic wave patterns. It uses physical and chemical insight, sophisticated 
mathematics, and high-speed computers to solve the wave equations and 
achieve its results. Its goals are great, but perhaps the new field can 
better boast of its conceptual framework than of its numerical accomplish- 
ments. It provides a unification of the natural sciences that was previously 
inconceivable, and the modem development of cellular biology shows that 
the life sciences are now, in turn, using the same basis. “Quantum biology” 
is a new field which describes the life processes and the functioning of the 
cell on a molecular and submolecular level. 

Quantum chemistry is hence a rapidly developing field which falls 
between the historically established areas of mathematics, physics, chemistry, 
and biology. As a result there is a wide diversity of backgrounds among 
those interested in quantum chemistry. Since the results of the research are 
reported in periodicals of many different types, it has become increasingly 
difficult for both the expert and the nonexpert to follow the rapid 
development in this new borderline area. 

The purpose of this serial publication is to try to  present a survey of 
the current development of quantum chemistry as it is seen by a number of 
the internationally leading research workers in various countries. The 
authors have been invited to give their personal points of view of the 
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subject freely and without severe space limitations. No attempts have 
been made to avoid overlap-on the contrary, it has seemed desirable to 
have certain important research areas reviewed from different points of 
view. The response from the authors has been so encouraging that a 
fifteenth volume is now being prepared. 

The Editor would like to thank the authors for their contributions 
which give an interesting picture of the current status of selected parts of 
quantum chemistry. The topics in this volume cover studies of the con- 
cept of atoms in molecules using modern catastrophe theory, over 
treatments of symmetry properties of reduced density matrices, and 
applications of group theoretical techniques to the many-electron prob- 
lem, to the importance of Feshbach resonances in chemical reactions. 
Some of the articles emphasize studies in fundamental quantum theory 
and quantum statistics, and others applications to comparatively com- 
plicated systems. 

It is our hope that the collection of surveys of various parts of quantum 
chemistry and its advances presented here will prove to be valuable and 
stimulating, not only to the active research workers but also to the scien- 
tists in neighboring fields of physics, chemistry, and biology who are 
turning to the elementary particles and their behavior to explain the de- 
tails and innermost structure of their experimental phenomena. 

PER-OLOV LOWDIN 
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I. Introduction 

It is known (Coleman, 1963, 1965; Coulson, 1960; Davidson, 1976; 
Mestechkin, 1977) that using the approach of reduced density matrices 
(RDM) offers certain advantages over the usual language of wave func- 
tions, at least in calculating the averages of the physical relevant operators 
(see also Lowdin, 1955). First we define the transition RDM. Assume we 
are given two functions Wl = ql(xl,  . . . .  xN)  and = qZ(xl, . . . .  xN)  
normalized, e.g., to unity. Then the transition RDM of pth order (or 
pmatrix) is defined as an integral operation with the kernel 

Dfl,\y2(x1, . . . .  x p ;  xi, . . . .  ~ 6 )  
= jW1(xl, . . .  9 xN)qZ(xI,  * . * 7 x 6 ~  xp+l, * * * t xN) 

x dx,,, . . .  dx,. (1) 
In particular, if Wl = q2 = q, Eq. (1) defines the RDM of pth or- 

der D$.  
In general, the wave function W that describes the state of a certain 

quantum mechanical system exactly or approximately possesses some 
symmetry properties, i.e., there exists a set of operators {A&" in the case 
of a continuous symmetry group and a set of elements {gk}: generating the 
group G (a discrete case) such that 

[P, ,  A,] = 0, i = I ,  . . . .  m ;  [P,,,, gk] = 0, k = 1, . . .  ; I ;  

1 
Copyright @ 1981 by Academic Press, Inc. 
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2 Eugene S. Kryachko 

where PIP = 19) (*I. Then if {IXY))} is a complete orthonormalized set of 
eigenfunctions of the operator At, or {e%; a; r ,  S = 1, . . . ,J"} ( f" is the 
dimension of the irreducible representation a) is the basis of primitive 
orthogonal idempotents of the group algebra of the group G, then the 
projector Po is decomposed into a direct sum of matrices P$f"' or P$r: 

a -1 

In the case when there exists a subset {A,} = {A,} of mutually commuta- 
tive operators, the structure of expansions (2a) and (2b) is markedly 
simplified. 

In the RDM approach there naturally arises the problem of finding the 
integral of motion and discrete symmetries for the density matrix DC and 
their relation with the motion integrals for the wave function *. This 
problem up to now has not been solved completely, which is natural. This 
problem is more general and profound than the so-called N-represent- 
ability problem (Coleman, 1963), which consists of finding a complete 
set of characteristics of RDM arising from the contraction of either anti- 
symmetric or symmetric wave functions. A more complex problem is 
to find the symmetry properties of the transition density matrices from 
the known symmetry properties of the wave functions that determine 
it. The RDM symmetry problems have been investigated in the articles 
by Bingel, Klein, Kutzelnigg, Lowdin, McWeeny, Mestechkin, Harri- 
man, and others. 

The known RDM symmetry allows one to simplify the calculation of 
matrix elements, to quasi-diagonalize a secular problem. Note that prob- 
lems of the RDM symmetry properties were greatly simplified, since in 
most cases of calculating the matrix elements of the density matrix only its 
completely symmetric component. However, it is not always the case. 
For example, according to Kutzelnigg (McWeeny, 1969) the above state- 
ment depends also on the state and if the state is degenerated, then the 
RDM have significantly lower symmetry than the operator. So in general, 
the eigenfunctions of RDM possess mixed symmetry. It is important to 
note that the symmetry can be recovered in two ways: either by assembly 
averaging over all densities of a complete set of degenerated states or by 
averaging the density for a certain state over the whole symmetry group of 
a system. These procedures are absolutely equivalent and give the in- 
variant part of RDM. It is only uncertain as to what procedure is the most 
useful. As McWeeny remarks (1969), however, the assembly averaging is 
more useful in applications and in proofs of general statements concerning 
the RDM properties of the degenerated states. 
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This review is devoted to the symmetry properties of RDM and their 
eigenfunctions, and to obtaining RDM-1 and RDM-2 for the projected 
wave functions. The main purpose of this article is to propose a unified 
rigorous approach to the study of the symmetry properties of RDM. 

11. Spin Symmetry of Reduced Fermion Density Matrices 
1.1. We consider the spin symmetry of the 1-matrix. D1y,, ,y2(xl;  xi) 

[x = (r, S)] can be formally represented as a matrix element of the 
operator O1 = Ol(xJ acting only upon the variables x1 = (rl, Sl): 

D!V1&1; 4)  = (*2IOlI*l) 

= j *2(YL Y2. * * * 9 YN) 

x O l * l ( Y l ,  . . . , YN) d Y 1  . . . dyyNdy;. ( 1 )  

The operator O1(xl) evidently replaces yl in q1 by x1 and y1 in q2 by xi, 
removing simultaneously integration over y , .  This operator can be for- 
mally represented as an integral operator with the delta-functional kernal 
(McWeeny, 1959, 1960; McWeeny and Mizuno, 1961) 

o I ( x 1 ; x ; l Y l ; Y ; )  = m1 - Y1) sor; - Yi) .  
Then 

Ol*(Yl ,  y23 . * * , YN) = j Ol(x1; x;ly,; Y W Y l ,  Y2, . * * 9 YN)Yl  

= scr; - y;)*(xl* y2, * * * 7 YN). 

The operator O1 is factorized by the space and spin components 

0 1  = ofof. (2) 

Accordingly the kernel of this integral operator is also factorized: 

O1(xl ; x h  ; Y ; )  = @(RI ; R;lrl ; rl)Of(Sl ; 

@( R1 ; R;[rl ; r;) = a( R, - rl) 6( R: - r;), 

; S;), 

OS(S1; s:lsl ; s;) = s(S1 - $1) s(S; - s;) ; 
X (R,  S), 

function of N independent variables can be represented in the form 

*h, . . . , X N )  = qa(r1, x2, . . . , x N ) a ( S 1 )  + 
and 

Y = ( r ,  s). 

We express the spin operator 0; through the spin functions. Since any 

x2, . . . , X N ) P ( S ~ )  

(a&)* = a[*,(aIa) + *s(a(p)]  = *,a, 

(PEW = P[*a(Pla) + *s(PIP)I = * O P ,  
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it follows that 

N S  - s) = a(S)(Y(s) + P(S)P(s) ,  

since a& and PP are the projection operators on the spin space formally 
written as the integral operators. Thus, the spin operator Of can be written 
in the form 

(XI. XZ? * * 9 XN) d X ;  dxl . . 9 dxN. 

The functions 1P1qIq2(Rl ; R;) and 4P'q]Wz(Rl; R;) with R1 = R; have a 
simple physical interpretation, e.g., 

1P1q1w2(R1) dR1 = 1P1qlq2(R1; R,) dR1 

is a probability of finding a particle in the volume d R ,  near the point R, 
with the spin a. 4P1q,q2(R) has a similar meaning (McWeeny and Sutcliffe, 
1969). 

We now turn to considering the spin operators. Obviously the 
unit operator Z has the form 

1.2.1. 
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ov(o)Y,yrz = W 2 I W l * l ) ,  

k V ( l ) q l ~ z  = (*2IO?skI *I) 

k = 0 21. 

1.2.2. 
and S,, i.e., 

Assume Yl and q2 are the eigenfunctions of the operators Sz 

s2*1 = Sl(S1 + l)*l, 

s2*2 = S 2 ( &  + 1)**, 

sz*1 = W * l O ,  

SZ"2 = M2*2. 

Then, according to the Wigner-Eckart theorem (Kaplan, 1969; War- 
shalovich et d., 1975) we have 

Taking into account that 

we obtain 

where 

Taking into account that 
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From the triangle rule for 3j-symbols it follows that at the given S1, S2 
takes values S2 = S1, S, * 1. Let us consider each of these cases 
(McWeeny, 1955, 1959, 1960) 

( i )  S1 = S2 = S. 

We first introduce the following notations: We first introduce the following notations: 

is the spinless transition density matrix; 

!'"'*iD 
L I I  

'h 
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1.2.3. Let Pl = * Z  = P, i.e., we investigate the spin symmetry ofthe 
Z-matrix. Then 

Pb 2 [S(S M + 1 ) 1 / 2  Qb} I2(2S + 1)1/Z 
1 

1,4Pb = (-l)S-M 

and 

I 
Db(X1; Xi) = (- 1)s-M (2(2S + l )1 /2  W R , ;  R;) [ W l ) ~ ( S : )  

x [ 4 S 1 ) W  ;) - P ( S , ) P ( S  ;I] } - 

M 
+ P ( S A P ( S ; )  + [S(S + 1)]1/2 QWi; R;) 

(7) 

IfM = 0, then 

(- P?,,(Rl ; R;)[a(SMS ;) + P(S,)P(S ;)I. (8) 2(2S + 1)1/* 
Db(X1; Xi) = 

Following McWeeny (1960) we rewrite (5b) in the form 

( Sz 
(9) 

where we introduce an explicit dependence kV!,!:,,,, on kl = (S,, M,)  and 
k2 = (Sz, M z ) .  In order to determine the function in the right-hand side of 
the relation (9) we define “standard” state with R ,  = (S,, S,) and kz = 
(Sz, Sz), and m = Sz - S,. 

” ) V?$?,,,(S,; S I R 1 ;  RI), -M2 k Mi 
,,,V!L:,v2(k1k21R1; R ; )  = (- l ) S 2 - M 2  
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So, the expression (9) can be rewritten in the form 

mV!ii,p,(klkzlR1; R;) = Cl(S1M1; s,Mz)V!,!:~~,(RlR,(R,; Ri) ,  (10) 

where C ,  is a “normalized” 3j-symbol 

All nonvanishing coefficients C1(S,Ml; S,Mz) are given in Table I. 
From (5a) it follows that the transition spinless density matrix P!,,,,yz = 

8sIsz8MlM2P!,!f!v2, Z‘!,!f!p2 is independent of the spin projections M1 and Mz. 

IA.3. We consider the spin density matrix Q!pj,p2 in more detail (6). In 
essence, it determines the density excess of electrons with upward spin as 
compared with the density of electrons with downward spin. The average 
value of the z -component of the spin moment in the state k,  = k, = (S, M) 
is equal to 

Therefore the term “spin density” is justified. 
The function 

is called a normalized spin density. A normalized spin density was first 
introduced by McConnell(l958). He obtained a general formula connect- 
ing the proton hyperfine splitting with the spin density and showed that 
the observed splittings depend mostly on diagonal elements of the spin 
density matrix and these splittings, in fact, can be used for the evaluation 
of the diagonal elements. 

2.1. By analogy with the previous case we consider the second-order 
density matrix. The spin expansion of the density matrix is performed by 
means of the operator represented as a product of two multipliers, each of 
which is taken from the following sets: (i) Z(1), S+(l), S-(l), So(l); (ii) 1(2), 

Since in the following we shall use the Wigner-Eckart theorem, we 
express these pair spin operators through the irreducible tensors. From 
nine components of the second-rank tensor S,( 1 )S , (2)  (d ,  p = ?, 0) we 
obtain the irreducible tensors of 0, 1, 2, ranks, namely, by analogy with 
(McWeeny, 1965): 

S+(2), s-m, SO(2). 



TABLE I 

COEFFICIENTS C ,  

ITI = M ,  - MI 

1 0 - 1  

S ]  + 1 

S ]  - 1 

[ (S, - M,)(S,  - M ,  + 1) 'IZ 1 
2 Is, 
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Then the spin decomposition of the transition reduced density matrix 
of second order corresponding to the functions q1 and Yz takes the form: 
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with the following notations 

uo = ( ~ 2 l @ Z ( I ) Z ( 2 ) l W ;  

YbO) = ( 92pgTppP1) ; 

= (g210iSt(k)lq1) ; 

V:) = (T21@Tg)lT1), 

k = I ,  2 ; 

m = * I ,  0 ;  

n = * 2 ,  * I ,  0. 

i = & I ,  0 ; 

W(,) = (T210gT(,)J.\Irl), 

The functions Uo, . . ., W!!; are not independent. They satisfy certain 
relations that follow from the antisymmetry of the 2-matrix on each pair 
of variables, namely’ 

Pi(2, 1; l‘, 2’) = - Pi(1, 2; l ’ ,  2’) = Pi(1, 2; 2’, l‘), 

Pi(1, 2; 2’, 1’) = - P$( l ,  2; l ’ ,  2’), 

P$(2, 1; l’, 2’) = - P$(l, 2; l’ ,  2’) = P$( l ,  2; 2‘, l’), 

PB(2, 1; l’, 2‘) = - Pi(1, 2; l ’ ,  2’), 

’ For brevity, owing to uniqueness the coordinate vectors are omitted and only the 
corresponding indices are given. 

Pi(2,  1; l‘, 2’) = - Pi(1, 2; l ’ ,  2’) = Pi(1,  2; 2’, l‘), 

Pi(1,  2; 2’, 1’) = - P$( l ,  2; l ’ ,  2’), 

P$(2, 1; l’, 2’) = - P$( l ,  2; l’ ,  2’) = P$( l ,  2; 2‘, l’), 

PB(2, 1; l’, 2‘) = - Pi(1,  2; l ’ ,  2’), 
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Pi(2, 1 ;  l ’ ,  2’) = - P:o(l, 2; l’, 27, 

Pi(1, 2; 2’, 1) = - Pi(1, 2; l’, 27, 

P:(2, 1; l‘, 2’) = - P?l(l, 2; l‘,  2’), 

Pi(1, 2; 2’, 1) = - P27(1, 2; l’ ,  27, 

P 3 2 ,  1; l ’ ,  2’) = - Pf,(l, 2; l’ ,  27, 

Pi(1, 2; 2’, 1) = - Pi(1, 2; l ’ ,  27, 

Pi(1, 2; 2’, 1’) = - Pi(1, 2; l ’ ,  27, 

P’4,(1, 2; 2’, 1) = - P&(l, 2; l ’ ,  27,  

P?,(l, 2; 2’, 1) = - P!2(1, 2; l‘,  27, 

1;  l’, 2’) = - P$,(l, 2; 1’, 2’) = P:a(1, 2; 2’, l’), 

1;  1’, 2‘) = - P:4(1, 2; 1‘, 2’), 

P:4(l, 2; 2’, 1) = - P:5(1, 2; l‘ ,  2’), 

P:,(2, 1;  l‘, 2‘) = - P:5(l, 2; l‘, 2’), 

P:6(2, 1; l’, 2’) = - Pi&, 2; l ’ ,  2’) = Pi&, 2; l’,  2’). 

The 2-matrix diagonal elements have a simple physical meaning. The 
term Pj(1, 2; 1 ,  2) contributes to the function Dz from two electrons 
at the points rl and r2 when both of them have the spin a; similarly 
Pi(1, 2; 1, 2) contributes from electrons at the points rl and r2 with the 
spin a and p ,  respectively. Hence, the components P!(l, 2; 1 ,  2), 
Pi(1, 2; 1, 21, Pi1( l ,  2; 1, 2) and P:6(l, 2; 1,.2) have a probable char- 
acter, namely, they determine the probability of simultaneously finding 
the electrons with the spins aa, ap, pa, pp, respectively, at the two 
points rl and r2. 

2.2.1. Assume the functions Pl and V2 are eigenfunctions of the total 
spin operator S2 and the spin projection S, with the eigenvalues S1, M1, 
S2, M2, respectively. 

Then, according to the Wigner-Eckart theorem we have 
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2.2.2. Consider some components of the 2-matrix Dg. In calculating 
the matrix elements of two-electron operators whose spin part depends 
only on the spin of one electron there appears the so-called “spin-orbital 
coupling function,” which is defined as follows (McWeeny and Sutcliffe, 
1969): 

If T1 and q2 are the eigenfunctions S2 and S, with the corresponding 
values (Sl, M,) and (S2, M 2 ) ,  then introducing a “standard state” similar 
to that in Section 11.1 we have 

The reason for this name of the term PsL will be explained in what 
follows (Section 111). The function DsL has a very interesting physical 
interpretation. Substituting rn = 0 into (12) and taking into account (11) 
we easily obtain* 

D”S(*,, q2tr1, r2; r;, r;) = 8P%ad  + P%(ap) - P:(pa) - P%(pp)I 

i.e., DgL (its diagonal element) determines the abundance of the prob- 
ability of finding the electron with the spin a at the point rl as compared 
with the same probability for the spin p for the second electron at the 
point r2. Therefore, this component is just called “conditional” function 
also (McWeeny and Sutcliffe, 1969). 

Similarly in calculating the matrix elements of two-particle operators 
with a spin-spin interaction, a “spin-spin function” appears: 

D’SS(*~, *21r19 r 2 ;  4 ,  4%’ = Z‘%)D$lyr2(xl, x 2 ;  xi, x i )  dS, dS2. (13) 
s;=s, 

In the argument Pi the spin variables u(S, )~(S, )u(S; )u(S; )  are indicated by (uu). With 
the above variables P: enters ( 1 1 )  as a multiplier. 
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Then in the standard notation 

D3S1S2;  M1M21r2, r2; r;, dd!? 
= C2(SIM1; S2M2)DMS1S2, SlS21rlr r2; r;, ri)$), 

where the values of C2(S1M1 ; S2M2)  are given in Table 11. The physical 
interpretation of this function is of some interest. The irreducible tensor 
operator 7'6'' of the zeroth rank has the form 7'6') = (l/dT)[S(l)S(2) - 
~ S O ( ~ ) S O ( ~ ) ] .  Then in the case Pl = q2 = ISM) we have 

where S(U) = SioSjo - iS(i)S(j). 
The left-hand side of formula (14) is the average of the operator of an 

anisotropy of the electron spin pair, which is summarized over all differ- 
ent pairs in the state ISM) and, consequently, is equal to $ [ M 2  - 
iS(S + I)] .  The right-hand side represents a diagonal element of the 
spin-spin coupling function, which is integrated over all positions of 
two elements of the volume and, thereby, defines the density of the 
anisotropy of the spin-spin coupling (McWeeny, 1961). 

Consider the case q = ql = q2 = ISM) in detail. Since 9 is 
the eigenfunction of S,, because of the orthogonality of the spin functions 
with different projections on the axis z we have 

Xi,,, = 0, i = f, k = 1 9 ,  2. V(1) m = 0, m =  + I ;  W(,)  = 0, n = +2, + I .  

the expansion ( 1  1) D?j, only 6 components with spins aciaci, adipp, appci, 
pciap, Ppa&;;, and pppp out of 16 do not vanish. Since the density matrix 
is antisymmetric, all the coordinate parts with the spin components acipp, 
&&, pciap, and ppaci can be expressed by one of them, say, P i .  Thus, 
we finally obtain 

W r 1 ,  r2; S1, S21r;, r;; S;, S;) 

2.3. 

Therefore, P $  = P:  = Pq = P i  = P 2  8 - - P 2  9 - - P:2 = Pis  = Pi4  = P &  =-0 in 

= + P W l  rl, r2 ; r;, r;)cr(~,)a(~,)ci(~;)d;(s;)  

+ ( 1  - P12)PiWlrl, r2; r;, r;)a(S1)p(S2)ci(S;)p(S;)(l - plt2') 

+ Pi6(qlrl, r2 ; r;, r ; )p(s l )p(S2)P(S;)P(S;)  

D?j,(rl, r2; S1, S21r;, r;; S;, S;) = Z?(rl, r,; r;, ~ ; ) z ( I ) z ( ~ )  

(15) 
or 

+ Ql(rl, r2; r;, rM1)S0(2) + Q2(r1, r2; r;, r9So(l)l(2) 

+ 3Qh"(r1, r2; rl, r4)So(l)S0(2) 

+ 4Qh2)(rl, r2; r;, r6NS+(l)S-(2) + S-(I)S+(2)1 



TABLE I1 

COEFFICIENTS C, 

J 

J 
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QL" = -P2p 6 1121 - PI~P'L,, Qa = - f(PiP1'2, Pl2Pi). 

The above formulas give a complete solution of the 2-matrix spin 
decomposition problem. The following should be noted. Sometimes it is 
convenient to choose spin functions in another way, i.e., to pass to an 
equivalent set of irreducible tensor operators. In particular, one such way 
was proposed by Kutzelnigg. Let us introduce four possible types of 
spin functions (Kutzelnigg, 1963, 1964): 

4 1 ,  2) = 4 l )a (2 ) ,  

M I ,  2) = P(l)P(2), 

c(1, 2) = ( l / d m l ) P ( 2 )  + P(1)42)1, 

4 1 ,  2) = ( l / f i ) [a ( l )N2)  - P(l)(Y(2)1. 
(18) 

Then formula (15) for D?,, will be rewritten as follows: 

D?,, = PGu( I ,  2)a( l ' ,  2 ' )  + f &b( I ,  2)6( 1 ' ,  2 ' )  

+ P&c( I ,  2 ) C (  I ' ,  2 ' )  + P$$,d( I ,  2)d( I ' ,  2 ' )  

+ P$$c(l. 2)d(l', 2 ' )  + P&d( l ,  2)E(I', 2 ' ) .  (19) 

with 

P r  = %Pi  - PiP1,2. - P12Pi + P12P2gP1'2'1, 

Pz"" = g P ;  + P;P1'2. + Pl2Pi + P12PgP1'2'1, 

P p  = # P i  + PiP1,2, - P12Pi - P12P$P1'2'], 

P p  = # P i  + PiP1,2, + P12Pi - P12P:Pl'2']. 

(20) 

At M = 0, P i  = Pi ,  and P$ = P:o, i.e., Pi$, = Pi$ = 0 and P g  = Pp$. 
Note that the interesting applications of the factorization of DC 
with M = 0 were obtained by Wienhold and Wilson (1967). 

Finally, if S = M = 0, then because of the triangle rule for 3j-symbols 
and Wg" = yto, = 0 

0 

= p b b  = pCc 2\y ,  02, = P , ( U ~  + b6 + cC) + P,dd. (21) 2w 

Kutzelnigg's choice (21) is of interest. The coordinate parts of the 2- 
matrix D$ are the singlet P: and the triplet P: spinless density matrices: 

P2,(1, 2; l ' ,  2') = i@O(l ,  2; l ' ,  2') + OO(2, 1;  1', 271, 

P X l ,  2; 1' 2') = #Ocl(l, 2; l ' ,  2') - Oo(2, 1;  l ' ,  271, 
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where 
0, = P: + P12P;P1#2#. 

Hence there directly follows the symmetry ofPE and the antisymmetry 
of P :  relative to the permutations P12 and Pl,2,. 

We have considered the spin symmetry of RDM. The applications of 
the spin symmetry in calculating the matrix elements of the physical 
operators will be given in Section 111. The spin decomposition of the 
2-matrix is used for an investigation of the Fermi and Coulomb correla- 
tions (McWeeny, 1961; McWeeny and Sutcliffe, 1969), the intermolecu- 
lar interactions (Dacre and McWeeny , 1970), in constructing the chemical 
bonding theory (Davidson, 1972, 1976), etc. The 1-matrix or any of its spin 
component, e.g., the spin density, can be considered as a kernel of a 
certain integral operator and, therefore, it can be expanded in a complete 
set of orbitals, e.g., atomic ones. The diagonal and wndiagonal elements 
of coefficient matrix are called orbital and overlap populations for the 
whole I-matrix (McWeeny and Sutcliffe, 1969) and orbital and overlap 
spin populations (McWeeny, 1960; McWeeny and SutclSe, 1969) for the 
spin density, which allows one to construct the chemical bonding theory 
although these populations in a general case depend on a chosen orbital 
basis, and only a complete set of the coefficient matrices for all possible 
choices of one-particle basis of functions is meaningful (see also Bingel, 
1961). 

111. Orbital Symmetry 
It is known that when considering many electron systems and 

neglecting spin-orbital interaction and other higher relativistic corrections 
in the Schrodinger equation, a complete orbital moment L of the system 
and its projection ML are the good quantum numbers. Therefore the study 
of the RDM orbital symmetry (Garrod, 1%8) seems to be necessary. 

As in the previous part we consider subsequently the orbital symmetry 
of the 1- and 2-matrices. 

2.1. In order to study the orbital dependence of RDM, we consider 
the angular component of the spatial &operator whose matrix elements 
are just the transition RDM 

1. 

Of(R1; R;lrl; r;) = 6(Rl - rl) 6(R; - r l ) .  

Introducing the spherical coordinates, we have 

where 

R = ( R ,  n), r = ( r ,  0). 
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Let us define dipolar spherical harmonics (Warshalovich et af., 1975) 
as an irreducible tensor product of two spherical functions of different 
arguments: 

Then the completeness condition for dipolar spherical harmonics takes 
the form 

Thus, the orbital expansion of the 1-matrix is defined by the formula 

where 

So in (1) we expressed the angular part of the I-matrix by irreducible 
two-particle angular tensor operators. This allows one to simplify the 
calculation of the matrix elements via the Wigner-Eckart theorem. 

The diagonal part of the I-matrix DLIq2 has the form 

2.2. Let ql and q2 be eigenfunctions L2 and L,: 

91 = ILlMl), q 2  = lL2M2). (3) 

Then according to the Wigner-Eckart theorem 

and 
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~ & , . V 2 ( X 1 ;  

(-$z h,- M2 M1 

(4) 

Up to now we have assumed that the Hamiltonian H of the electron 
system commutes with Lz and L,. Moreover, H is known to be invariant 
with respect to the inversion i of all electron coordinates. Therefore the 
solution 9 of the Schrodinger equation with the Hamiltonian H should 
possess a certain parity p (= *) depending on the change of sign of 9 for 
the inversion i .  It is not difficult to show (Bingel, 1962) that the application 
of i to (2) leads to the relation 

L1 ) = ( - 1 ) L Y - M Z  

I 1  hL 

x (LZIILIILl)CL~Ytl(~l) c3 Yl2(%)1LM1-M2. 

plpz = ( 5 )  

where p1 and p2  are the parities Yl and q2, respectively. Under the condi- 
tion (3) the summation over L in (4) contains a finite number of terms and 
obeys the triangle condition IL1 - Lzl 5 L 5 Ll + Lo. Moreover, from (5 )  it 
follows that possible values of L are limited by the series L = L1 + Lz,  L1 
+ L2 - 2 ,  . . . , ifq1 and qz have identical parities, and by the series L = 
L1 + L2 - I ,  L1 + L2 - 3, . . . , ifthe parities of q1 and ql are different. 

As in the case of spin symmetry of the transition RDM we may define 
the standard states with M1 = L1 and Mz = Lo and introduce the coupling 
coefficients that are the relation of the 3j-symbol (Bingel, 1962). 

2.3 Let \I' = ql = q2 = (LoMo). Then 

From the triangle law it follows that L = 0 and consequently I l  = lZ. 
Thus, 

= (-  1 )L"MoDL,,+,o(RIS1; R ;S ;/I)( - l)'-Y2/ + 1)"' Yl,(nl) Fl,,,(ni). 
Im 

(6) 

So we have considered the orbital expansion of the 1-matrix. In the 
same way one may study, if necessary, the orbital symmetry of a spinless 
matrix and a matrix of spin density. 

In the case of the 2-matrices we act similarly. Firstly we introduce 
the four-polar spherical harmonics 

3. 
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The angular part of the &operator 

is represented as 

the condition of the completeness of these spherical harmonics. 
Then 

where 

The diagonal component D?p,w2 has the form 

If 'PI and 'P2 are the eigenfunctions of L2 and L ,  then 
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Assume ql = Vz = ILoMo). Then 

D2&f0(X1Xz; XZ;) 

= 2 2 z  
11121314 Am m1mz 

m3m4 

x D&+o(RISlr R2S2; R;S;, R&Il1/21314A)( - l)'1"''3-14+A-m 

(8) 
Thus we have examined the orbital symmetry of the 1- and 2-matrices 

corresponding to arbitrary wave functions both exact and approximated. 
Therefore in Section III,4 we use the above formulas, as an illustration, 
for the approximated Slater wave functions of atomic systems. 

4.1. It is known (see, e.g., Kaplan, 19691, that in the LS-coupling 
approximation an antisymmetric function may be represented in the 
form of a linear combination of products of a coordinate part by a spin 
one 

l4 A )  X (k, m2 - m )  (i3 m4 m 
12 A 

X ('A + 1)'" Ytirn1(flJ plzm(fli) Yt3m3(fl2) Y14rn4(fl;)- 

f k l  

q!iy(xl - . . xN) = ( f lU)-1/2 2 @b\l(ri * . . rN)flF:(s, * * * sN), (9) 

(10) 

(1 1) 

Since in what follows we shall use the theory of nonstandard represen- 
tation of a symmetric group (Kaplan, 1969), to simplify the notation we 
define RDM in a form somewhat different from the traditional one: 

r=l 

where 
@!A1 = e~\l@O = (f[Al'/N!)'/z 

@O = Pl(r1) p2(r2) * * ' PdrN). 

D!p1 q w l  (x, . . x,;x; . . * xh) 
l h i l  2 h 9 1  

= / dx,+, . . . dxN q::::I(X~, 

- x ( x N 9 .  . 9 xm+1, xb,.  . 9 xi) 

- 9 x27 xi) * ~ 1 ~ ~ 1  

- 

r=l t=1 

where . 
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TABLE 111 

PERMITTED TERMS OF CONFIGURATION OF EQUIVALENT ELECTRONS 

Young Orbital Multiplicity 
S"p" scheme moment Spin S M Term 

S2 
p' 

d 

P4 

P3 
P6 
SP 

Sd 

SP' 

SP5 

0 
I 
0, 2 
0 
I ,  2 
I 
0, 2 
1 
0 
1 
I 
0, 1 . 2  
1 
0, I .  2 
0, I ,  2 
0 
0, I .  2 
I 
I 
1 
0 
I 
0, 1 . 2  
I 
0, I .  2 
0 
0,  1 , 2  
I 
I 
0 

0 
I 
0 
4 
t 
I 
0 
1 
0 
I 
0 
t 
4 
0 
1 
2 
f 
4 
0 
I 
1 
f 
0 
I 
t 
f 
0 
I 
f 
0 

I 
3 
1 
4 
2 
3 
1 
2 
I 
3 
I 
2 
4 
I 
3 
5 
2 
4 
I 
3 
2 
2 
I 
3 
2 
4 
I 
3 
2 
I 

IS 
3P 

IS, ID 
45 
2P, 2D 
3P 

IS, ID 
2P 
IS 
3P 

' P  
2S, 2P, 2D 
4P 

IS, 'P ,  ID 

3S. 3P,  3D 
35 
2S, 2P, 2D 
4P 
' P  
3P 

25 
2P 
IS. ' P ,  ID 
3P 

2S.2P,2D 
45 
IS. ' P ,  ' D  
3P 

2P 
IS 

Then taking into account formulas (lo)-( 11)  we have 

D p ( * y  ; @:y) 
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4.2. In Section IV we shall find the expression for Dg(@;i1 ; @i:21) 
through the transformation matrices and coefficients of outer products of 
a symmetric group (Kaplan, 1969). But now following W. A. Binge1 
(1962), in Table 111 we write down, using the reduction (Kaplan, 1969, 
p. 176) 

U&i.!, t* up 
U U 

SOL(3) c* SOS(3) 

the permitted terms of the configuration of equivalent electrons S " p  m .  

Since we need at least the 2-matrices, we consider the reduction 
SN = SNP2 X S2 for the configuration S"pm using the Littlewood rule 
(Littlewood, 1958, p. 128): 

4.3. 

(i) [ I ]@[I ' ]  = [ I ' ] +  [ Z I ] ,  [ 1 ' ] 3 [ I ] = [ l ' ] + [ [ z I ]  

[2]@[1]=[21]+[3],  [ l ]@[Z]=[Z l ]  +[3]; 

( i i )  [Z I ]  @ [ I ]  = [3 I ]  + [Z '3 + [Z I '1, 
[Z] @ [ I  '3 = [Z 1'1 + [3 I], 

[ 1 '1 @ [2] = [3 I ]  + [Z I '1, [ I  '3 @ [ I '3 = [Z '3 + [Z 1 '3 + [ I 41 ; 

[ I '1 @ [ I ]  = [Z I '1 + [ I '1, 
[Z] @ [Z] = [Z'] + [4] + [3 I] .  

(ijj) [Z '1 @ [ I ]  = [Z I ]  + [3Z], 
[ I  4 1  @ [ I ]  = [Z I 31 + [ I 5]3. [Z I ]  @ [ I '1 = [32] + [ 3 1 '1 + [Z ' I ]  + [Z I '1. 
[Z I ]  @ [2] = [4 11 + [3Z] + [ 2  ' I ] ,  [ I '1 @ [ I '1 = [ I 5] + [Z I 3] + [ 2  I ] ,  

[Z I '3 @ [ I ]  = [3 1 '3 + [Z I '1 + [ 2  ' I ] ,  

[ l"@[Z]= [3 l ' ]+  [2I"; 

[ I  51 @ [ I ]  = [ I  61 + [ ? I  41, 

[w] @ [ I  '1 = ~ 2 3 1  + [ Z I ~  + [ ~ Z I I  + [3131, 

[ZI 7 = [41'1 + [3211+ ~3131, 

[ I ' ] @ [ l ' " " " + [ Z ' I ' ] + [ Z l ' ] ;  

( i u )  [2 '1]@[1]=[Z3]+ [ Z 2 1 '  3. " I "@[1]=[3l"+  [Z'L1']+[214], 

[2'] @ [ I  '3 = [32] + [Z'l '] + [3ZI], 

( u )  [Z3]@[I]= [3Z2]+ [Z31]; [2212]@[1]=[3Z12]+ [ Z 3 1 ] +  [ Z 2 1 3 ] .  

[Z21]@[12]=[321]+ [3Z2] +[321'] +[Z31], 

[Z ' I ]  €3 [Z] = [41 I ]  + [3Z '1 + [37 I 2 1  + [Z  I ] .  

[Z I 31 @ [ I '3 = [3Z I '1 + [3 I '1 + [Z I ]  + [Z 1 31 + [Z 2 I 31, 

[Z I 31 8 [Z] = [4 I 31 + [32 I '1 + [3 I 4 3  + p 1 31 ; 

(ui) [Z I ]  @ [ 11 = [ 2  dl + "3 I '1 + [ 3 ~  2 I], 
[ Z z 1 1 ' ] @ [ ~ * ] = [ 3 2 ~ 2 ] + [ ~ ~ ] +  [ 3 ~ 1 3 ] + [ 3 ~ ~ 1 ] + ~ ~ 2 1 ~ ] ,  
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4.4. As an example, the nonzero coordinate densities of a diagonal 
part of the 1-matrix of possible values of the orbital moment L for the 
configurations p and p‘ are the following: 

m1m2 

( 11 12 L ) (4 12 L) . 
m, m2 - M  0 0 0 

5.1. In this paragraph we consider some applications the LS-symmetry 
of RDM in the calculations of the matrix elements of effective operators. 
When considering electron-spin and nuclear-magnetic resonances, an 
effective spin Hamiltonian is usually introduced. Thus a difficult (some- 
times analytically unsolvable), multiparticle problem is replaced by a 
rather simple equivalent spin problem. 

We shall discuss briefly how the spin Hamiltonian (Bethe and 
Salpeter, 1957; Lowdin, 1964) is obtained via the perturbation theory. 
Let H = Ho + H ‘ ,  H ‘  = Hex,  + HsL + H,, + Hz + H N , ,  where Ho is the 
molecular Hamiltonian without spin and field variables, H’ is the pertur- 
bation that involves the medium effect (HeXt), the spin-orbital coupling 
( H s J ,  the electron spin-spin interaction ( H s s ) ,  the electron-Zeeman term 
( H J ,  and different nuclear bonds. Notice that a detailed discussion of 
these terms was given by McWeeny (1965). 

Let <pk be the electron and 6, the spin-nuclear wave functions. 
Then the total wave function of electrons and nuclear spins may be 
written in the form = &A C k h < p k 6 A  = &A C k h l k A ) ,  the eigenvalues and 
the coefficients c k h  resulting from the Schrodinger equation written in the 
matrix form3: 

H ,  = E, where H = ~ ~ ( k ~ p Z ~ k ’ ~ ~ ) ~ ~ .  (14) 
We divide all the energy levels into two types. The unperturbed 

states Ik,A) with the energy E, form the group A .  The remaining one 

The ket-vectors Ikh) are assumed to form a complete set. 
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form the group B. This induces the following partition of the matrices H : 

HA” = ll(k,AlHlkhA’)I), H A B  = HE“+ = Il(kaAIHlkbA’ ) II* H B E  = Il(kbAIHlkbA’ ) 11. 
Then the secular problem (14) is reduced to the following one: 

H;,A,A = EA,  (15) 

(16) 

which refers to a less set of states belonging to the set A. Let us denote 
the matrix elements (16) through (khA’lH:$(k,A) and according to the 
perturbation theory (up to the second order) we have 

HAA = HAA + HAE(E - HBB)-IHEA where eff 

(khA’lHA,$)k,A) = Eatik,&hsAAt + (khA’IH’Ik,A) 

Putting Ea = 0,  we define the effective spin operators H‘&)in and H i ! , ,  
containing the operators of nuclear and electron spins as follows: 

( k h A‘ IH ’ ( k ,  A )  = ( Mh A‘ IH ‘&)in IM, A ) ,  ( 18) 

Then a total spin Hamiltonian in this approach is the following 

Hspin = H“’ spin + H‘,2din (20) 

HspinA = EA.  (2 1) 

and the secular problem (15) is rewritten as 

Thus, the problem of finding the eigenvectors and eigenvalues (14) 
is reduced (in the present approximation) to a completely equivalent 
spin secular problem (21). Thus the problem is reduced to the con- 
struction of an equivalent spin operator for any term of the perturbation 
Hamiltonian H ’  using the formulas (18) and (19). 

5.2. Consider the electron-nuclear contraction Hamiltonian 
(McWeeny, 1965): 

(22) ,;On‘ = h o p  I= g n p n  2 ( - 1 rni)s-m(i)zm(n).  
n fm 
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Hence 

H',t,,(cont) = x hAP"I(n)S, 
n 

where 

is the contract coupling constant. It depends, obviously, on the spin 
density calculated in the kernel n.  It is clear that A Y "  is isotropic 
since it does not depend on the molecule orientation. 

5.3. The dipole-dipole term of the nuclear Hamiltonian is defined 
as follows (McWeeny, 1965): 

It is not difficult to show that 

Then 

where 
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Thus Higin (dip) is reduced to the consideration of orbital symmetry 
of the component .Vg) of the I-matrix DA. 

5.4. Consider the Hamiltonian of the electron spin-spin coupling 

H s s  = -k2p2 2 
(McWeeny, 1965): 

(- l)"rGs[ru x ru]'?&[S(i) X S ( j ) E .  (24) 
U r n  

Then 

where 

In a general case this coupling is anisotropic. Then we may define the 
principal axes ( X ,  Y, Z )  of the tensor D ,  and the expressions (25) take 
the following form: 

Hence, the Hamiltonian of the electron spin-spin coupling responsible 
for the decomposition (in the zero approximation over a field) of Zeeman 
levels is expressed by the coupling anisotropy or of the "spin-spin 
coupling" introduced in Section 11. 

Thus concerning the applications of RDM to the effective Hamiltonian 
theory, we have considered only the Hamiltonians of electron-nuclear 
contact coupling, electron-nuclear dipole coupling, and electron spin- 
spin coupling. In general, we would like to note the following: All the 
system characteristics appearing in the writing of the spin Hamiltonian 
can be evidently expressed by no less than 2-matrices and are reduced 
to the LS-expansion of the 1- and 2-matrices and to the quantum theory 
method of the angular momentum (Warshalovich et al., 1975; Yucis and 
Savukinas, 1972). 
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6. The orthonormalized N-electron spin functions transformed 
according to the Young scheme [A] = [2"1N-2p ](S = 4N - p ,  M = 
N - 2p + 1) are known to be constructed from the spin ( N  - 1)-electron 
functions according to the following branching rule (Bingel, 1960; Kotani 
el al., 1955): 

We shall not give the 2-matrices Di(fl&'lNl:kl; fl&,&.:;kz) in full, since 
this is a rather trivial procedure. Here are some examples for the case 
k l ,  k2 E (1, . . . , f&!/Z}(S = S1 = S2): 

(i) M = M1 = M2 

- (S - M + 1)(S - M + 2 )  
Ds - (2s + 2)(2S + 3 )  

(S - M + 1)(S + M + I )  + ( 2 s  + 2)(2S + 3 )  k k z  

(S + M + 1)(S + M + 2)  
( 2 s  + 2)(2S + 3 )  

+ 
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(ii) M ,  - I = M z  = M - 1 

D$ = - - + [ ( S  - M + 1)(S + M)]1’2 (2s  + 2)(2S + 3) 

[ ( S  - M + l)(S - M + 2)(S + M - 1)(S + M)]”’ 
(2s + 2)(2S + 3)  

0% = 

D$ = - - + I [ ( S  + M + 1)(S - M)]”* 
(2s + 2)(2S + 3) 

[ ( S  - M - 1)(S - M ) ( S  + M + I)(S + M + 2)]”’ 
(2s + 2)(2S + 3) D$ = 

Sk1kzp(SN-l)p(SN) &(Sh-l)G(Sh)- 

The branching rules (26) allow one to solve completely the problem of 
spin-orbital expansion of wave functions of the type (9) in the LS- 
coupling. 

Thus, we have considered the LS-symmetry of the 1- and 2-matrices. 
The J-symmetry of RDM may be considered in a similar way though it had 
been little investigated to date (Hunter, 1971), but the J-expansions of 1- 
and 2-matrices would allow one to simplify considerably the calculations 
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of the matrix elements of the operators and to construct the theory of 
effective operators in the jj-coupling. 

IV. Permutational Symmetry Properties 

As we have already emphasized, the RDM offer considerable ad- 
vantages in considering the quantum mechanical systems. The 1- and 
2-matrices, e.g., contain complete information concerning calculations of 
matrix elements of one- and two-particle operators. So called "spinfree" 
RDM (Kaplan, 1963; Poshusta and Matsen, 1966; Poshusta, 1967; Klein, 
1969, 1970, 1974a) offer an additional economy in calculations of spinless 
operators. The spinfree RDM are the generalization of the common boson 
and fermion RDM from the viewpoint of permutational symmetry. Con- 
sequently, the variety of problems arising in the theory of the usual RDM 
is extended; in particular, this concerns the variety of the transition RDM, 
the transition not only between different wave functions, but also between 
different Young schemes, as well as the N-representability problem whose 
solution for spinfree RDM is especially far from being the final one. 

Let U be the Hilbert space over the field of complex numbers C. 
The elements U will be called the ket-vectors or simply kets. In essence, 
U represents the space of all one-particle states. Assume UN = W" is 
theN-multiple tensor product of U-space. If U +  is a dual space to U ,  i.e., 
the set of all linear mappings of in U, then similarly U N  = BNU+. 

Let U# = UN 63 U N  be the space of tensors of the type ( N ,  N ) ,  i.e., the 
tensors that transform covariantly and contravariantly in N indices rela- 
tive to the transformations of U-space. If { l i k ) }k  is the basis of U-space 
then {IZ(W)(Y(N)~I,J, where lZ(N)) = lidlid - * I ~ N ) ,  (j(N)I = (.hI&-ll 

It is obvious that any element IU) (UI €17; may be expanded in this 

1. 

2. 

* * (j,l is the natural basis of U#.  

Let 1 U )  ( VI and I W )  (XI be the elements of U#. Then the composition 
law is naturally given on 

(1W Vl)(lW (XI) = I w vl W > W l  = l ~ > ( X l  (Vl  w>. 
It is clear 1 U )  ( VI is the idempotent provided that ( UI U )  = 1. It is 

obvious that the N-particle density matrices are the ( N ,  N)-type tensors. 
Furthermore, the set of all N-particle density matrices that correspond 
to pure and mixed states form a convex subset in U#.  And finally, the 
transition density matrices are also the tensors of ( N ,  ")-type. 

Let us define the reduction of tensors of the ( N ,  N)-type (Poshusta 
and Matsen, 19661, which is a particular case of contraction. Let 
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Then according to the definition 

Then for any X E U: 

It is obvious that T P ) :  U$ + U ; .  

3. Let S N  be the symmetric group, i.e., the group of all N! permuta- 
tions of N symbols. 

Let us consider now the group algebra RN. The algebra is semi- 
simple and there is an expansion RN = XRl R N d A 1  in the direct sum of in- 
variant subalgebras of the algebra RN and 

where f L A 1  is the dimension of the irreducible representation (irr) cor- 
responding to the Young scheme [A] (which equals the number of 
standard Young tableau for the given scheme [A]), x["(P) is the character 
of the element P E SN in [A]. 

The metric basis RN forms the primitive orthogonal idempotents 
{e!",} satisfying the relation: et$ll &zl = 8LA11[hz1 6,,ek$]. In particular, as a 
basis RN we may take the complete set of semi-normal idempotents. 

There is a connection between the given basis of the group algebra 
and its regular basis 

where [PI\\' is the ( r ,  s) th matrix element of P E SN in irr [A]. 

the expansion of U i :  
The expansion of RN in a direct sum of invariant subalgebras induces 

U# = 2" Z / K I ] [ A 2 ]  where ULI][A2] = e["1UN Ne I A d t  
[ A  1l[hz1 
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or the subexpansion over 

u~llr,[A*lt = e!+' UN Nett 

due to e::' RN = e RN. 
Finally, we introduce two more notations: 

u ~ ~ ~ A z l  Tr(m)(e [A 11 u~ [ A # ) ,  

ud~~~,[Az]t  = TP'(e  :I' Uge I:''' ). 

4.1. Let IU) and IV) be arbitrary elements of U N .  Then the RDM 
of the nth order ( n  < N )  corresponding to the kets IU) and IV) is 
defined as 

D&" = Tr'm)(lU) (Vl )  (n + m = N )  

Let us consider the kets [ U )  = Iul)(u2) 

D!$v([Al]rs; [A2]tu = Trtm)(eC$l1 lU)(  Vlej>l') 

* ( u N )  and IV) = Iul)lu2) 
* * . IvN) .  Then according to the definition 

where DGJPIP'] = Tron)(PIU)( VIP')  are primitive RDM. They satisfy 
the following relation (Poshusta and Matsen, 1966): 

D!$JPIP'] = Df;"[.rrPIP'.rr-'] (7) 

for any .rr E S, of the group of permutations of n + I ,  n + 2 .  . . . , N 
particles. 

In what follows in order to use this property we expand S N  in left 
cosets on the subgroup S, : S N  = U c P c S m .  

Then 

X D&v[.rrP,IP;,.rr"]. 

By means of substitution r' = m-' and taking into account (7) 
we have x x - I  I [ h l ~ j i  .rr I ,  [n l w t  "J~PCIPb+I 

nES. n'ES6 
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To calculate the last sum we consider the reduction SN 3 S, x S,. 
Then 

where [A], [A,], [A,] are the Young schemes corresponding to the 
symmetry groups SN, S,, S,. respectively; 63 denotes an outer direct 
product of groups. 

The possible Young schemes [A,] and [A,] into which the scheme 
[A] breaks in reduction SN 3 S, x S, are usually found by means of 
the Littlewood theorem (Littlewood, 1958). Next, we shall denote by 
A a nonstandard representation based on this reduction. Let ( rl(r)A)[A1 
be the element of the transformation matrix (Kaplan, 1974) that connects 
the standard and nonstandard representation for the given Young scheme 
r A l .  Then 

Taking into account T E S, we obtain 

[TI::’ = 2 ( r I ( r ) y ’ (  ( r ) A l n ( ( r ) A ) ( ” ( ( t ) A J t ) [ A l .  
( r lA IO‘  

since for the reduction A(rP = (rl, r2). Thus 

X ([A:] 63 [A;] + [A,]) C, (vzlnlr2) [A”(ZzI~If2) [A’1. 
TES. 

Taking into account the orthogonality relations for the real irr and 
for the elements of the transformation matrix (Kaplan, 1974), we obtain 
the following expression (Kryachko, 1976): 

D$v([hiIrs ; [AJtu) 
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Thus, from (8) it follows that the reduced transition density matrices 
exist not only between various kets but also between different Young 
schemes. 

4.2. To consider the RDM in some particular cases it is convenient 
to use the following formula (Kryachko, 1976): 

DZTv([hiIrs; [b] tu)  

X ( u l [ A : I ~ i [ ~ z I u z  )[''I 
x ( [A:]ul[ A2]r21r)  [A I] ( z I[ Al]zl[ AZ]v2 ) [ A d  

x ( [ A l ] ~ , [ A ~ ] r , l t ) [ ~ ~ ~  

x ([A:] 8 [A2] + [Al ]N[Ai I  8 [A2] + [ A d .  (9) 

Because of the factors ([A:] 8 [A2] + [Al])([A)l] '8 [A'] + [A,]) in 
the formulas (S), (9) there follow selection rules for the RDM of transi- 
tions between kets that are transformed on i d s  [A,] and [A,]. For 
example, D$v([lY; [N]) = 0 for n = N - 2, N - 3, . . . , 1 (for any 
IU) and IV) from U J ,  i.e., the mixture of boson and fermion Nth 
kets ( N  2 4) does not make the contribution to the 2-matrix. 

In particular, if lU) = IV) and IU) does not contain repetitive 
one-particle kets, i.e., invariant (Poshusta, 1967) (see 02.5) l U )  is equal 
to { k }  = (1, 1, . . . , l}, then the formula (8) is simplified: 

Now we consider the following example. Let 

lU) = IV) = l ~ l > l ~ 2 ) l ~ 3 > l U 4 >  

and the invariant is equal to ( 1 ,  1 ,  1 ,  1 ) .  We assume also that [A,] = [2'] 
and [A,] = [212], and r = s = t = u = 1 in the formula (10). Then 
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In this case the transformation matrices have the form (Kaplan, 1974): 

Thus we have 

From this there follows 

This relation proves that the illustration of Theorem I of Klein and Kramling (1970), 
via contraction of U~&21zl ,  omits the term U:,pI(I1l, which can also be seen by correctly 
applying the theorem. 
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4.3. Let us consider the case [A,] = [Az] and r = t .  We define 
the “completely averaged” (in irr [A]) RDM (Poshusta and Matsen, 
1 966) : 

(Dbv([A]s; [Alu)) = j& 2 D%[A,]rs; [Alru). 

p 1  

r=1 

Then (Kryachko, 1977) 

and two indices from i (m) in the sum are not equal to each other and 
are not equal to any index from i ( n ) .  

Now we assume IU) = IV) = lul)luz) . . . luN) and the kets Iui) 
are orthonormalized. Then it is easily seen that 

The first formula shows that the “averaged” 1-matrix for the function 
e:: lu(N)) has the same (with an accuracy of a multiplier) form as for 
the Slater determinant. Finally, it is obvious that 

a= 1 
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is the nth-order immanent corresponding to the Young scheme [ A ]  of 
the first-order density matrix D.!,v([A]) , namely (in notations of Little- 
wood, 1958): 

DGrAAI) = I{~.!,d[AI))JA1 
i.e., gives the generalization of the formula for the nth-order density 
matrix by the first-order density matrix for the Fock-Dirack density 
matrix, providing the usual multiplication of the immanent elements 
should be considered as a tensor product. 

Let us consider again the structure on U# induced by the 
expansion of U# in irreducible tensor components, each of which is 
transformed according to a certain irr of SN. 

We define the superoperation (Klein and Kramling, 1970) on U# for 
each element a = C P E S N C Y ~ ,  P E RN 

4.4. 

a 0 x = 2 ( Y ~ x P - ’ ,  x E u#. 
P ESN 

Then (Klein and Kramling, 1970) the set {zA1; s = 1 ,  . . . , f‘”} is 
an irreducible tensor set that is transformed on irr [ A ]  of SN if and 
only if for any P E SN 

p t  

P 0 TiA1 = z [P]it lT$A1. 
t=l 

The superoperation induces the expansion of U# in a direct sum 
of irreducible tensor algebras: 

r/# = z @ where uyl E e[Al 0 U N  N. 
[ A ]  

Let X E U # .  Then 

where 

A([Ao]; [Al]ur, [h,]trw) = 2 X [ ” ~ ~ ( P - ’ ) [ P ] ~ ~ ] ’ [ P ] ~ ’  

characterizes the multiplicity of irr [A,,] entering the inner direct product 
of irr’s [ A , ]  and [A,]. Notice that so far there is no sufficiently simple 
method to define the expansion on irreducible components of the inner 
direct product of two Young schemes. Thus we have proved the fol- 
lowing theorem. 

P E S x  
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THEOREM I 
e["" UtVhi][h2] s([A1l 9 [ A 0 1 ) U ~ i l [ h 2 ]  9 

where 6([Al] x [A2], [A,]) is distinct from zero if [Ao] enters (with the 
nonzeroth multiplicity) in the inner direct product [Al] x [A2]. In par- 
ticular, for any X E UW 

where [A] is the Young scheme conjugated to [A]. 

THEOREM 11. For any U E U N  

Proof. It is obvious that 

Then for any P E Sk 

So we have 

2 

= (+) 
= (+) 2 

5. In this section we consider some necessary conditions of the 
N, [A,], [A2]-derivability problem, which is a natural generalization of the 
N-representability problem (Coleman, 1963) on more general Young 
schemes. 
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Assume that X E U ;  . X is said to be derivable if there is an ele- 
ment Y E U; ( n  < N )  such that 

X = Tr'")(e"I'Yej:''). 

It is obvious that X is N, [A&-, [A&-derivable if 

x ui"h;l"nhzlf 

5.1. Considering the N, [A,], [A,]-derivability problem, we restrict 
ourselves to the Young schemes of the form [2P1N--2P], which corresponds 
to the spin-free formulation of quantum mechanics of molecules and is 
of special interest for finding the eigenvalues of spinless electronic 
operators. The most convenient representation for considering the 
N, [A,]. [A,]-derivability problem is the seminormal representation of 
the symmetric group SN (Rutherford, 1948). Let r be the standard Young 
tableau, and P, and Nr be the permutation sets in the rows and columns 
of this Young tableau. Then E,  = PrNr is the Young idempotent of the 
tableau r .  Now we define a set of seminormal idempotents. Let E',"' be 
the Young idempotent that corresponds to the standard Young tableau of 
n squares obtained by separating the squares with the symbols n + I ,  
n + 2 ,  . . . , N from the tableau. Then the seminormal idempotents 
e',") are defined recurrently: 

el.V-l)E e ( N - l )  
r r r  er = - 

o r  

E ,  

where E is the unit of the algebra RN. We have found the necessary con- 
ditions for the N ,  [A,], [A,]-derivability problem in the work of Kryachko 
(1976). They have been proved on the basis of the properties of the semi- 
normal idempotents of algebra RN (Young, 1900, 1902, 1927; Yamanouchi, 
1937; Thrall, 1941; Rutherford, 1948). There follows 

THEOREM 111 

Tr(m)( !A 1 1  Ute iAr l  t) c - r  e(.V-m)[A 11 u . V  Nes ( N - f f l X A d  t 

6. Now we turn to the consideration of sufficient conditions of the 
N ,  [A,], [A2]-derivability problem using primitive orthogonal minimal 
idempotents: 

ECAI = p r A l " A 1 .  
r r  

We are interested in the Young schemes of the form [ZP"-2p] as in 
the previous section and divide, as  before, our proof into four points 
depending on the place of symbol N in the Young tableau [ [ A & )  and 
I[h,lS ). 
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x ( j ( N ) I (  N,--)N(V-l )[Adp(N-I 8 )[ha1 1. (1 1) 

The ket l i (N)) contains one-particle kets lit), . . . , t i k )  each 
kl ,  . . . , kk time. Then it indicates (Poshusta and Matsen, 1966) that the 
ket l i (N) )  has the invariant { k } ,  = {kl,  k,, . . . , k k }  (numbers ki are 
situated in nonincreasing order). Then ECA1li(N)) f 0 if [A] 2 [k} ,  in the 
sense of usual ordering of the Young schemes (Rutherford, 1948). 

Let us consider the ket li(N - I ) )  and l i (N))  = li(N - I ) )  Ih) .  Then 
{k} ,  and {k}#h are invariants of li(N - I)) ,  i (N) ,  respectively. In this case5 
[A& 2 { k } ~ - ~ .  For [A,], 5: { k ) f k  (Similarly to [A,], 2 {k)jhn) we can choose 
an h that is not equal to any one-particle ket from li(N - 1 ) )  and 
Ij(N - 1 )  ) . Then in (1 1) the second and the third right-hand terms vanish. 
Further expanding (Nu, )  in the Young idempotents and taking into 
account the left Ekv-')[A1l = ELA1', expanding only in the Young idem- 
potents ECA411 where [A,] € {[A,]}, we obtain the sum only on those Young 
schemes [A,] for which [A,] E {[A+]}-the corrollary of Theorem 10b 
(Rutherford, 1948); similarly to [ A , ] .  

Using the same considerations for all the possible positions of the 
symbol N in the Young schemes [A,] and [A,], and Theorem 10b (Ruther- 
ford, 1948), we have finally: 

THEOREM IV 

[A_], denotes the Young tableau obtained by separation of symbol N from the Young 
tableau [[A],). Similarly, [A,] denotes all the standard Young schemes obtained by an 
addition in any way of one square to the standard scheme [A_]. 
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Consequently, by induction it is easy to derive a general statement. 
Thus, we have found the sufficient condition for the N,  [A,], [A2]- 
derivability problem for any Pauli-allowed Young schemes [Al] and [A,]. 

7. In this section we shall, in principle, follow the paper by 
Poshusta and Matsen (1966). This section deals with the correlation. 
However, we will not dwell upon this matter in detail, moreover, we 
will try to give a strong mathematical definition (and it obviously exists) 
of the correlation notation. It is clear intuitively what this term means. 
It roughly means the consideration of corrections, the introduction of 
some specifications arising when comparing the results of the model 
under study and the properties that the system should possess but are 
not taken into account by the present model, with the experimental data. 

We discuss the permutation correlation, i.e., we restrict ourselves 
to the consideration of the probability of coinciding pairs of particles. 
Further, we find that the coincidence probability of two particles depends 
on the permutation symmetry, namely: when [A] changes from [lq to 
[NI6 the coincidence probability increases from zero to the maximal 
value. Just this effect is called the permutation correlation. 

Let us consider the two-particle operator 

P = c . P u  
tu 

where pu is the operator of the coincidence of the ith andj th  particles 
[in the Schrodinger representation pu = 6(rU)]. Now we calculate the 
average value of this operator in the averaged state [[Als) 

L 

The possible Young schemes have no more than two columns. 
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Now we calculate 

where 

So we have (Klein, 1974a) in the case [A] = [2slN-2"] 

N(N - "I N -l xhA1 = fA' ( * )  [ p 2  - p(N + 1) + 

In particular, for [A] = [lq(p)oN] = 0 and [A] = [2"] 

1 
(P)rzpl = ( 1  + ?PAIR. 

Thus, for the antisymmetric state the coincidence probability of 
pairs of particles is equal to zero and for the Young scheme [2"] it takes 
the largest (with a given N = 2p) value. 

V. G-Symmetry 

1. In this section we consider the G-symmetry of RDM. Under G 
we mean any discrete group, in particular, a point one. A point sym- 
metry appears in the problems in which a given effective Hamiltonian 
suggesting a rigid nuclear frame commutes with a point group. 

Let U i  be the space of tensors of the type (N, N). Assume that 
[GIN is the N-multiple inner direct product (Klein, 1974b): 

[ G ] N ~ G Q G Q * * - Q  G = B N G ,  

i.e., the set of elements of the form (g ,  g ,  . . . , g) with the product rule 
of corresponding components (g E G ) .  As a basis of the group algebra 
R([G]N) we may take a set of primitive orthogonal idempotents 

{e$"; a; r ,  s = 1, . . . ,fa}, 
where 

f a  is the dimension of the a th  irr of G ,  [G: I ]  is the order of G. The 
action of G is given a priori on the space U of one-particle kets. Hence 
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we know how [GIN and also by a linearity R([G]N) act on U # .  Then 
U# is expanded into a direct sum of subspaces 

I "  l i J  

Now we introduce the following notation 
u,",7I Trtm)(ea(N)UN Ne / 3 ( N ) t  ) 9  

where {eaCN)} are the principal idempotents of the group algebra R([GIN) 

2.1. Let us consider the kets IU) = lul)luz) . . . IuN) and 
IV) = Iul)lu2) . . . 1 ~ ~ ) .  Then by definition 

D%urs; P f u )  = Trtm)(e;jN)IU) (Vlef;"+) 

x (n + rn = N ) .  

We assume now that in U there is a one-particle basis (1x)P)):a; 
k = 1 ,  . . . , f a }  that is adapted on G. It is clear that this assumption 
is not essential when the RDM-symmetry is discussed but the calcula- 
tions are simplified. Next we consider in more detail the concept of 
adaptation on symmetry (Klein and Cantu, 1974; Klein, 1974a). Then 

where Ixlp') is transformed under the action of G as follows 

f' =I 

m=1 
glxlp') = x [gl&lx%),a'), g E G. 

Introducing the idempotent basis for the group algebra R([G]") 
according to the formula 

S" 
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we finally obtain 

x er ,%l lU(d)  ( V(n)le?$?,. 

Thus the following theorem is proved: 

THEOREM I 

(2) 

H ~ l . 2  H iZ p m  = ~9 (3) 

Introducing the notation 

we have in a briefer form 

U Z "  c y [ ? t  S ( y  El p ;  a)W8 El p; P )  ] w** 
Y6 

where the prime in the sum over p denotes the summation only over p 
from (3). Hence by analogy with the previous part the selection rules 
follow. However they cannot be formulated in a general form for an 
arbitrary group G since up to now the problem of the decomposition of 
the inner group products has not been solved. By analogy with the 
N, [A,), [Az]-derivability we may introduce the N, a, p-derivability for G. 
Then Theorem I represents the necessary condition of the N, a, p- 
derivability. 

2.2. Equation (1) represents the nth matrix of the transition density 
for arbitrary kets lU)  and IV).  Since the kets adapted on symmetry 
play an essential role in the solution of the Schrodinger equation with 
the Hamiltonian that commutes with G, it is interesting to consider 
special cases of G-adaptation of the kets IU) and IV).  And now we intro- 
duce the following definitions (Klein and Cantu, 1974; Klein, 1974a): 

The ket lU)  is called strongly adapted on symmetry if 
it is transformed over the rth line of the ath irr of the group G. 

Definition I .  
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Definition ZZ. The ket I U ) is called a weakly adapted on G-symmetry 
if it is not strongly adapted but is transformed only over the a th  irr of G. 

In a general case we may introduce either the notation of the degree of 
the C-adaptation or consider a maximal Abelian subgroup such that the 
given representation a, in general reducible, is induced by a one-dimen- 
sional representation of the group Go. 

Let 

IX)  = I x p )  . . * I$y)), 

( Y )  = l x p )  . * .  1.1,"q. 
Then 

[Sl&, x [gI$& 

X L + l * P n + t  * . * t3aa,UNl-4p) * * 1-42? < x p /  * . . ( x p l .  

3. As in the previous part we may introduce a superoperation 
(Klein and Kramling, 1970; Klein, 1970). Namely, 

g& = gxg-I ,  g E G, x E u;. 
Then a notion of an irreducible tensor operator with respect to G 

is introduced analogously to the superoperation for SN and the following 
expansion takes place: 

f a  

a r=1 ar 

THEOREM I1 

u,", c y 6(a op; y)U,N. 
I 
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Using successively Theorems I and I1 we have 

u:7 c x @ [ S(y Q p;  a)6(6 Q p ;  P ) ]  u;E 
Y6 P 

C x' 2 S(y Q p ;  a)S(S Q p;  P)S(y H 8; a ) U Q .  
Y6 P z 

So the following statement is valid: 

THEOREM I11 

U z " G x  a! [ E x '  YE c1 S ( y H p ; P ) S ( S Q p ; p ) s ( y H ~ ; 8 ) ]  U g .  

4. Let X be the operator that commutes with the group G ,  and D 
be the density matrix. Then 

where 

T is a single representation of the group G. 
Thus the calculation of averages of operators commuting with the 

group G is reduced to taking the trace of not all of the density matrix D 
but only its symmetric components Do. Hence only the last component 
in similar calculations is physically meaningful. Following the articles 
by Klein and Cantu (1974), we may introduce the equivalence equation 
on a set of density matrices: 

D, - D z ( J e T o  D, = e l 0  D2. 

Then all the set of density matrices is partitioned into the equivalence 
classes. The density matrix is not likely to be reduced uniquely in its 
symmetric component. This follows from the fact that S(a H p ;  T) # 0 
only at /3 = a, i.e., 

a 

Finally, one may see the behavior of the equivalence classes in 
reduction from the following formulas: 

( i  1 x u;ZkL:dY@ p:p C uon; 
Y P  
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VI. Symmetry Properties of Natural Orbitals and Geminals 

Up to now we have considered the RDM symmetry. In this part we 
investigate the symmetry of eigenfunctions of 1- and 2-matrices. This 
problem is far from being solved completely. 

1. First, we consider the spin symmetry of natural orbital (norbs) 
and geminals (nags). From Section I1 it follows that the 1-matrix for 
the wave function * = I S M )  has the following form: 

“Free” spin functions of the form seem to be eigenfunctions of the 
1-matrix O f .  However this set of natural spin orbitals is not the com- 
plete set adapted with respect to the group of spin rotations since with 
the reflection a + /3 (oia + pip, which in a general case is not a 
natural spin orbital of Df (Kutzelnigg and Smith, 1964a,b, 1968; Bingel 
and Kutzelnigg, 1968, 1970). This is due to the fact that pi are the 
eigenfunctions of lPf and cp; are the eigenfunctions of 4P!,,. For the 
natural spin orbitals to be symmetrically adapted to rotations in the 
spin space we introduce a 1-matrix D!,, that is invariant with respect to 
spin rotations and is the “best” in the trace or Frobenius metric: 

Tr(difD&) = max. 

Then 

i.e., dif is simply an invariant part of the matrix Df relative to rota- 
tions in the spin space. We shall call the eigenfunctions of Df spin- 
adapted natural spin orbitals that are norbs of the spinless operator 
P!,, with a- or P-factors. In the case of the degeneracy ( M  Z 0) the 
usual natural spin orbitals have different orbital factors for the states 
with different M. The last remark is not physically satisfied due to the 
arbitrariness of the quantization direction and therefore is not a de- 
pendence of the space component on the choice of the quantization axis. 
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2. Now we turn to the consideration of the spin symmetry of 
natural spin geminals. If T = ISM), then D$ has the following form 
[Section 11, Eq. (19)l: 

D$ = Pg:,aii + P,b!j,bz + P&cC + P$$iJ + P$$cg + Pf$,dF. 

So the natural spin geminals are not necessarily eigenfunctions of 
S2 since spin functions c and d in 0% are mixed. However, a has 
M, = + I ,  b - M ,  = - I ,  and c ,  d-M, = 0. Therefore natural spin 
geminals are eigenfunctions of S, . Moreover, the last statement proves 
to be valid even if '4' is only the eigenfunction of S,. If M = 0 then 

i.e., they are equal to the space component by any spin functions a ,  
b ,  c ,  and d .  Moreover, in this case (due to Pg" = P,bb) the spin functions 
a and b have the same space multiplier and, hence, the corresponding 
natural spin geminals have the same eigenvalue. However, the space 
components of natural spin geminals do not coincide in a general case 
with nags. In the case S = M = 0 the natural spin geminals equal the 
nags multiplied by the spin functions a ,  b ,  c, and d .  Three triplet 
functions a ,  b ,  c ,  and d have the same space multiplier [Section 11, 
Eq. (21)] and, hence, the corresponding eigenvalue is three times 
degenerated. Besides, the nags should be symmetric or antisymmetric 
depending upon whether they are triplet or singlet spin functions. 
Namely, since 

pcd 211, = pdc 2T11 = 0 and natural spin geminals are "free" spin functions, 

s?# = S(S + IW, 

then 

S(S + I )  = TrS2D$, 

where 

S2 = [Sl + S$ + Z(N - I)SIS2] 2 

or 

N 
2 

S2 = - [ ( N  - ])a2 - ( N  - 2)(S: + S$)] 

(a2 = Sl + S', + 2S, S2 is the operator of the spin square of two 
particles). Then eigenvalues of S2 are 1N either 1N( -BN + 3) for singlets 
or AN(lN + 1 )  for triplets. If we denote the eigenvalues for the singlet 
spin geminals by Ap' and for triplet ones, A\", respectively, from the 
set of equations 
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N ( N  + 2 )  - 4S(S + I )  
4N(N - 1 )  

we have 2 Ats) = 
9 

f 

3N(N + 2 )  + 4S(S + 1) 
4 N ( N -  I )  

At" = 
i 

In order to find a spin-adapted basis of natural spin geminals we 
should, as before, find fig, which is the "best" in the Frobenius metric 
and is invariant relative to spin rotations. It is not difficult to show 
that for an arbitrary V, fi$ has the following form (Kutzelnigg, 1963): 

D$ = Pt(aZ + bg + cC) + PsdJ. 

3. In the case of the orbital symmetry of norbs and nags we may 
say the following. From Section I11 [Eq. (16)l it follows that natural 
spin orbitals when Y is the eigenfunction of L2 and L,, are also the 
eigenfunctions of l2 and 1,. It is true also for the natural spin geminals 
at L = M = 0. 

4. Now we consider the symmetry properties of the RDM-eigen- 
functions in the general case corresponding to the wave functions that 
are the eigenfunctions of the so-called multiplicative operators of the form 

(1) 

where Af acts only on the coordinates of the ith particle, {A,} being 
unitary operators. Then 

A") = A 1 A 2" 'AN,  

Df = TT(N-1)(lq) (91) = Tr~N-1~(A(")l~) 

= Tr(~-i)(AlA2 . . . AN/'€')(VlA,&$-~ * * * A;) 

= A1Tr(&A2 - . . AN[*) (Y IA; * * * Ai)Ai 
= &Tr(N-dI*)(*l)Ai = AID!,,Ai, 

i.e., we have proved the following theorem. 

multiplicative operator A(N) of the form (I), then 
THEOREM I (Micha, 1963, 1964). If Y is the eigenfunction of the 

[D!,,, All  = 0. 

Then, naturally, D& , D$ , . . . have the quasidiagonal form and their 
eigenfunctions are symmetry A adapted. In the general case, i.e., in 



50 Eugene S. Kryachko 

the case of an arbitrary integral of motion for 9, we cannot say if its 
one-particle analog is the motion integral for Df .  In particular, for 
atom systems when 9 is the eigenfunction of the rotation operator 
around the z axis (Smith, 1964) 

of the inversion operator of the spatial coordinates 

and the time reversal operator 

( k f  = - iu ,kOf ,  kot is the operator of complex conjugation, (T, is the 
Pauli matrix), then 

In (Smith, 1964) the configuration p 2  is considered to illustrate the 
formula (2). 

5. In the case of G-symmetry of the wave functions 9 the natural 
spin orbitals and spin geminals are transformed, in general, over the irr 
of this group G. There holds the following: 

THEOREM I1 (Kutzelnigg and Smith, 1964, 1968; Binge1 and 
Kutzelnigg, 1968, 1970). If belongs completely to a symmetric, 
one-dimensional irr of G then the natural spin orbitals of are adapted 
on G. 

Proof. We assume that 

and 

where {&l and {(pg”-”} are transformed over irr a and /3 of G, re- 
spectively. Then 
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Corollary. The multiplicity of eigenfunctions of D& isfa for all the irr a 
entering in Eq. (3). 

In the general case if" is transformed over the kth line of the irr a of G 
there are two solutions of the dilemma of the construction of the 
G-adapted one-particle basis. The first way is connected with the notion of 
the "effective symmetry group" (Kutzelnigg and Smith, 1964, 1968; 
Smith and Kutzelnigg, 1968; Binge1 and Kutzelnigg, 1968,1970; Kryachko 
and Kruglyak, 1975).' The effective symmetry group relative to the irr a 
of the group G is called the maximal subgroup Ha of the group G such that 
a is induced by the one-dimensional representation of the group Ha. It is 
clear that the group Ha is not determined unambiguously. We find effec- 
tive groups of the point symmetry group. It is sufficient to consider non- 
Abelian point groups (Kryachko and Kruglyak, 1975): 

(i) The dihedral group D, (m = 1 ,  2, . . .): urn = 1, P u b  = u-l, 

b2 = 1 .  As is known (Curtis and Reiner, 1962) all non-one-dimensional 
irr's of D, are monomial and generated by a cyclic group { a }  of the order 
m ,  which in this case is an effective symmetry group of D,. 

(ii) T is the tetrahedral group. It is isomorphic to the alternation 
group A4 of the permutational group S4, which has only one degenerate irr 
that is the monomial representation induced by the maximal subgroup 

H = { ( I ) ,  (12)(34), (13)(24), (14)(23)}. 

(iii) 0 is the octahedral group. It is isomorphic to the symmetric 
group S4, which has one two-dimensional and two three-dimensional irr's. 
The two-dimensional irr, as in the case ( i i ) ,  is induced by the one- 
dimensional representation of the subgroup H of the index 6. It is easy to 

See also McWeeny and Kutzelnigg (1%8) and Morrison er al. (1973). 
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show that S4 does not contain subgroups of the index 3. There are the 
following classes of conjugate elements of this group: 

= {(l)}, V& = {2-cycles}, 6 = {3-cycles}, 

%5 = {(12)(34), (13)(24), (14)(23)}. %4 = {4-cycles}, 

It is evident that 

%2%4 n %3 z 0, y5g4 n + 8. 
This would lead to the existence of elements of the third order in the 

group of the order 8 and would contradict the Lagrange theorem (Curtis 
and Reiner, 1%2). So the effective symmetry groups with respect to 
three-dimensional irr’s of S4 are the subgroups isomorphic to A4. 

Another way of solving this dilemma is to construct a totally symmet- 
ric component of D& and to find its eigenfunctions, so-called symmetry- 
adapted norbs (SANO). In the general case the relation between nobs and 
SANO has not been studied (Kutzelnigg and Smith, 1964, 1968; Smith 
and Kutzelnigg, 1968; Bingel, 1970; Bingel and Kutzelnigg, 1968, 1970; 
McWeeny and Kutzelnigg, 1968). 

6. Thus in this section we have considered the problems concerning 
the symmetry of 1- and 2-matrix eigenfunctions. The symmetry properties 
of norbs in the general case were studied by Kutzelnigg (1963) and Low- 
din (1963) independently in the case of systems with the Abelian sym- 
metry groups. 

Norbs and nags, in general, possess a sufficiently complex symmetry 
and are not symmetry-adapted if even the corresponding wave functions 
have a high symmetry.” Therefore norbs and nags are a very nonconve- 
nient basis for quantum chemical calculations. Hence it is desirable to fine 
somewhat modified orbitals and geminals that should be symmetry- 
adapted (SANO and SANG). Consequently SANO is used for the model 
description of systems with open and closed shells. Unfortunately, in the 
general case SANG are delocalized, which complicates the description of 
electron pairs in the theory of chemical valency in terms of SANG. 

VII. Calculations of I -  and 2-Matrices of 
Projected Wave Functions 

One of the possibilities of including correlation in the frame of 
the so-called “independent particle model” is realized in the “different 

I .  1. 

“ See also Davidson (1972, 1976) and Kutzelnigg (1964, 1969). 
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orbitals for different spins” (DODS) method. The inner pair correlation of 
particles with opposite spins is taken into account just in this approxima- 
tion since there they are allowed to be in different spatial regions. The 
DODS method was firstly introduced by Lowdin (1957) and is based on 
the approximated description of the system by the Slater-type deter- 
minant 

where ql, cp2, . . . , (Pk are the orbitals with the a spin and . . . , JI1 
are the orbitals with p spin. 

In general, the determinant @ does not satisfy the symmetry conditions 
of the system considered, and, first of all, is not the eigenfunction of S2. 
The latter may be considered to be a lack of the DODS method since this 
method is usually used to describe different spin effects. One of the ways 
to adequately describe the system is the spin projection of @, i.e., the 
isolation of the component with an expectation symmetry. 

It is necessary to notice that without the generalization boundedness, 
{cpi} and { G i }  may be considered to satisfy the following orthogonality 
conditions (Amos and Hall, 1961): 

( c c r l c p , )  = a,, 
(cpil$l) = a*%, 

($I(I$l) = a,, 
0 5 14 5 1 

(2) 

The matrix approach to the DODS method, in principle, consists in the 
spin projection of @ and obtaining closed expressions for the spin- 
projected functions of 1- and 2-matrices (Hardisson and Harriman, 1967; 
Harriman, 1963, 1964, 1966, 1968, 1971, 1973; Mestechkin, 1966, 1967, 
1968, 1973, 1975, 1977; Mestechkin and Whyman, 1974,1975). In this case 
one uses either the Sasaki-Ohno technique (Sasaki and Ohno, 1963) based 
on the application of Sanibel coefficients (Smith and Harris, 1969) or the 
Fock-Dirac formula for the operator S2 (Mestechkin, 1977). In this sec- 
tion to find 1- and 2-matrices for the spin-projected determinant we use 
the symmetric group technique, namely, the generalization of the Fock- 
Dirac formula (Lowdin and Goscinski, 1969, 1970): 

where 
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1.2. We define, as previously, the 1-matrix in a form slightly different 
from the traditional one: 

D![’k(x; x’)  = ail  q k ( x 1 ,  . . . 9 x N - 1 ,  x’)  

x q k ( X 1 ,  . . . , X N - 1 ,  x) dx1 . . . dXN-1, (4) 
where 

q k ( X 1 r  . . . 9 x N )  = O k @ ,  a k  = ( q k l q k ) .  

It is known (Lowdin and Goscinski, 1969, 1970) that the antisym- 
metrizator AN( =e[l.’l) is the sum of products of the conjugate primitive 
orthogonal idempotents for r- and S-spaces, respectively: 

Then 

Thus D!,,k can be rewritten in the following form: 

x egj , ( r )p l ( r l )  * * +N(rN) dr, * drN-l (4) 

x I c r ( ~ ; )  + - - p(s~)e~l(SI)egj,(S)a(S1) 
s;=s, * * * p(SL) dS, * ‘ * dSN-1. 

s;.,=s,-, 
sx=s 
s p s ’  

and the problem is reduced to the calculation of space and spin integrals. 
It is obvious that to simplify the calculations, it is necessary to consider 
the following reduction of the symmetric group: 

SN 2 S N - 1  x S1 2 ( S k  x S1-1) x SI (5 )  

and the expansion (see, e.g., Kruglyak and Kryachko, 1974) 

S N  = u p c  u p f ( S k  
C f 

Sl-l), 

Pc = ( C N ) ,  c = I ,  2 , .  . . , N ;  

Pf = (4, D,)(UZ, 02) . . . (4, Vf) 

takes place. 
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So, the finding of Dt, by the formula (4) is reduced to the calculation 
of matrix elements of the elements of the symmetric group of the form 
PLP;PTP;P'l. ( P  E S k ,  T E Sl-J in r- and S-spaces, taking into account 
the orthogonality relations (2). There are the following: 

(i) spin part: 

( nu1clu2 . . . cl,nixl&2 . . . i,,. 

p ;  = fi (u i ,  u i ) ,  

P;  = n ( x i .  y i ) ,  

ui  = id i  (mod k ) .  

.vi = xi (mod k )  ; 

i= l  
m 

i= 1 

I ,  P ;  = (q-'; 
a,, . . . a,,a,, . . . a,,, 

P;P;' = P;P;',  
P i  = p;Q. P;' = QP;.  

i=1 

[ P; = fi ( i t i ,  ui). ui  = ui (mod k ) .  
i=1 
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G r l a ~ l ( r k ) ~ l ( r N ) a , , a K ~  * * * sun. 
n 

( r l ( rN' ) f , l r )  = f, = n (uL,  uJ, 

r # u i , v L ;  i =  I , ? , .  . . , n .  
uL = Vi(mod k ) ,  

L=l 

Using the theory of nonstandard representations of the symmetric 
groups we may represent the spin part of 1-matrix in the compact form: 

f lhl  
[ h l  lh l  

(SlernneklIS) = N! x 2 (m1mlm2)[h1 (nlnZln)[hl 
m1m2 klkz 
n1n2 hi2 

x ( m l m 2 ~ ( r ~ ) ~ ~ k l k 2  ( u 1 u 2 1 ( r ~ ~ , ~ ~ ~ ~ 1 ~ 2  )[*I] , 

where ( mlrnlmz are the transformation matrices of the reduction (5 ) .  
We shall not study in detail the 1-matrix-the calculation technique 

is described at length in the articles of Harriman and Mestechkin. The 
closed expressions for the 1-matrix and its spinless and spin parts are 
given in the same works. It is worth noting that Haniman's theorem 
stating that norbs of a spinless matrix do not change under projection 
(Binge1 and Kutzelnigg, 1968, 1970) is the well-known result. 

1.3. The 2-matrix of the determinant @ projected on the spin 
is considered analogously. It is necessary to consider the following 
reduction: 

S N  ( s k  sl-2) s2 

and using the orthogonality conditions (2) to calculate the space and 
spin parts separately. 

In this subpart we consider the G-projection of the determinant 9 
of the form 

(6) 

2. 

*(XI, * . * 3 X N )  = AN[+l(Xl) " .  $ N ( X N ) ]  

where JI1, . . . , JIN are arbitrary orthonormalized spin orbitals. 
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Then the wave function 'PF) ( k  = I ,  2 ,  . . . ,fa) normalized to unit 
transforming with respect to  the kth line of the irr a of the group G is 
isolated from 'P by means of the projector efk (Simons, 1970; Simons 
and Harriman, 1969; Kruglyak and Kryachko, 1974). 

(7) 
'PIr(0) k = a;L"e&'P. 

act = ( e ( e & ' P )  d-xl ' ' ' d X N .  

We assume the existence of M ( M  2 N )  spin orbitals h, . . . , J ~ N ,  

$N+l. . . . , +,,,, and the following relation takes place: 

i=k 

Then the 1- and 2-matrices corresponding to the function 9Ir)p' have 
the following form: 

n.1=1 
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The formulas (91412) are the closed expressions for the 1- and 
2-matrices. In particular, for calculations using these equations one should 
know only the matrices llgrkll for all the elements of the group G. 

3. It is clear that in the two paragraphs above we touch upon the 
projection on the spin and point ~ y m m e t r y . ~  The L- and j-projection also 
would be considered (Hunter, 1971; Garrod, 1968). The essence of these 
methods is the same. We first approximate the true wave function lf by 
the determinant @ and next we isolate the component of the considered 
symmetry from the solution of @ corresponding to the absolute minimum 
using the projection operators. So the Hartree-Fock scheme has the 
symmetry properties of the above system according to Lowdin (1963) 
and the assumption concerning the symmetry adaptation of @ leads to the 
energy that exceeds the absolute minimum. This is the so-called sym- 
metry dilemma (Lowdin, 1963). 

VIII. Discussion 

We have thus considered all the usual types of RDM symmetry, namely, 
spin, orbital, permutational, and point symmetries. Our point of view is 
slightly different from an official one concerning the permutational sym- 
metry problem. By the permutational symmetry is usually meant the 
Bose- or Fermi-statistics, which, though being trivial, just involves the 
essence of the N-representability problem. We have considered the per- 
mutational symmetry of more general spin-free RDM. In the RDM ap- 
proach to find averages it is necessary to vary an operator on the class of 
N-representable RDM and besides to consider the symmetry properties of 
the system considered, i.e., there appears the problem of the contraction 
of the RDM to the class of symmetry-adaptedN-representable RDM. It is 
evident that this problem of symmetry-adapted N-representable RDM is 
more complex than the N-representability problem. This problem is asso- 
ciated with the problems concerning the influence of the system symmetry 
on possible eigenvalues of RDM, the study of the symmetry properties of 
RDM corresponding to special types of functions; first of all, it concerns 
the so-called AGP-functions (Coleman, 1963; 1965, 1972; Peat, 1975). 
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Note Added in Proof 
Professor Everett G. Larson has written a n  article on  the role of symmetry in represent- 

ing reduced density matrices [ I n t .  J .  Quantum Chem. Symp. 13, 121 (1979)l. 
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I. Introduction 

A. The Atomic Hypothesis 
Chemistry is the study of the properties of substances and their trans- 

formation. Since substances are identified and distinguished one from 
another by the elements they contain, and since the properties of each 
element are determined by the atoms unique to that element, chemistry is 
the study of matter at the atomic level. The realization of this fact by 
Dalton in 1807 marked the birth of chemistry as a branch of science-as a 
set of observations (the relative combining weights of the elements) to- 
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gether with a theory that made these observations understandable and 
that predicted new relationships among them (the law of multiple propor- 
tions). Dalton was chemistry’s first theoretician and his contribution has 
never been surpassed. Before the close of Dalton’s century, there had 
evolved from his atomic hypothesis the concept of molecular structure- 
the notion that a molecule consists of a collection of atoms linked by a 
network of bonds, the bonds imparting the structure. This concept brings 
us directly to what is a presently acceptable definition of chemistry: the 
determination of molecular structure and the study of the change of one 
structure into another. With the knowledge of the molecular structure of a 
system, a chemist is able to bring to bear all the knowledge of modem 
chemistry, for he understands the properties of a substance in terms of the 
properties of its constituent atoms and of the bonds that link them. Dal- 
ton’s theory has survived and has evolved into the conceptual basis of 
modern chemistry. 

One might imagine that with the advent of quantum mechanics and its 
application to chemistry, Dalton’s atomic theory as applied to chemistry 
would have been reinforced. This has not happened. Quantum mechanics 
has been shown to account for the properties of isolated atoms and for the 
total properties of a molecular system. The increased understanding that 
would result from the discovery of a firm theoretical basis for Dalton’s 
theory has not been obtained because of a lack of a quantum definition of 
an atom in a molecule. This is not to say that the concepts of atoms and 
bonds do not appear in the quantum mechanical treatments of chemical 
systems. They do, but in the reverse manner to that described above. 
Rather than finding its quantum basis, the atomic concept is built into an 
approximate theory to model a real system. Thus in valence bond theory a 
molecular wave function is approximated in terms of products of atomic 
wave functions in appropriate valence states. Moffitt’s “atoms in mole- 
cules approach” to the calculation of molecular binding energies is a 
further example (Moffitt, 1951; Moffitt and Scanlan, 1953a,b), as is the 
success of using atomic functions as a basis for the expansion of molecular 
orbitals. The properties of an ionic crystal strongly suggest that it is best 
regarded as a collection of interacting ions. Hence, one may successfully 
approximate the wave functions for such systems using free ion wave 
functions with adjustments for the overlap of nonorthogonal functions. 
This approach is elegantly illustrated by the work of Lowdin (1948, 1956) 
in an early theoretical calculation of the properties of ionic crystals. 

The success of these and other models serve to demonstrate the fun- 
damental nature and physical soundness of the atomic concept, but by 
building in the idea of atoms, they do not further the theory of atoms in 
molecules. Indeed, the modern consensus is to regard atoms and bonds, 
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and thus structure itself, as useful, but undefinable concepts. It is the 
purpose of the present article to demonstrate the existence of a physical 
basis for the definition of an atom in a molecule and for the development 
of a complete theory of molecular structure. 

B. Necessary Criteria for an Acceptable Theory of Molecular Structure 
The concept of molecular structure as it has evolved from the applica- 

tion of the atomic theory to the organization and understanding of the 
observations of experimental chemistry embodies a number of essential 
features that a proposed theory of molecular structure must both predict 
and account for. 

(1) The primary purpose in postulating the existence of atoms in 
molecules is to assign characteristic sets of properties (static, reactive, or 
spectroscopic) to a bound atom or to some functional grouping of atoms. 
One then identifies the presence of a given atom or functional group by the 
observation of these properties. Dalton defined the first of these atomic 
properties by assigning to each elemental atom a relative combining 
weight. As the body of descriptive chemistry grew, it was realized that the 
chemistry of some total system could be rationalized by assigning sepa- 
rate chemical properties to each type of atom or functional group in the 
system. Therefore: 

(a) The definition of a bound atom must be such that it enables one to 
define all of its average properties. These definitions of atomic properties 
must, for reasons of physical continuity, reduce to the quantum mechan- 
ical definitions of the corresponding properties for an isolated atom. 

(b) The atomic values for a given property should, when summed 
over all the atoms in a molecule, yield the average value of that property 
for the molecule. 

(c) Atomic properties must be additive in the above sense to account 
for the observation that in certain series of molecules the atoms and their 
properties are transferable between molecules, leading to what are known 
as additivity schemes. An additivity scheme requires both that the prop- 
erty be additive over the atoms in a molecule and that the atoms be essen- 
tially transferable between different molecules. The theory must predict 
that atoms may in general exhibit characteristic properties that vary be- 
tween relatively narrow limits and that may, in certain series of molecules, 
approach the limit of perfect transferability between systems. The theory 
should define the physical requirements for transferability of an atom and 
its properties. 

(2) Chemical observations are made on systems at finite tempera- 
tures and in general, the times required for making the observations are 
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such that one obtains values that are averages over the nuclear motions of 
the system. Thus the definition of atomic properties must proceed from 
the general formulation of time-dependent quantum mechanics. The same 
considerations show that a definition of molecular structure must be inde- 
pendent of and sharply distinguished from molecular geometry. A defini- 
tion of structure must be such that in general (for stable structures) a given 
structure is associated with an open neighborhood of the most probable 
nuclear geometry; i.e., the network of chemical bonds is invariant to the 
nuclear motions of a stable system. The theory of atoms and, in particu- 
lar, structure must be independent of all models, including, for example, 
the Born-Oppenheimer approximation. Thus the theory should be formu- 
lated in terms of observable physical properties of the system. 

(3) Matter occupies space and is made up of atoms. Hence atoms 
occupy real space and should be defined in real space. If an atom is 
identical in two different systems or at different sites within a given system 
(e.g., a solid), then it must contribute identical amounts to the total prop- 
erties, including the energy, of the systems in which it occurs. The justifi- 
cation of this apparently elementary supposition of atomic theory requires 
a definition of an atom and its properties. 

C. Quantum Topology-A Theory of Molecular Structure 
We have developed a theory of molecular structure based on the prop- 

erties of the observable distribution of charge of a molecular system in 
real space (Bader and Beddall, 1972; Bader et al., 1979a,b). This theory 
results from the unfolding of a single assumption: that of identifying an 
atom with a particular region of real space as determined by the topologi- 
cal properties of a molecular charge distribution. By appealing to quantum 
mechanics, one finds that the atom so defined possesses a unique set of 
mechanical properties as determined by the variational principle. The 
above topological properties of the charge density also yield a definition of 
a chemical bond. The network of such bonds defines a molecular graph of 
a chemical system, which leads one to the definition of molecular structure 
as an equivalence class of molecular graphs. This definition of molecular 
structure leads in turn to a partitioning of the total nuclear configuration 
space of a chemical system into a finite number of structural regions, each 
region denoting a possible stable structure of the system. The boundary of 
a structural region denotes the configurations of the transitional or unsta- 
ble structures that separate the associated stable structure from neighbor- 
ing ones. This structural information constitutes a system's structure dia- 
gram, which, determining as it does all possible structures and all mecha- 
nisms of change of any one structure into another, is the culmination of 
this theory of atoms in molecules. Thus quantum topology is but an exten- 
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sion of Dalton’s atomic theory, derived as it is from a single definition- 
that of an atom in a molecule. 

This article is primarily concerned with the quantum mechanical defi- 
nition of the average properties of an atom. It is demonstrated that the 
topological property that defines the atom determines the definition of its 
average properties. We will briefly review only the basic topological prop 
erties of a charge distribution in this article. Their role in the definition of 
molecular structure and its change has been recently reviewed in detail 
(Bader et al . ,  1980). 

A bound atom is an example of an open quantum system. Thus one 
must develop a quantum description of subsystems, free to exchange 
charge and momentum with their environment across boundaries that are 
defined in real space and that in general change with time. Inasmuch as its 
boundary is determined by a physical property, the atom defined here 
belongs to a class of open systems with particular variational properties. 
The development applies equally to a collection of atoms within some 
total system, e.g., to a molecule in a molecular crystal or to a substrate 
molecule adsorbed on an active site. 

11. The Topological Atom 

A. Definition 
The definition of an atom given here is based on a partitioning of real 

space, whereby one assigns an open region of R3 to a subsystem. A sub- 
system is thus not defined by an a priori partitioning of the Hamiltonian in 
the vector space of linear Hermitian operators acting on the abstract 
Hilbert space of the total system. Such a partitioning of the Hamiltonian 
would violate the indistinguishability of the electrons at the outset, and 
moreover, is arbitrary. Any attempt to overcome this arbitrariness would 
amount to building in the physics that is to be discovered. Instead, a 
subsystem is defined in terms of a property of the charge distribution p ,  
which represents the distribution of any one of the electrons as determined 
by an average over the motions of the remaining electrons. 

The charge distribution for a system containing N electrons and for a 
fixed configuration of the nuclei is defined by 

(1) 

where T is a properly antisymmetrized solution to the general time- 
dependent Schrodinger equation, X denotes the collection of the nuclear 
coordinates, x the collection of electronic space and spin coordinates, and 
r the space coordinates of one electron. This form of integration will be 

p(r ,  X ,  t )  = N 1 [ n dr,} **(x, X ,  t ) W ,  X ,  t ) ,  
spins J+1 
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employed throughout this article and will be designated in an abbreviated 
manner as 

(2) 

where 7' denotes the spin coordinates of all the electrons and the Carte- 
sian coordinates of all the electrons but one. The topological analysis 
leading to the definition of atoms and structure can also be applied to the 
distribution that results from averaging p over the nuclear motion, 

p(r, X, t )  = N I d+q* (x ,  X, t ) q ( x ,  X, t ) ,  

Hr, t )  = I dX p(r, x, 1) 

The central observation in the topological study of a molecular charge 
distribution is that the only local maxima of the distribution occur at the 
positions of the nuclei. Elsewhere (Bader el al., 1980) we have shown that 
for a given nuclear configuration X the topological properties of p are 
faithfully mapped out in the associated gradient vector field Vp, where 
V = V,. This vector field is exhibited via its trajectories in real space, 
which are called gradient paths. They are the parametrized integral curves 
of the differential equation 

(3) 

for all possible initial conditions r(0) = r, E R 3 .  A gradient path g ,  
through a given point r, is thus defined by 

g m  = {r(s)l(dr(d/ds) = Vp(r(s), X, t ) ,  s E R ,  r(0) = r,} (4) 

and is orthogonal to a contour of p(r, X, t) at any of its points. The a-limit 
set of g ,  is the origin of the path, mathematically defined as (Thorn, 1975) 

dr(s)/ds = Vp(r(s), X, t )  

akm) = lim ds), r(s) E g m ,  (5a) 
w--m 

while the o-limit set of gm is its terminus, defined by 

w(g,) = lim r(s), r(s) E g,. (5b) 

The notions of a- and o-limit sets are introduced in the description of 
general vector fields. In our application, where the vector field is the field 
of Vp, these limit sets are generally found to be coincident with the single- 
tons of the critical points in p ,  points in real space where Vp = 0. By 
virtue of Eq. (3), no path of nonzero length can contain such a critical 
point, re .  On the other hand, the points of a gradient path can come in- 
finitesimally close to some critical point re ,  as s + -m, in which case, rc 
constitutes the a-limit set of the path. Likewise, as s + +m, the points of 
the path approach another critical point r: , which is the w-limit set of the 
path. 

Of particular interest in the present approach are those critical points 

8-D+m 
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that are identified as attractors of the gradient vector field of the charge 
distribution. An attractor of a vector field v over R3 is, by definition 
(Thom, 1975), a closed subset (which can be a singleton) G C R 3 ,  which 

(1) is invariant with respect to the flow of v; i.e., any trajectory of v 
that contains a point of G is wholly contained in G ;  

(2) contains all trajectories originating (more precisely, having d i m i t  
set) in G;  

(3) is contained in someopen subsetB C R 3 ,  such that any trajectory 
originating in B has its terminus (o-limit set) in G. The maximal neigh- 
borhood B,,, of G satisfying requirement (3) is called the basin of the 
attractor. 

(4) G is indecomposable, in the sense that any trajectory in G is dense 
in G (i.e., the closure of the trajectory equals G itself). 

The only closed subsets of R3 exhibiting the properties (1)-(4) with 
respect to Vp are the singletons determined by the local maxima in the 
charge distribution. Thus the nuclei act as the attractors of the gradient 
vector field derived from the charge distribution. The result of this iden- 
tification is that the space of the molecular charge distribution, real space, 
is partitioned into disjoint regions, the basins, each of which contains one 
and only one point attractor or nucleus. This fundamental topological 
property of a charge distribution is illustrated in Fig. la, which depicts 
only those gradient paths of the charge density that terminate at each of 
the nuclear attractors in the molecule. An atorn,free or bound, is defined as 
the union ofan attractor and its associated basin. This definition results in a 
partitioning of a molecular system into a collection of nonoverlapping 
atomic regions. 

Alternatively, the atom can be defined in terms of its boundary. Gen- 
erally, this boundary comprises the union of a number of interatomic 
surfaces, separating two neighboring basins, and some portions that may 
be infinitely distant from the attractor. The interatomic surfaces as well as 
the surfaces found at infinity are the only closed surfaces S of R 3  that 
satisfy the equation 

Vp(r)*n(r) = 0, V r E S ,  (6) 

where n is the unit vector normal to the surface at r. 
A surface that satisfies Eq. (6) is called a zero-flux surface. Thus, an 

atom is a region of real space that contains a single nuclear attractor and is 
bounded by a zero-flux surface. Figure Ib illustrates the gradient paths for 
the same molecule as shown in Fig. la  but now including those paths that 
terminate at the bond critical points (which are saddle points) and define 
the atomic surfaces, and those that originate at such critical points and 
define the bond paths. Clearly the space occupied by an atom is defined by 
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Fig. 1. A representation of the gradient vector field Vp(r, X) in terms of its gradient paths 
for the plane containing the nuclei of the molecule FHC=CH, . (a) This diagram shows only 
those gradient paths that terminate at the various nuclei, thereby illustrating the definition of 
an atom as the union of an attractor and its basin. (b) Same as a, but now including those 
trajectories that both terminate and originate at the (3, - 1) or bond critical points (as denoted 
by the solid circles) in the charge distribution. These trajectories define the interatomic 
surfaces of zero flux in Vp(r, X) and the bond paths. The union of the closure of the bond 
paths defines the molecular graph. (c) Contour map of the molecular charge distribution 
illustrating the partitioning (in this plane) of R3 by the interatomic surfaces and the assign- 
ment of a structure by the bond paths. The gradient paths in a and b have been arbitrarily 
terminated at the surface of a small circle encompassing each nucleus whose position is 
denoted by a cross. The values of the contours in this figure and in Figs. 2 and 4-6 increase 
from the outermost contour inwards in steps of 2 x lo", 4 x lo", and 8 x 10" withn increas- 
ing by unity and beginning with n = -3. 
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the union of a given attractor and its associated basin (Fig. la) or by its 
atomic surface (Fig. lb). 

The union of two or more adjacent atoms is again a connected region 
bounded by a zero-flux surface. Such a union may represent a functional 
group and therefore is also of interest to a chemist. We thus consider 
generally a connected region Q C R3 that is bounded by a zero-j7ux su$ace 
as representing a subsystem of the molecular system. 

B. Observational Basis for the Definition of an Atom 
It is the nuclear charge that determines an atom’s identity. The 

nuclear-electron force is the dominant force in a molecular system. In- 
deed, the nuclear potential field plays the dominant role in the determina- 
tion of the topological properties of the charge density (Tal et af., 1980). 
The definition of an atom as the union of an attractor and its basin is to be 
understood as the topological expression of the idea that the atomic sur- 
face should define a volume of space whose properties are determined 
primarily by the force exerted by the contained nucleus, thereby impart- 
ing to the atom a set of properties characteristic of a given element. The 
observation of this behavior for the topologically defined atoms forms the 
basis for their identification with the chemical atoms of a molecular sys- 
tem (Bader and Beddall, 1972). Since we wish to stress the observational 
basis of this theory, we briefly summarize this original set of observations. 

Figure 2 shows contour plots of the ground-state charge distributions 
of LiF, LiO, and LiH, each at its equilibrium nuclear separation in a plane 
containing the nuclei. Superimposed on each of these plots is the intersec- 
tion of the zero-flux interatomic surface with this plane. The distribution 
of charge within the Li atom so defined is seen to be remarkably similar in 
all three of these molecules in spite of the very different natures of the 
neighboring atom to which it is bonded. The net charge of the Li atom (as 
determined by an integration of p(r) over the atomic volume and the 
subtraction of this number from the nuclear charge) is nearly identical in 
all three molecules (see Table I), the observed variation following the 
trend anticipated on the basis of a decreasing electronegativity 
F > 0 > H. This near constancy in the charge distribution of the Li 
correctly reflects the properties assigned to Li on the basis of the chemis- 
try observed for compounds in which Li is bonded to a more electronega- 
tive element-those corresponding to a relatively small, tightly bound, 
singly charged positive ion. If anything, the properties of the Li atoms so 
defined exhibit less variation than a chemist might have hoped for. 

Figure 2 illustrates an elementary but important observation: the 
choice of the zero-flux surface for defining an  atom maximizes the possi- 
bility of assigning an atomic identity to a given mononuclear region of a 



. 
LiF 

LiO 

LiH 
Fig. 2. Contour plots of the ground-state molecular charge distributions of LiF, LiO, and 

LiH. A dashed line indicates the intersection of the interatomic surface with the plane 
shown in the diagram. 
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TABLE I 

SOME PROPERTIES OF BOUND Li ATOMS" 

Average kinetic 
Net charge energy of Li 

Molecule of Li atom atom in a.u. 

LiF( X'B+ ) +0.937 7.354 
LiO(XW) +0.932 7.356 
LiH(X'Z+) +0.913 7.368 

" From Bader and Beddall, 1972; calculated from 
state functions close to the Hartree-Fock limit. 

charge distribution. It is clear that any other choice of partitioning surface 
would either include a portion of the neighboring atom that is very differ- 
ent in all three cases, or omit a portion of the Li charge density that 
changes by only small amounts through the series of molecules. 

Coupled with the observation of near constancy in the charge distribu- 
tions of the Li atoms in this series of molecules was the further observa- 
tion that the kinetic energy density distributions exhibited a corresponding 
degree of constancy. Thus it is an observation of this and, subsequently, 
in other systems that a constancy in the distribution of charge for such a 
topologically defined atom leads to a corresponding degree of constancy 
in the average kinetic energy of the atom (see Table I). If one now postu- 
lates the existence of an atomic virial theorem (Bader and Beddall, 1972) 
that would equate minus the average kinetic energy to the total average 
energy of the atom, then the above observation predicts that when the 
charge distribution of an atom is identical in two different systems, the 
atom will contribute identical amounts to the total energies of both sys- 
tems. Equally important is the more general conclusion that the properties 
of such a topologically defined atom are directly determined by its charge 
distribution, the properties changing in direct response to changes in the 
density. Further studies (Bader and Beddall, 1973; Bader et af., 1973a; 
Bader and Messer, 1974; Runtz and Bader, 1975; Bader and Runtz, 1975; 
Bader, 1975a; Curtiss et a/., 1975) have shown that the properties of such 
atoms, particularly their populations and energies and the changes in 
these properties, faithfully reflect those anticipated on chemical grounds. 
Thus the concept of an atom with a characteristic set of properties ap- 
pears to be a consequence of the manner in which the total charge of a 
molecular system is distributed in real space.' 

I By characteristic properties we do not mean to imply that each atom's properties are 
as constant as those found above for the Li atom. The lithium atom possesses a relatively 
low ionization potential and hence much of its chemistryis understandable by assigning to it 
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The postulation of an atomic virial theorem for the topologically de- 
fined atoms leads to a number of important conclusions (Bader and Bed- 
dall, 1972): 

(1) The total energy of a molecule is expressible as a sum of atomic 
energies. 

(2) The average potential energy of an atom is defined as the average 
of the virial of the forces exerted on it. 

(3) A relationship must exist between the distribution of charge and 
the virial of all the forces exerted on each element of the charge density, 
the virial field. 

(4) The virial field-charge density relationship is the basis of the 
essential observation that if the distribution of charge for an atom is iden- 
tical in two systems, then the atom will contribute identical amounts to the 
total energy in both systems. 

(5 )  It is found that the atomic energies defined by the atomic virial 
theorem are physically meaningful. Thus, for example, the energies of the 
Li atoms in the molecules reported in Table I are greater than those of a Li 
atom because of the almost complete transfer of its valence charge density 
to its bonded neighbor, but less than (more stable than) the energy of a 
free Li+ ion because the bound Li is in the presence of the stabilizing 
negative field exerted by its bonded neighbor. 

It is upon the strength of these observations that the theory of quantum 
topology rests, for they form the basis for the identification of the topolog- 
ical atom with the chemical atom of a molecular system. In this article we 
show that these observations and the hypothesis of an atomic virial 
theorem are confirmed by quantum mechanics. 

111. Variational Properties of Open Systems 
A. Quantum Open Systems 

In general, an open system, i.e., some subsystem of a total system that 
exchanges momentum and matter with the remainder of the system, can 
be formally described only by a density matrix, and not by a state function 

the properties of a “hard” ionic distribution of charge. The chemistry of hydrogen, on the 
other hand, depends very much on the immediate atomic environment. When bonded to a 
lithium atom it is hydridic in its behavior, when bonded to a saturated carbon atom it is 
assumed to be essentially electrically neutral, while when bonded to a fluorine atom it 
appears to bear a substantial net positive charge. These are the properties exhibited by the 
topologically defined hydrogen atom (Bader and Beddall, 1973; Bader and Messer, 1974). 
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(Davies, 1976). The quantum theory of open systems is still in its early 
stages of development. An alternative to this formal approach and the one 
followed here is provided by the specification of the average values of the 
subsystem properties. 

The properties of an open system are derived from a single variational 
principle-the principle of stationary action for an atom. In particular, this 
principle yields an equation of motion, i.e., a force law, for an atom in a 
molecule and an atomic virial theorem. The open nature of the atom is 
reflected in the appearance, in each of the above relations, of the inte- 
grated flux of a corresponding vector current density across the atomic 
surface. A single stress tensor determines both the flux of the force per 
unit area of the atomic surface and the virial of this force, which is the 
surface energy of the atom (Bader, 1980). The atomic equation of motion 
and its differential expression are identical in form and physical content 
with the corresponding relationships of classical continuum mechanics 
(Malvern, 1969; Landau and Lifshitz, 1959). 

B. Some Mechanical Consequences of the Zero-Flux Surface Condition 
The principle of stationary action upon which our development of the 

quantum mechanics of open systems is based concerns the variation of the 
action integral. The quantum action integral for a total system is defined as 
follows (Srebrenik et al., 1978; Srebrenik and Bader, 1975; Bader et af., 
1978): 

where the Lagrangian integral W P ,  t )  is defined in terms of the many- 
particle Lagrangian density 

ifi 
2 u*, wr, f, t )  = - (**f - f**) - 

and where 
By requiring that W12[*] be stationary with respect to variations in 

W and ** under the constraint that these variations vanish at the time 

is the potential energy operator for the total system. 

endpoints, one obtains the Euler equations 

i f i f  = $V and - i f i f *  = &**, 
which are Schrodinger's equations for a time-dependent 
Eqs. (9) are satisfied, the Lagrangian density reduces to 

L = - "c Vf(***). 
4m I 

(9) 

system. When 
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Equation (10) is a consequence of the identity 

-*x (** v:* + (V!**)*) = * x V{** V{* - ax VW**). (11) 

Because the many-particle Lagrangian density may be expressed in 
terms of a sum of single-particle operators, one may define an effective 
single-particle Lagrangian density 9(r)  [by the same mode of integration 
as used to define p(r, t ) ,  Eq. (211, 

t 1 1 

2 ( r ,  t )  = 4mN d ~ '  L = (-h2/4mN) V2p(r, t).  (12) 

Correspondingly the Lagrangian integral of a many-particle system is 
given by 

2 ( Y ,  t )  = 4mN / dr 9 ( r ,  1)  = (-h2/4mN) / dr V2p(r, t ) .  (13) 

Since 

and since the flux in V p  vanishes at the boundary of a total system 
(where p and V p  are zero), the Lagrangian integral is zero for a total 
system. Thus, the Lagrangian integral 9(Y ,  t )  for a closed quantum 
mechanical system is zero at each time r and correspondingly the action 
integral vanishes for any time interval At.  

The atomic Lagrangian integral is defined to be 

a*, R, t]  = / dr d ~ ' L ( q ,  Vq, q, t ) .  (15) 

where R denotes the atomic region. Correspondingly, the atomic action 
integral is 

wI2[*, RI = It 'dr  t I  a*, R, 11. (16) 

n 

When * and ** satisfy Eqs. (9), the atomic Lagrangian reduces to 

2[*, R, t ]  = ( - h 2 / 4 m ~ )  5,, dr VZp(r, t )  

= ( - h 2 / 4 m ~ )  f dS(r, t )  Vp<r, t )  n(r, 1 ) .  (17) 

Because of the zero-flux surface condition [Eq. (6)], the atomic action 
and Lagrangian integrals also vanish, and one may view the vanishing 
of the action over some total system as being the result of the action 
vanishing separately over the space of each atom in the system. 
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As a system in a given quantum state changes and evolves with 
time, the atomic surfaces evolve in a continuous manner and the 
property of exhibiting a zero flux in Vp(r) is continuously maintained. 
Thus the atomic action integral will always vanish, 

wxz[q9 01 = ( - ~ / 4 r n ~ )  Jt: dt I,, d r  V2p(r, t )  = o (18) 

for any time interval, finite or infinitesimal. One may imagine an open 
system with an arbitrarily defined surface whose Lagrangian integral 
might vanish at some time t because of the vanishing in the net flux of 
Vp(r, t )  across its surface in Eq. (17). However, in general, as the system 
changes with time, a net flux in Vp(r, t )  through the surface would arise 
and the action integral for some time interval would not vanish. Thus the 
satisfaction of Eq. (18) for all time intervals demands that the open system 
be defined by a surface that itself evolves with time in a manner deter- 
mined by a property of the open system, this property being one of a zero 
flux in Vp at every point on its surface [Eq. (6)]. 

The condition stated in Eq. (18), that the atomic action integral vanish 
for all time intervals, may be taken as the quantum definition of an atom. 
It is a direct consequence of the topological definition of an atom as 
the union of an attractor and its basin, and it is the basis for the par- 
ticular variational properties possessed by an atom considered as an open 
system. 

The kinetic energy operator, as it appears in the Hamiltonian operator 
or in the expression for the Lagrangian density, is a sum of single-particle 
operators. Thus Eq. (1 1) may be partially integrated to yield the following 
relationship between the single-particle kinetic energy densities: 

( -h2/4rn)  {V2 + V’2)T(1)(r, r’)}r=re 
= (h2/2rn)  { V- VT(l)(r, r’)}r=ra - (h2/4m)  V’p(r) (19) 

or in abbreviated notation as 

K(r) = G(r) + Lt(r). 

Anticipating to some degree the definition of the average value of the 
kinetic energy of an atom in a molecule, T(R), one finds upon integration 
of Eq. (20) over an atomic volume 

T(R) = I drK(r) = 1 drG(r). 
n n 

Thus one finds, again as a consequence of the zero-flux condition of the 
atomic surface, that the average kinetic energy of an atom is uniquely 
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defined. Other physical properties of atoms, as exemplified later, also 
exhibit particular values because of the vanishing of a surface contri- 
bution. 

C. Variation of Atomic Action Integral2 
We shall be considering the change in the atomic action integral W12[9, 

Q] of Eq. (16) ensuing from variations 6 9  of 9 such that the following 
conditions are fulfilled: 

(1) @ = 9 + 6 9  and its first and second derivatives vanish 

(2) In terms of @, a region a(@, t )  can be defined that is bounded by a 
whenever an electronic position vector is of infinite length. 

zero-flux surface in Vp,, where 

(22) p,(r, t)  = N J d f  @*(r, 71, t )  @(r, f ,  1) .  

Moreover, it is required that, as @ tends to 9 at any time t ,  a(@, t )  is 
continuously deformable into the region Q ( t )  = Q(9, t )  associated with 
the atom. The region a(@, t )  thus represents the atom in the varied total 
system, which is described by the trial function @(r, 71, t), just as Q 
represents the atom when the total system is in the state described by 9 ( r ,  
71, t ) .  

Requiring the fulfillment of condition (2) amounts to imposing the vari- 
ational constraint that the divergence of Vp, integrates to zero at all stages 
of the variation, i.e., that 

for all admissible @ and for all t ,  which implies 

81,, = 6 [I,,,,, dr VZp(r, t ) ]  = 0. 

The expression for the first-order change in W12[9, Q] in the limit 8 9  --* 0 
and when 9 satisfies the time-dependent Schrodinger equation, Eq. (9), is 
the atomic variational principle. As will be discussed later, this principle 
requires that the atomic action integral WI2[@, Q] be stationary, in a broad 
sense, at @ = 9. We shall also derive statements of this principle in terms 

* Some of the mathematical detail has been suppressed in this section. A full account can 
be found in the thesis of Nguyen-Dang (1980). 
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of the Lagrangian 2lV,  R, r ]  and, for a conservative total system in a 
stationary state, in terms of the energy functional E [ + ,  R] where 

Rather than the functionals WI2[q,  R] and E [ + ,  R] based on the Lagran- 
gian 39, R,  t ]  of Eq. (15), one could consider the variations of the 
corresponding functionals Wi2 and E' constructed from the Hamiltonian- 
based Lagrangian 2[9, R, t ] ,  where 

Thus, 

where 

( 2 6 ~ )  

Henceforth, we shall call the primed hnctionals of Eqs. (26) the 
Hamiltonian-based action integral and energy functionals, respectively. 
Likewise, the unprimed functionals of Eqs. (16) and (24) will be called 
the Lagrangian-based action integral and energy functionals, respec- 
tively. When no confusion is possible, these will also be referred to as 
the atomic action integral and energy functionals, respectively. 

The relationship between the Hamiltonian- and Lagrangian-based 
functionals is as follows: 
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The restriction of Eqs. (23), which demands that the atomic volume be 
bounded by a zero-flux surface at any stage of the variation, ensures the 
following: 

(1) At any stage of the variation, the Hamiltonian-based functionals 
are equal to the corresponding Lagrangian-based functionals. In particu- 
lar, at the point of variation [a = 9, 9 satisfies Eq. (9)] one has 

2[9, a,  11 = Y[9,  a,  t ]  = 0, 

w&P, a] = w;,[9, a] = 0. 

E[+, a] = E"$, a] = E.  

v t ,  

which implies 

(28b) 

(28~)  

When 9 represents a stationary state with energy E ,  we further have 

(2) The variations of the Hamiltonian-based functionals are identical 
in form and in value to those of the Lagrangian-based functionals. The 
equivalence of the Hamiltonian- and Lagrangian-based functionals at all 
stages of the variation characterizes a total molecular system. It is only 
because the atomic surface is one of zero flux in the charge distribution, 
that this equivalence is maintained between the corresponding atomic 
functionals. Indeed, it is apparent from Eqs. (27) that if the volume was 
arbitrary, not only would the primed and unprimed functionals differ in 
value, they would also lead to different variational results. 

Without advancing any argument as to why the aforementioned 
equivalence should be maintained, there remains the philosophy underly- 
ing the present approach-that one's criterion for defining an open system 
with maximum physical significance be dictated by the requirement that it 
possess the same variational properties as does a total system and that its 
physics be governed by the same dynamical laws as for a total system. 

We now derive the variational equations that characterize on an equal 
footing a subsystem and a total system. To impose the variational con- 
straint given in Eqs. (23) and thereby define a particular class of open 
system, one must vary the surface of the subsystem. This requirement 
necessarily leads to a relaxation of the usual variational constraint that 6 9  
vanish at all boundaries of the system, or at the time end points in the 
variation of the action integral. The generalization of the variation of the 
action integral obtained by the removal of the constraints that 6 9  and 6 9 *  
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vanish at the time end points, and by the additional variation of the time 
end points leads to the principle of stationary action (Schwinger, 1951). 
The additional terms obtained at the time end points, terms that necessarily 
appear in rhe variation of the utomic action integral, are identified by this 
principle as the generators of infinitesimal unitary transformations. The 
quantum description of atomic properties as developed here is based upon 
this identification. 

Applying the techniques of the calculus of variations (Courant and 
Hilbert, 1953) to the expression for W12[W, R], Eq. (16), one obtains 

6wI2[q, RI = j f * d t  1 dr j d7’{(- ih$* - f i q * ) ~  + c.c.1 
n 

+ jf: dt f dS(r) 1 d ~ ’ (  -h2/2m){  W * 6 V  * n(r) + c.c.) 

+ iff* dt f dS(r) 2 ( r )  SS(r) 

+ Jt: dt f dS(r) 1 d 7 ~ { ( - ~ h / 2 ) ( d ~ ( r ) / d r ) q * 6 q  + c.c.) 

(29) 

In Eq. (29), 6S(r) denotes the infinitesimal normal shift of a surface 
element centered on r, as conditioned by the continuous variation in the 
admissible trial function @ = q + 6W, in a small neighborhood of the 
state function q. The expression dS(r)/dt appearing on the right- 
hand side of Eq. (29) denotes the time rate of change in the surface 
bounding the irnvuried region R(t) = a(”, t ) .  Since q and V* satisfy 
Schrodinger’s equation, Eq. (9), the first term on the right-hand side 
of Eq. (29) vanishes, as do the terms containing 39, R,  t ]  at the time 
end points [see Eq. (28a)l. Also at the point of variation, the Lagrangian 
density appearing in the thud term is proportional to V2p(r), Eq. (12). 
It is through this behavior of 9(r)  in the surface variation that the 
constraint given in Eq. (23) is introduced. One first notes that 

The quantity V’p is a divergence expression, i.e., its variation yields only 
surface terms. Thus its addition to the integral to be varied will not alter 
the Euler equations so obtained. The substitution of the identity given in 
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Eq. (30) into Eq. (29) via the third term on the right-hand side of this 
latter equation together with the imposition of the variational constraint 
given in Eq. (23b) yields 

awl* W,RI 

- - -h2 [ Itt: dt f dS(r)  I d d [ ( W * ) N  - 9*V(SU)] n(r) + C.C. 
4rn 

as + [ Fftt: dt f dS(r)  d d  at * * 6 9  + C.C. 

+ [?In dr I d d  9*6" + C.C. . I I:: 
The result given in Eq. (3 1) for the variation of the atomic action integral 
is identical to that obtained from the unconstrained variation of the 
Hamiltonian-based integral Wiz [9, a].  Without the imposition of the 
variational constraint given in Eq. (23b), the expression for 6 Wlz [9, R], 
which would then apply to any subsystem, contains the additional term 

1: dt6 [ I n dr Vzp(r)} 

and the equivalence between the Lagrangian- and Hamiltonian-based 
functionals is no longer obtained. 

The variational result of Eq. (31) can equivalently be written in terms 
of the Lagrangian 2[V,  R, t]. For this purpose, we let f 1  = t ,  tz = t + dt ,  
where t is an arbitrary instant of time and dr an infinitesimal time interval. 
Then 

SWt,,+ad9, a] = (as[*, a, t])dt + 2[9, R, t]6(dt) 
= (62[*, R, t ] )d t ,  (32) 

Thus, 

62[*, a, t ]  = [ - dS(r)  1 d+[(W*)6* - Y*V(S.\JI)] n(r) 

- as 
2 at f dS(r)  d7' - * * 6 9  

(33) 

When the total system is a conservative system, the state function 9 

(34) 

describes a stationary state, and satisfies 

in a*/at = @* = B". 
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When the variations 8* to be used in Eqs. (31)-(33) are of the type 

6*(T, t )  = f?ci’fi)E‘ 8$(T),  (35) 
thereby preserving the separation between temporal and spatial (and spin) 
variables observed at the point of variation, the atomic Lagrangian re- 
duces to the form 

(36) 

at all stages of the variation. The variation in a*, R, t] is thus simply 
related to the variation in E [ Y ,  01, which is given by 

(37) 

T[*, R, 21 = -(*, *)n(E[*, R] - E )  

G E W ,  a1 = -(*, 9);’ 82[9, R,  t ] .  

Using Eqs. (33), ( 3 9 ,  and (37), we have 

SE[*, 01 = (9, *)i* d~ I M[(w*)N - **v(~*)I n + c.c. 

(38) 

In deriving Eq. (38), use has been made of the definition of the bounding 
surface of R as a zero-flux surface in Vp. 

The results expressed in Eqs. (31), (33), and (38) are various state- 
ments of a single variational principle that, as demonstrated in the follow- 
ing section, is the principle of stationary action (Schwinger, 1951). We 
have derived Eq. (31) and its consequences, Eqs. (33) and (38), from the 
assumption that * obeys Schrodinger’s equation. We can also consider 
the principle of stationary atomic action as a generating principle. Indeed, 
if Eq. (31) is to be obtained for any variation 6 9 ,  and any region R 
bounded by a zero-flux surface, it applies to the case R = R3,  and 8 9  
satisfying the additional boundary condition 8*(tl) = 8*(tz) = 0. In this 
case, WI2[9,  R] becomes the functional Wlz[9], of Eq. (7), and 

8W,,[*] = 0 (39) 
leads to a pair of Euler equations that are precisely Schrodinger’s equa- 
tion and its complex conjugate expression of Eqs. (9). Thus, the require- 
ment that the action integral of the total system be stationary, in the sense 
of Eq. (39), is a particular case of the principle of stationary atomic action, 
Eq. (31). 

D. Principle of Stationary Action 
We summarize only briefly the manner in which the principle of sta- 

tionary action provides a formal axiomatic development of quantum 
mechanics (Schwinger, 1951). Our primary purpose is the use of this 
principle in delineating the variational and mechanical properties of an 
atom. 
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The principle of stationary action as stated by Schwinger concerns the 
variation of the action integral operator q12 associated with a total quan- 
tum mechanical system. For a quantized system described by the coordi- 
nate operators q(t) and their time derivatives q(t), the action integral 
operator is constructed in the same manner as the corresponding classical 
action integral 

In performing an arbitrary general operator variation, the ensuing 
change in the action operator is the difference between the values at t2 and 
tl of the generator, 4, of a corresponding infinitesimal unitary transforma- 
tion. This statement of the principle is embodied in the following mathe- 
matical expression: 

(41) 

Formally, the change in the action integral as given by Eq. (41) is the same 
in the classical and quantized cases. Thus, Schwinger's principle of sta- 
tionary action establishes the correspondence between the generator of a 
classical canonical transformation and the generator of a unitary trans- 
formation of the corresponding quantized system. The classical counter- 
part of Eq. (41) is a generalization of Hamilton's principle, obtained 
through the removal of a variational constraint. This variational constraint 
demands the vanishing of the variations in the dynamical variables of the 
classical system at the time end points of the action integral; its removal 
thus permits the inclusion of physically realizable alterations in the de- 
scription of the system, i.e., canonical transformations. Similarly, in a 
quantized system, the same generalization of the variational procedure 
allows for the introduction of unitary transformations as causing the varia- 
tions. From Schwinger's principle of stationary action, Eq. (41), one de- 
rives the commutation rules and the equations of motion in the Heisenberg 
picture. 

While we have used the Schrodinger language in our variation of the 
atomic action integral, the result obtained in Eq. (29) is formally identical 
to that stated in Eq. (41) when the volume f2 refers to the total ~ y s t e m . ~  In 
this case the variations over the volume and the surface terms of Eq. (29) 
vanish, the former yielding Schrodinger's equation of motion. The ex- 
pression for the variation of W12[9] reduces to 

6@12 = 9 0 2 )  - $01). 

The variation of %',#I" a] using the language of field theory has been given by Bader 
et al. (1978). 
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In analogy with the classical result 

H = ptq,  - L ,  
i 

we express the Schrodinger-based average Hamiltonian H[*] as the 
Legendre transform of 2 [ V, t ] ,  

in order to rewrite Eq. (42) as 

where the symbol A* denotes the general variation 

A* = 8T + f a t .  

The principle of stationary action permits the identification of the gen- 
erators of temporal and spatial unitary transformations in terms of their 
average values. For a temporal change, 6r is arbitrary, A* = 0, and the 
change in Wlz[*] reduces to the difference in the average values of -k  
at the two time end points, thereby identifying the generator of temporal 
development as -&f. Similarly, for a pure spatial change, 6t = 0 and 

where A* = 8W = ( - i / h ) ~  $*. In this situation, 2% is referred to as the 
generator. It is a Hermitian operator that may be a function of the coordi- 
nates (inducing a gauge transformation) and/or of the momenta (inducing 
a translation of coordinates). 

If both sides of Eq. (43) are divided by tz - t l  and the result is sub- 
jected to the limit At + 0, one obtains, to first order, an expression for 

(45) 

which, through Heisenberg's relation for the time rate of change of the 
average value of a property F, may be re-expressed as 

8 2 [ * ,  ?I = ( & / 2 ) { ( i / h ) ( [ &  41) + C.C.I. (46) 

82[*, tl,  

62[*, t] = H&d( @ / d t  + C.C.}, 

For a stationary state, the corresponding expression is found to be 

SE[~LI = -(&/2){(i/h)([&, 91) + c.c.) = 0. (47) 

The commutator average in Eq. (47) vanishes as a result of the hypervirial 
theorem (Hirschfelder, 1960). In the following section we apply the p in-  
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ciple of stationary action to an atom in a molecule to obtain corresponding 
expressions for the variation of the atomic functions 2[*, R] and a$, R] 
that are the working expressions for the theory of atoms in molecules. 

E. Atomic Statement of the Principle of Stationary Action 
To provide a physical interpretation of the change in the atomic action, 

Eq. (31), we first introduce a number of definitions. The density of a 
property F is defined by 

pF(r, t )  = ( N / Z )  [j d7' **@r)* + c.c.} (48) 

and its corresponding average value over the volume R is 

dr pF(r, t)  = H( $), + c.c.}. (49) F(R, 1 )  = n 

The vector current density associated with the property F is 

JF(r, t )  = (Nh/4mi)  d7' {.\u*V($W - (V**)($W}. (50) 

From Schrodinger's equation, the total time rate of change of a subsystem 
average value F(R, t )  is (Srebrenik et af., 1978) 

+ f dS(r) [ p F  - (JF*n(r) + c.c.) . (51) I 
(We have assumed, for simplicity of expression, that 4 has no implicit 
time dependence, i.e., that a$/ar = 0.) Using a subsystem operator pro- 
jection formalism (Bader et al., 1978), one can show that the first term in 
Eq. (51) is the subsystem projection of the time rate of change of F(t)  for 
the total system. Thus corresponding to the Heisenberg equation 

d%/dt = ( i / h ) [ & ,  $I, (52) 

one has 

( d 9 / d r ) n  + C.C. = ( i / h ) { ( [ & ,  a), + C.C.}. (53) 

Equation (53) makes clear that the commutator averages in Eq. (51) do 
indeed describe the time change ofF(R, t )  over the volume fl without any 
surface contributions. The two surface terms, unique to an open system, 
represent the change in F(Q, t )  with respect to time resulting from a 
change in the surface with time and from the net flux in the current density 
JF across the surface. The two terms are of different sign, since when 
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d S / d r  > 0. corresponding to an expansion of the volume 0, it contributes 
to an increase in F(R, t), while when JF*n  > 0, corresponding to a net 
outflow of the density pF from the volume R, the result is a decrease in 

We now use these definitions to re-express the change in the atomic 
action integral, Eq. (3 l),  resulting from the application of an infinitesimal 
unitary transformation with generator 4. We thus write 

FWn, t ) .  

SW12[*, RI = F(R,  t z )  - F(R. t l )  

- j f : ' d f  $ d S ( r ) { ( a S / d f ) p , v  - ( J F * n  -k C.C.)}. (54) 

One notes that the surface terms appearing in Eq. (54) are precisely those 
appearing in Eq. (51) for the time rate of change of F(R, t )  but with their 
signs reversed. Thus the change in the atomic action integral may be 
written as 

s w12[*, a] = E jtt2 dt { (dG/dr  > n  + c.c.>/?, ( 5 5 )  
I 

i.e., as the time integral of the temporal rate of change in the generator 
evaluated over just the volume of the atom, or equivalently, 

The principle of stationary action as written in operator form in Eq. 
(41), may be re-expressed to yield a statement identical with the expres- 
sion for the change in the atomic action [Eq. (56)];  namely 

Thus as a statement of the principle of stationary action for an atom, Eq. 
(56) is seen to be identical in form and physical content to the operator 
statement of Schwinger's principle of stationary action, Eq. (57). 

We now show the equivalence of the original statement of the princi- 
ple, Eq. (41), and the corresponding atomic statement, Eq. (54). 

Consider for visual simplicity (see Fig. 3) a two-dimensional system. 
As the system changes with time, it sweeps out a space-time volume 
bounded at t l  and tz by the two space-like surfaces [the volumes R(tJ and 
R(tz) of the system at t l  and t z ]  joined by atime-like surface that is gener- 
ated by the time evolution of the instantaneous boundary of the system, 
S(r, t). The principle of stationary action states that the total change in 
action is equal to the difference of the values of the generator &t) evalu- 
ated in the two space-like surfaces at tz and t l .  There is no contribution to 



88 R. F. W. Bader and T. T. Nguyen-Deng 

/ I  Y 

Fig. 3. Pictorial representation of the space-time development of a two-dimensional 
subsystem Wr) of a total system. The space-like surfaces are denoted by W), each being 
bounded by a surface S(r, 1 ) .  The collection of the latter constitute a timelike surface, which 
together with Sl(rJ and n(r,) defines the space-time integration volume in the subspace 
action integral W12[*, a].  (From Bader et a/ . ,  1978.) 

from the interior of the space-time volume swept out as a conse- 
quence of the system evolving in time or, trivially for a total system, from 
the time-like surface. 

It is a peculiarity of open systems that the difference in the average 
values of a property between two time end points implicitly includes, in 
addition to the difference in values determined in the interiors of the two 
space-like surfaces, an integrated contribution, over the time-like surface, 
arising from the flux in the property across the surface at each time t and 
from the change in the surface with time; i.e., 

F(fi, fd - F ( 0 ,  11) 

Thus to obtain a statement of the principle of stationary action for an open 
system equivalent to that for the total system, one must subtract from the 
difference in the open system average values the integral over the time- 
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like surface of the boundary contributions to this difference. This is pre- 
cisely the expression given for the change in the atomic action integral in 
Eq. (54).4 

Thus Eq. (54) or Eq. (56) demonstrates that the principle of stationary 
action may be generalized to describe an atom within some total system as 
well as the total system itself. One notes that the variation of WI2[9, a] 
for an open system R with an arbitrary boundary includes the additional 
term 

The presence of this term violates the principle of stationary action since 
it represents a contribution to 6 W I 2 [ 9 ,  01 from the space-time volume. 
Because of its arbitrary value, it renders physically inadmissible the re- 
lated operational expressions for 6 =.Yl9, R] and 6E[+ ,  al. 

It is clear from Eq. (56) that the change in atomic action for an infin- 
itesimal time interval yields 

62?[*, Q] = ( € / N i / f i )  ([ %, @ ) a  + C.C.) (59) 

for the variation of the atomic Lagrangian integral as generated by an 
infinitesimal unitary transformation of the state function. For a stationary 
state, the corresponding variation of the atomic energy functional is (Sre- 
brenik and Bader, 1975; Srebrenik et al. ,  1978): 

ZE[+, a1 = ( -&/zH(i / f i )  ( [  2, a ) a  + c.c.}/ ( $ 9  + ) i t  (60) 

One notes that since both these expressions are derived from the variation 
of the atomic action integral, they do not contain any contributions from 
the atomic surface (Bader et al., 1978), the unique variational property of 
the atomic class of subsystem. Thus the variational expressions for the 
atomic functionals. 2[9, fl] and E[+ ,  a] are identical in form and content 
to the corresponding expressions for the total system, Eq. (46) and Eq. (47), 
respectively. 

In the following section these statements of the atomic variational 
principle are used to derive the integrated atomic force law and the atomic 
virial theorem for both time-dependent and stationary state systems. 

' The complete equivalence of the atomic and total system statements of the principle of 
stationary action was not fully realized in the original investigation (Bader et a / . ,  1978). 

a The signs appearing in Eqs. (59) and (60) before the commutator averages are the 
opposite to those previously given (Srebrenik et a / . .  1978; Bader et a / . ,  1978) because of the 
definition here of 6Y = - ( i s / f i )& .  
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IV. Variational Basis for Atomic Properties 

A. Variational Derivation of Atomic Force Law 
1 .  Integrated Force Law 

We use the atomic variational principle to derive an expression govern- 
ing the average time-dependent force acting on an atom in a molecule. 
Ehrenfest's second relationship states that the avenge of the force acting 
on a quantum system is given by the time rate of change of its average 
momentum. Thus we consider a variation of T[q, R] with generator 
4 = E p, where p denotes the conjugate momentum associated with the 
electron whose coordinate r is integrated over the atomic volume R. Each 
of the components of the vector E is an arbitrary, infinitesimal real num- 
ber, fixed for all r. For each given E, the generator 9 then induces an 
infinitesimal unitary transformation corresponding to a uniform transla- 
tion of the electronic coordinates r by - E ,  

r ' =  r -  E. 

Denoting by V, the gradient operator with respect to E, the atomic varia- 
tional principle Eq. (59) states that 

On the left-hand side of Eq. (61) we have introduced the notation qE to 
denote the image of the state function q, in the infinitesimal unitary trans- 
formation described by &: 

qE(r ,  T', t )  = ( i  - (i /f i)e*p)q(r,  71,  t )  = q ( r  - E, d ,  t). (62) 

Substituting qE for q in the expression for Y[P, R], Eq. (19 ,  differentiat- 
ing with respect to E, noting that 

V E q  = -vq. 
E - 0  

one obtains (including the variation of the surface 6s = E n), 
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In Eq. (63) we have used the dyadic notation to express the contributions 
to Ve2'[R. vE] arising from the kinetic energy part of the Lagrangian, 
Y [ O ,  Ve]. Explicitly, e.g., the term ( V V i 9 * )  V i q  reads 

where rk ( r 2 9  is the component of r (rJ along the direction of the unit 
vector ek ,  k = I ,  2 ,  3. It follows from Eq. (64) that 

(65) (VViY*) v,v = v, (v,vvv*, - w*v:v, 
where 

Likewise, we can write the term ( VViW Vi9* as 

(VV,Y, v,v* = vi (V,**VW - v:v*w. (66) 

Using Eqs. (65), (66), and Schrodinger's equations, Eq. (9), we infer, 
from Eq. (63) 

ve2'[*e, R]Ie=o 

dr d7' {h ih("*W + 9*W - (Vq*).\zl - (Vq*)$)} 
= - I n  s 

+ ( h 2 / 2 m )  f dS s '  dT'{W*W + W W * } * n  

- ( h 2 / 4 m N )  f dS V2pn 

or, equivalently, using Eq. (50) for the definition of the current density 
J(r) for the case 4 = i 

Since the subsystem is bounded by a zero-flux surface at all stages of 
the variations generated by 4. the zero-flux variational constraint, Eq. 
(23b), applies. In the present case it assumes the form 
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Using the same procedure as above, we readily find the left-hand side 
of Eq. (68) to be given by 

(69) 

The addition of this expression for the constraint to the right-hand side 
of Eq. (67) yields 

where 

Z(r) = (71) 

is a symmetric dyadic, referred to as the stress tensor. Its dot product 
with n(r) gives the density of the force exerted on the element of the 
atomic surface, which is specified by its outwardly directed normal, 
n(r). The stress tensor a"(r), which has the dimensions of an energy 
density, plays a dominant role in the description of the mechanical 
properties of an atom. It may be alternatively expressed as a functional 
of the one-density matrix (Lowdin, 1955) as 

2(r) = (h2/4m){(VV + V'V') - (VV' + V'V')}P)(r, r')l . (72) 

Evaluation of the commutator appearing in Eq. (61) demonstrates that 
this variation of 2[V,  01 yields the atomic average of the total force 
acting on the electron described by r: 

d T'{ V( VV*)V + V* V( VV) - VV* VV - VVVV*} 
Nh' I 

r=r' 

E -  H(( i / t i ) [& ,  + c.c.) = E -  ( - ~ i . > ,  = E -  ( I /N)F(R,  t ) .  (73) 

Thus, specialized to the present case of an infinitesimal uniform dis- 
placement in the electronic coordinates r, the variational principle yields 
the integrated force law 

(74) 

Equation (74) is the generalization of Ehrenfest's theorem (Ehrenfest, 
1927; Lowdin, 1967). It relates the forces acting on the subsystem to the 
time derivative of the momentum density mJ. It constitutes the quantum 

F ( 0 ,  t )  = m R dr(dJ(r)/at) - f dS(r) Z(r) *n(r) .  
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analog of Newton's equation of motion in classical mechanics expressed 
in terms of a vector current density and a stress tensor, both defined in 
real space. 

2. Differential Force Law 
Within a Lagrangian formulation of the mechanics of a field as 

used here, one may define an energy-momentum tensor whose compo- 
nents summarize the principal properties of the field (Morse and 
Feshbach, 1953; Landau and Lifshitz, 1975). We show that the divergence 
equations satisfied by the spatial components of this tensor for the 
Schrodinger field yield the differential form of the atomic force law, Eq. 
(74) (Bader, 1980). 

Define a component of the energy-momentum tensor as 

w,,, = v,,(aL/aq,,) + C.C. - &,,,L, (75) 

where p and Y run over the 3N spatial degrees of freedom and the time, 
and qL, = aW/dx,. The spatial components W,, ( j referring only to the 3N 
spatial coordinates) satisfy the following set of divergence equations: 

where 8 L / d x j  vanishes unless L possesses an explicit dependence on XI. 

In the case of the Lagrangian density defined here, Eq. (8) 

aL/aX, = -q*(aV/ax,)q 

and Eq. (76) yield 

+ q*(vkvjq) - vkq*vjq - vkqvjq*]. (77) 

Equation (77) has been previously obtained by Pauli (1958) and by 
Epstein (1975), who termed it the differential force law. The integration 
of this expression over the coordinates of all electrons but one by the 
usual recipe [see Eq. (2)] yields an equation governing a force density 
F(r, t )  (Bader, 1980), 

F(r, t )  = rn aJ(r)/ar - V ii(r), 

F(r, t )  = Id? '  q*(-VQY. 

(78d 

where 

(78b) 
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Equation (78a) is the differential form of the integrated atomic force 
law given in Eq. (74), 

F(R, t )  = dr F(r, t ) .  (79) 
n 

The force density F(r, t )  is seen to be the total instantaneous force 
exerted on the electron at rt 

averaged over the motions of the remaining electrons in the system 
to yield 

(8 1) 

[where P ( r ,  r f )  is the diagonal element of the two-density matrix 
(Lowdin, 1955)l. While F(r, t )  clearly involves two-body forces, it is 
totally determined by J(r) and 8(r), which are functionals of the one- 
density matrix, P ) ( r ,  r') evaluated at the point r = r' in real space. 
The force density F(r, t )  may be interpreted as the total force exerted 
on the element of charge density located at r and obeying an equation 
of motion in real space, Eq. (78a). This equation is identical in form 
and physical content to Cauchy's first equation of motion of classical 
continuum mechanics (Malvern, 1969). 

The variational derivation of the integral atomic force law, Eq. (74), 
is applicable only to a region of space bounded by a zero-flux surface 
in Vp(r), i.e., to an open system whose Lagrangian integral vanishes 
at the point of variation. Thus the variational derivation of the atomic 
force 

E *  V,Y['P, 011 = E *  F ( n ,  f ) / N  (82) 

and its law of motion given in Eq. (74) may be regarded as a quantum 
mechanical definition of an atom in a molecule. 

E = O  

For a stationary state the corresponding expressions are 

E V,E[$ ,  all = ( E  F(R)/N)($, $ ) i r ,  (83) 
E =O 

where 
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In general physical terms, the average force exerted on some enclosed 
volume is equal to the negative of the integral of the pressure acting on 
each element of its surface-a statement of the physical content of 
Eq. (84). This same equation demonstrates that the effect of the en- 
vironment on an open quantum system a is determined by just the 
flux in the forces across the boundary of a (Bader, 1980). 

B. Variational Derivation of the Atomic Virial Theorem 
1. Atomic Virial Theorem 

The general time-dependent virial theorem for an atom in a molecule 
is derived from the atomic variational principle. We shall find a close 
connection between the expressions so obtained for the virial and those 
derived in the previous section for the force. In particular, the differential 
force law leads directly to a corresponding local expression for the 
virial theorem. 

The generator of the infinitesimal unitary transformation, whose 
atomic projection determines the variation in 2[q, a], is in this case 

= -&r p, where E is an infinitesimal real number. The virial theorem 
may be obtained by a scaling of the electronic coordinates (Lowdin, 
1959), and the action of this generator is equivalent to a scaling of the 
electronic coordinate r by the factor 6 = 1 + E ;  i.e., 

qIJE(r, Q', t )  = ( I  + (i/h)Er * p )  "(r, T I ,  1 )  = T([r, Q ' ,  t ) .  

The variational principle now states that 

a 
- 2?[qIJE, = - 2 [ ((i) [&, i + c.c.}. (85)  aE E = o  

Writing the expression for 2[q, a], Eq. (15), explicitly in terms of E ,  

differentiating with respect to E ,  and noting that 

( a / a E 1 1  = r V, 
E + O  

one obtains (with 6S = -Er n), 
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Equation (86) can be rearranged using Eqs. (6% (66), Schrodinger's 
equation, and the identities 

Vi (VfY*VW r 

= Vi [( VfP* Vq) r] 

- (V,Yl*Vq) Vfr, 

Vi ( V f 9 V 9 * )  r 

= Vi [(ViqVq*) r] 

- (ViYVq*)  V,r, 
to yield 

a 
E =O 

- - - E l , d r  ( r e g )  

+ h2 f dS V2pr n 4mN 

- h2 f dS I d 7' r [ W* W + V Y W * ]  n.  (87) 

As the atom is to be bounded by a zero-flux surface at all stages of 
the variation, the variational constraint of Eq. (23b) must be imposed. 
This constraint in the present case demands that the variation 

2m 

= h2 [ f dS I d7' r [V(Vq*)* 4m 
+ V*V(W) + w*vq 
+ WVY*I n + J,,dr vzp(r) 

- f dS V p n }  (88) 

vanishes in the limit of E + 0. 
To make clear the particular nature of the variational result obtained 

for the scaling generator when the zero-flux surface constraint is imposed 
on the variation, we first consider the variation of the functional 
Y[q,  a], Eq. (25), which will yield a result applicable to any subsystem 
of some total system. This is achieved by simply adding to Eq. (87) 
the right-hand side of Eq. (88) to yield 
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where F(r) is the stress tensor previously defined in Eq. (71). Evaluating 
the commutator of the right-hand side of Eq. (85)-a relationship which 
holds for 8 Y [ P ,  a] as well-we find 

( ( i / h ) [ % ,  i p]>I, = 2(**, - ( ~ z / z ~ ) v w ) , ,  + (**, -r vW),,. 
Thus the commutator average in Eq. (85) yields 

where T k ( n )  is the average kinetic energy of the subsystem defined 
specifically in terms of the density K(r), Eqs. (20) and (21), and vb(n) 
is the virial of the forces exerted on an electron in the subsystem 
resulting from its instantaneous interactions with the nuclei and other 
electrons in the system, 

(91) 

Equating the results given in Eqs. (89) and (90), one obtains an expres- 
sion for the virial theorem of an open system with an arbitrary boundary, 

yb(n) = I I 1  d r  I d7' {-r ~i.>q*q. 

The term Ys(n) is the virial of the forces exerted on the surface of the 
subsystem, a term which is expressible in terms of the stress tensor 
previously defined in Eq. (71), 

v8(n) = f d ~ ( r )  r F(r) n(r) (93) 

(a" n is the outwardly directed force exerted per unit area of surface 
and r a" n is the virial of this force). The term Y$.(fl), specific to a 
time-dependent system, is the virial of the forces arising from the time 
rate of change of the momentum density m J throughout the subsystem, 

(94) vb(a) = -m I n dr r a ~ / a t .  
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While the values of the individual contributions to the virial of the subsys- 
tem are dependent upon the choice of origin for the vector r, their sum, 
which determines the total subsystem virial 

(95) 

is, from Eq. (92), seen to be independent of this choice of origin. 
The general result given in Eq. (92) for a subsystem with arbitrary 

boundaries contains a number of physical incongruities that are removed 
when the region fl is constrained to be one bounded by a surface of zero 
flux in Vp(r). While the final term on the right-hand side of Eq. (92) has the 
dimensions of an energy (because of the factor h2/rn),  it cannot be inter- 
preted as the virial of a force acting on the subsystem, as can the other 
contributions that are equated to -2Tk(n) .  This term vanishes for an atom 
in a molecule because of the zero-flux surface condition. The kinetic 
energy appearing in Eq. (92) does not uniquely define the average kinetic 
energy of a subsystem, as it will in general differ from that defined in terms 
of the density G(r), Eq. (20). Restricting the subsystem to one bounded by 
a zero-flux surface removes this disparity as the average kinetic energy of 
an atom is uniquely defined in terms of either density, Eq. (21). The 
subsystem virial theorem obtained from a variation of the atomic Lagran- 
gian 2[*, n] leads directly to the atomic statement of the virial theorem, 
which is 

(96) 

v(fk) = vb(n) + va(n) + v$(fi)* 

-2T(a) = vb(n) + va(n) + ?$(a)* 
The term vb(n) in this case becomes a measure of the virial of the forces 
exerted over the basin of the atom. 

For a stationary state the corresponding constrained variation of E[*, 
01 yields 

(97) 

where again the total virial, V('(.n), of the forces acting on the atom-over 
its basin and across its surface-is independent of the choice of scaling 
origin. 

-2T(n) = vb(n) + v#(n) = v(r(n), 

2. Local Virial Relationship 
The average of the atomic virial vb(n), Eq. (91), as defined by the 

atomic variational principle, is the virial of the quantum mechanical force 
density as defined in the differential force law, averaged over the atomic 
volume (Bader, 1980). By taking the virial of F(r, t )  in Eq. (78), one 
obtains 

(98) r F(r, t )  = mr aJ/& - r V *  (+. 
CI 
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Using the identity 

V * ( r * z )  = T r i g /  + r * V - i ? ,  

where Trlzl denotes the trace or spur of the stress tensor, Eq. (98) gives 

(99) 

From Eq. (71) for the definition of s ( r )  and Eqs. (19) and (20) for the defi- 
nitions of the kinetic energy densities K(r) and G(r), Trig( may be 
variously expressed as 

Trlv(r)l = -K(r) - G(r) = -2K(r) - (h2/4m)V2p(r) 

r F(r, t )  = mr a J / a t  + Trig1 - V *  (r  g ) .  

+P 

(loo) = -2G(r) + (h2/4rn)V2p(r). 

Its integral over an atomic volume yields the unique value 

I,, dr Trlg!(r)l = -2T(Q) .  (101) 

Using the final identity given in Eq. (loo), Eq. (99) may be expressed as 

-2G(r) = r*  F(r, t )  + V*(r*$(r)) - mr aJ(r)/at - (h2/4rn)V2p(r). 

(102) 

Integration of Eq. (102) over an atomic volume yields, term for term, the 
atomic virial theorem for a time-dependent system, Eq. (96), or for a 
stationary state, Eq. (97). Thus Eq. (102) is, in terms of its derivation and 
in terms of its integrated form, a local expression of the virial theorem. 
The atomic virial theorem provides the basis for the definition of the 
average energy of an atom as discussed in the following section. 

The atomic force law and virial theorem were derived by determining 
directly the change in Y[*, a] caused by an infinitesimal unitary trans- 
formation in the state function. These results may also be obtained by 
making use of the alternative expression for 6Y[*, a] [see Eqs. (59) and 
(Sl)], which is 

6 2 [ q y  QI = ( E / N  [dF(a) /d t  - ds(r)[(as/at)p, - ( J ~  n + C.C.)]} 

(103) 
and equating this result to the commutator expression for 6Y[*, Q]. This 
amounts to using Heisenberg's expression for the time rate of change of 
the average value of a subspace property, Eq. (51). One may, in fact, use 
this expression to determine the force law and virial theorem for an open 
system with arbitrary or fixed boundaries. This procedure has been 
adopted by Schweitz (1977), who has obtained an expression of the virial 
theorem generalized to an an open system with fixed, arbitrary bound- 
aries. While not expressed in terms of the stress tensor & - ) ,  his result is 

f 
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the same as that obtained here in Eq. (89) through the variation of the 
Hamiltonian-based Lagrangian Y [ V ,  a], The physical incongruities con- 
tained in the expression for the virial theorem for an open system with 
arbitrary boundaries has been commented on earlier, where it was 
also shown that these incongruities disappear when the open system is 
constrained to be one bounded by a zero-flux surface. Thus a variational 
derivation of the force law and virial theorem for an open system that 
preserves the variational property found for a total system, 

6 8 [ * ,  a] = 6 8 ' [ * ,  a], 
requires that the open region be bounded by a surface of zero flux in V p .  
This is the property of the single atomic variational principle obtained 
from the principle of stationary action. 

The expression corresponding to Eq. (103) for a stationary state with 
generator 4 is (Srebrenik and Bader, 1975) 

W*, a1 = (E/M f dS {JF + c.c.1 n/(*, V)ii  

{([&, &I),, + c.c.) = ti f d S  {iJF + c.c.)*n 

( 104) 

For a stationary state, the Heisenberg relation for F(a) reduces to 

(105) 

which has been termed the subsystem hypervirial theorem (Epstein, 1974; 
Srebrenik and Bader, 1974). From this theorem, one may obtain useful 
theoretical relationships governing the behavior of atomic properties 
(Bader, 1980). 

C. Summary of Atomic Variational Properties 
The principle of stationary action provides a complete quantum me- 

chanical description of a system in terms of the changes induced in the 
system by infinitesimal unitary transformations. The generators of such 
transformations describe all possible system changes, caused both by 
displacements or by a temporal development (Roman, 1965). It has been 
shown that this principle, which is a variational principle, applies uniquely 
to a connected region of real space bounded by a surface of zero flux in 
Vp(r). Thus the principle of stationary action defines an atom as being a 
bounded region of space, the variational properties of which, as deter- 
mined by the action of infinitesimal unitary transformations, are identical 
to those obtained for the total system. The generators of such transforma- 
tions describe real physical changes in the system. Thus a single variational 
principle serves to describe the properties of a total system and of an atom 
within the system. 

The operational statement of this principle is the atomic variational 
principle 
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The generator 4 causes an infinitesimal transformation in the state func- 
tion describing the total system. The physical nature of this transforma- 
tion is identified through the commutator of %with 4. The atomic value of 
the change caused by the transformation is given by the projection of the 
total system value over the atomic volume. Since a generator can be 
found to describe any change in a system, all atomic properties and the 
laws governing these properties can be derived from this principle. These 
derivations of atomic properties parallel the derivations of the correspond- 
ing properties for the total system, since both are described by the same 
variational principle. 

For example, 4 = E R = G N ,  where N is the total number of electrons 
in the system, generates a simple infinitesimal phase transformation, 
which leaves the Lagrangian a[*, a] invariant. In addition, since N is a 
constant of the motion for the total system, [%, 4 = 0. However, the 
time rate of change of the average electronic population of an atom, N ( f l ) ,  
is not zero in general and the equation of continuity governing the time 
evolution ofN(a) is obtained directly from the equivalent statement of the 
atomic variational principle, Eq. (103), as 

As illustrated in Section III,A,l, setting the generator equal to e*p defines 
the atomic force and the variational principle leads to the integral atomic 
force law, or the equation of motion for an atom in a molecule. Finally it 
was shown that when 4 = -Er p, the commutator identifies the kinetic 
energy and virial for an atom, and the variational principle yields the 
relationship between these quantities, the atomic virial theorem. These 
three relationships-the equation of continuity, the equation of motion, 
and the virial theorem-form the basis for the understanding of the 
mechanics of an atom in a molecule. 

Within this same formalism one obtains a definition of the energy- 
momentum tensor for the Schrodinger field. The many-particle divergence 
equation satisfied by the spatial components of this tensor, when inte- 
grated in the standard manner, Eq. (2), yields a differential expression of 
the atomic force law. The virial of the force density defined in this manner 
gives a local expression for the atomic virial theorem. Thus from a single 
formalism one obtains a description of the local mechanical properties of 
an atom as well as of their average values. 
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V. Atomic Properties 

A. Single-Particle Basis for Atomic Properties 
Throughout this article we have assumed a single recipe for the mode 

of integration over the electronic coordinates in the definition of atomic 
properties. We wish to show that this choice is not arbitrary, but is deter- 
mined by the requirement that the definition of an open system as ob- 
tained from the principle of stationary action must be stated in terms of a 
physical property of the system. This requirement imposes a basic 
single-particle nature on the definition of an atom as expressed in Eq. (6) 
through a property of the charge density and on the definition of its aver- 
age properties. 

It has been shown that the principle of stationary action applies to a 
system bounded at infinity and to a system bounded by a surface of zero 
flux in Vp(r). One may generalize the problem by asking for the set of all 
possible subsystems to which this principle is applicable. Thus one must 
consider the variation of an action integral W,,[P, {a,}] defined by a 
Lagrangian integral of the form 

where { al} denotes a set of subspaces, the integration of the coordinates 
of electron i being restricted to a region R1. Carrying through the same 
variational procedure as that followed in the variation of W12[P, a], one 
finds (Srebrenik and Bader, 1975) that the condition for the satisfaction of 
the principle of stationary action is that each subsystem a1 must be 
bounded by a surface Sf satisfying a zero-flux condition of the form 

V d d  n(rJ = 0, r1 E & (107) 

where 

The quantity pi(rJ is the probability density that one electron is at rf when 
each of the remaining electrons is in one of the subsystem volumes aj. 
Thus pl(rf) does not, in general, describe a physically realizable distribu- 
tion of charge and it requires the diagonal element of the N-particle den- 
sity matrix for its evaluation. In only one instance does pf(ri) assume a 
physical meaning. This occurs when all the surfaces Sj but one are taken 
at infinity, in which case p, reduces to ( 1  /N)p, where p is the measurable 
charge density distribution. The defining condition of the subspaces a,, 
Eq. (107), then reduces to the zero-flux surface condition on Vp, Eq. (6). 
Thus out of the complete set of solutions to the problem of determining 
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subsystems that preserve the equivalence of their variational properties 
with those of the total system, only one solution is physically realizable. 

This same mode of integration, which defines the atomic Lagrangian 
as 

drN L = I  I 1  dr dT'L  

(the integration over spins is always assumed), carries through to the 
definition of the commutator average in the derived atomic variation 
principle, which in turn defines the atomic properties. The atomic average 
of the property F associated with the operator @ must satisfy the atomic 
statement of the Heisenberg relation, Eq. (51). Hence F ( f l ,  I) must be 
given by 

( 108) 

The form of the operator is not yet specified in Eq. (108). When F is 
a one-electron property then, using the notation of Eq. (108), @ must 
equal N@(r) .  The atomic average of the property F then becomes 

F(fl, t )  = 1 11 d r  1 dT' #V@V + (@V*)V} 

F ( f l ,  t )  = N J  11 d r  1 d r '  #V*@(r)'P + c.c.}, ( 109) 

i.e., the atomic average o f F  is simply N times the value obtained for any 
electron in the system (the electrons are treated in an equivalent manner). 
Because of this equivalence, the atomic average can be expressed in terms 
of P f r ,  r') 

F ( f l )  = 1 d r  @(r)P)(r ,  r') 1 , 
I1  r=r' 

as can any one-electron property for the total system (Lowdin, 1955). If @ 
is a function of coordinates other than r, then the electrons are not treated 
in an equivalent manner in taking a subspace average. For example, if 
@ = &@(ri), the atomic average is given by the sum of two different terms 

where the first term yields 1 / N  of the average defined in Eq. (109), while 
the second term, from the N - 1 electrons whose coordinates are inte- 
grated over all space, yields a contribution expressible only in terms of the 
second-order density matrix. This term attributes to the subsystem value 
of a one-electron property, contributions from the operators for the re- 
maining N - I electrons averaged over the total system. 

With the mode of integration fixed and with the generator @ set equal 
to N$(r) to preserve the indistinguishability of the electrons, the average 
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value of any atomic property as determined through the use of the atomic 
variation principle is defined. Properties, such as the average force, de- 
termined directly by the commutator average follow from the same defini- 
tion. Such a property F(R) is given by 

(1 10) 

where F is the property associated with the operator 4 as determined by 

F(R) = N 11 dr Id'' I{V[&, $'(r)l* + C.C.), 

4 = (i/h)[&, 4'(r)]. (111) 

The operator 4 may itself be a or contain two-particle operator(s). How- 
ever, in such a case because of the presence of 4'(r) in the commutator 
expression for 4, each such two-particle operator b12 appearing in 4 will 
be a function of the coordinate vectors r integrated over R, and of r' 
integrated over all space; i.e., d12 = &(r, r') and a knowledge of P ( r ,  r') 
is sufficient to determine F(R). 

Thus any atomic property F defined through the use of the atomic 
variation principle is the atomic average of an effective single-particle 
density pF(r) 

(1 12) 

where 

pF(r) = N Id.' H**&(r)q + c.c.1 (1 13) 

or 

pF(r) = N Id.' I{**[&, @'(r)]q + c.c.}. (1 14) 

If [&, &'(r)] generates two-electron interactions, then pF(r) is the density 
of the corresponding property at r as determined by the average interac- 
tion of the electron at r with the other electrons in the system. 

Atomic properties have the necessary property of yielding the value of 
F for the total system when summed over all the atoms in the system, 

F = (4) = F(R). 
n 

This property derives from the spatial definition of an atom and from the 
definition of an atomic property as a corresponding spatial average of an 
effective single-particle density distribution. 

B. Average Energy of an Atom 
1 .  Introduction 

The energy is a fundamental property of a system. Hence the definition 
of the average energy of an atom in a molecule through the application of 
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the atomic variation principle merits a detailed discussion. The principal 
difficulty in partitioning the total average energy of a system consisting of 
indistinguishable, interacting particles is associated with the partitioning 
of the average energy of interaction between its subsystems. Consider the 
partitioning of some total system into two subsystems A and B. There is 
some internal energy of A and of B and an energy of interaction between 
them. How does one partition the energy of interaction into separate con- 
tributions for each of the subsystems? Physics provides a unique answer 
to this question if the forces acting within the system are of the inverse 
square type. 

We first show how the concept of the virial (which is the virtual work 
for a set of finite displacements) allows for the definition of the electronic 
energy of a total molecular system via an extremum principle. The elec- 
tronic energy so defined obeys the virial theorem and is expressible as N 
times the average energy of a single electron in the system. The atomic 
virial theorem yields a definition of the average electronic energy of an 
atom with properties identical to those found for the electronic energy of 
the total system. 

2. Electronic Energy of a Molecule 
We shall confine the discussion to a stationary state with the state 

function expressed for a rigid nuclear framework within the Born- 
Oppenheimer approximation. The Hamiltonian for the system is 

yielding an average energy 

E = ( $ 9  %$). 
The potential energy may be alternatively expressed in terms of the 
virials of corresponding forces exerted on the electrons and nuclei as 

or as 

A force operator F, for particle K is the classical force exerted on this 
particle by all the particles in th? system. Correspondingly, one may 
consider the virial of this force, r, OF,, to be the potential energy operator 
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for particle K since, according to Eq. (1 18), the sum of such operators for 
all the particles in the system yields the total potential energy operator 6. 
We shall first demonstrate that such an identification leads to the correct 
physics for the total system and then show that it forms the basis for the 
definition of the energy of an atom in a molecule. 

The first summation in Eq. (118)-the sum of the potential energy 
operators for the electrons-should, together with p, define the electronic 
Hamiltonian of the system and this in turn, its electronic energy E,. Thus 

The average electronic potential energy V ,  is thus defined as the aver- 
age of the virials of the forces exerted on the electrons, the electronic 
virial, 

Correspondingly, the nuclear energy of the system is purely potential in 
origin and is given by 

This contribution to E is trivially determined from a knowledge of just 
p(r). One then has 

( 122) 

where E is the total energy of the molecule for the nuclei clamped in a 
given configuration X = { X,}. When a molecule is in an equilibrium con- 
figuration, the external forces on the nuclei vanish as does En and in this 
case E, = i?. The molecule can be in mechanical equilibrium in a given 
arbitrary configuration X only if each of the nuclear forces (Pa) is bal- 
anced by an applied external force. This force, by the Hellmann- 
Feynman theorem (Feynman, 1939), is given by 

E = E ,  + En, 

(Fa) = -V,E ( 123) 

Now we wish to show that the electronic energy E, of Eq. (1 19) may be 
obtained from an extremum principle subject to the constraints imposed 
on the system via the external forces that must be applied to the nuclei to 
maintain the configuration X (Srebrenik et al., 1978). 

The variational problem thus defined is analogous to the extension of 
Hamilton’s principle in classical mechanics to describe a nonconservative 
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system subject to forces of constraint. In this situation the classical action 
integral is replaced by the variational integral (Goldstein, 1965), 

which is to be compared with the expression for E, in Eq. (119). 
The quantity Et  F,* 6rf is the virtual work, the work done by the forces 

acting on the system during the virtual displacement from the actual to the 
varied path. A virtual displacement denotes a change in the configuration 
of the system resulting from arbitrary infinitesimal changes of the coordi- 
nates consistent with the forces and constraints imposed on the system at 
each time t .  Because of the constraints, the 6rL are not independent varia- 
tions. The variation of Z is possible only when the virtual work is ex- 
pressed in terms of a generalized set of coordinates qt that implicitly 
contain the constraints imposed on the system, thereby insuring that the 
Sg, are independent. The modified form of Hamilton's principle obtained 
by the variation o f l  then states that the integral of the variation of the 
kinetic energy plus the virtual work involved in the variation must be 
zero. The same interpretation may be given to the variation of the corre- 
sponding quantum integral, Eq. (1191, with the quantum analog of the 
virtual work defined as 

The condition of constraint as given for each nucleus in Eq. (123) may be 
imposed on the variation of the quantum integral in the form 

a = I ,  2, . . . , n.  ( 125) 

These constraints amount to imposing the condition that the virtual work 
of the forces of constraint 8( X,* F,) must vanish as is true for the classical 
system. 

The variation of the integral in Eq. (119) subject to the set of con- 
straints in Eq. (125) demonstrates (Srebrenik et al., 1978) that the elec- 
tronic energy E, is the average energy obtained by extremizing the varia- 
tion of the electronic kinetic energy plus the virtual work of the electrons. 
Having separated out the energy of the (motionless) nuclei from E ,  as the 
virial of the forces of constraint acting on the molecule, the remaining 
energy E ,  should satisfy the virial theorem, since the virial theorem relates 
the average kinetic energy of a system of moving particles to their virial 
or, if the forces are conservative, to their average potential energy. Thus 
one finds that E, of Eq. (1 19) satisfies 

E, = -T  and E, = t V , ,  ( 127) 

((X,*P, + X,*V,E)) = 0, 
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where the average electronic potential energy V, is equal to the virial V of 
the electronic forces, Eq. (120). These expressions, along with 

- 2 T =  V ,  

are satisfied for any nuclear configuration X. This follows since 

and hence 

.2T = ( Q) + z X,*V,E, 
a 

which is Slater’s original statement of the virial theorem for a molecular 
system (Slater, 1933). 

3. Electronic Energy of an Atom 
The importance of expressing the electronic energy in the form of Eq. 

(119) is that it enables one to express 2, and hence E ,  as sums over 
single-particle contributions: 

( 129) %?, = z gf = 2 ( - 4 ~ 7  - r f *  vfQ 
f f 

and 

E, = N (  &i) = N j d r  d ~ ‘  {+*(-4Vf - r f *  Vi@+}. (130) 

Thus the electronic energy is N times the average energy of a single electron, 
and E ,  may be expressed as an integral over an effective single-particle 
energy density 

In Eq. (131), K(r) is the kinetic energy density, Eq. (20), and V(r) is the 
virial field: 

V(r) = N jd7’ {+*(-r*W)+}, (132) 

the field which determines the atomic virial Vb(0), Eq. (91). The virial 
field V(r) is N times the potential energy density of one electron at r as 
determined by its average energy of interaction with all other particles in 
the system. V(r) is an exact prescription of the “average field” experi- 
enced by a single electron in a many-particle system. 

Thus the electronic energy, since it may be expressed as an integral 
over effective single-particle kinetic and potential energy densities, may 
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be defined for an atom by restricting the integration in Eq. (131) to the 
atomic volume a, 

Edn) = T(n) + Vb(.n), (133) 

where Vb(W has been previously defined in Eq. (91). If the subsystem 
energy EXQ) is to have the same properties as Ee for a total system, i.e., 

(134) 

Ee(Q) = t"-dfi) 3 (135) 

EXa) = -11 dr K ( r )  = -1 11 dr G(r) = -T(Q) 

and 

then the region Cl must be an atomic volume. Only the atomic virial 
theorem as derived from the variation of E[$,  a],  Eq. (97), defines an 
E,@) through Eq. (133), which satisfies the virial relationships in Eqs. 
(134) and (135). Equations (133) and (135) are written for the choice of 
scaling origin that causes VdsZ) to vanish. In general for any origin one has 

(136) 

One finds from the virial theorem for a subsystem with the arbitrary 
boundary of Eq. (92) [in a stationary state (Vb = O)] that 

E,(a) = +sr(n) = T(a) + V(a) = -T(Q). 

and 

For such a subsystem, the average kinetic energy is not uniquely defined 
and the Lagrangian integral does not vanish as it does for an atom and for 
the total system. Hence only for an atom does E,@) obey the same virial 
relationships for any nuclear configuration X as does E, for the total 
system. 

In summary, through the concept of the average force exerted on an 
electron at r-the force density F(r) of the differential form of the equation 
of motion, Eq. (78a)-one may define a corresponding single-particle po- 
tential energy density as the virial of this force-the virial field. The 
atomic average of the virial field is related to an average kinetic energy 
through the atomic virial theorem. The kinetic and potential energies so 
obtained define the electronic energy of the atom, EAa) .  The energy EXO) 
satisfies the same theorems as E, for the total system since both are 
defined in terms of the same variational principle with the same generator. 
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The partitioning of an energy of interaction between two subsystems is 
thus accomplished through the definition of a single-particle potential 
energy density as determined by the virial of all the forces exerted on the 
particle-the virial field V(r). This field describes the average energy of 
interaction of the density at r with the total system. Its integration over an 
atomic volume includes the interaction between all elements of charge 
within the atom and the interaction of each of these elements with the 
remainder of the system. 

The explicit contributions to the potential energy of an atom have been 
given and discussed elsewhere (Bader, 1975a; Srebrenik and Bader, 
1975). We note that the definition of the atom’s electronic potential energy 
in terms of the virial of the forces exerted on it includes a partitioning of 
the nuclear-nuclear repulsive energies into separate atomic contributions. 

C. Transferability of Atomic Properties 
The atomic energies &(a), T(Q), and ‘T((.n) possess a most important 

property: The extent of constancy of the atom as it is manifested in the 
real space of various systems is reflected in a corresponding constancy in 
its contribution to the total energy of a system, the limit of this property 
being a constant contribution to the total energy when the atom is per- 
fectly transferrable between systems. The observation that regions of 
space bounded by a surface of zero flux, Eq. (6), satisfied this requirement 
with respect to an energy defined as in Eq. (133), formed the original basis 
for the identification of such spatial regions with the chemical atoms of a 
system (Bader and Beddall, 1972). This observation may now be predicted 
from theory as a consequence of the properties of the stress tensor G(r). 

In a stationary state the stress tensor determines the force density F(r) 
[see Eq. (78)]: 

F(r) = - V *  z(r) ( 139) 

and, since the virial field is the virial of this force, it determines V(r) as 
well: 

(140) 

The integral of V(r) yields the virial of the forces over the basin of the 
atom Yb(n). The local expression for the virial theorem Eq. (99) may be 
used to obtain a virial density V’(r) that integrates to the total virial of 
an atom Yb(R) + V8(a) .  This is given by 

(141) 

From the virial theorem for an atom, Eq. (135), or for the total system, 
Eq. (127), Eq. (141) is seen to yield an expression for the energy density 
E&) in terms of the trace of the stress tensor: 

Y(r) = r F(r) = -r V r?(r). 

V’(r) = r F(r) + V (r Z(r)) = Trli?(r)l 
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E J Q )  = $,/ I1  d r  TrlG(r)l = ,/ dr (G(r) + Y’(r)) (143) 

where Q may refer to an atomic volume or to the volume of the total 
system.6 

The energy density Ee(r), the virial fields Y(r) or Y‘(r), and the force 
density F(r) all involve two-electron interactions and require P2)(r, r’) for 
their direct evaluation. Yet from the above relationships, they may all be 
expressed in terms of the stress tensor that is a functional of the first-order 
density matrix, P ( r ,  r’), Eq. (71) (Bader, 1980). The kinetic energy den- 
sity is determined by the trace of the stress tensor, Eq. (100). 

The trace of P ( r ,  r’) determines the charge density at the point 
r = r’. If the properties of P ) ( r ,  r’) in the neighborhood of its diagonal 
elements r = r’ are identical over the basin of a given atom in two differ- 
ent molecular systems, then the atom’s distribution of charge will be 
identical in the two systems, as will its spatial distribution of energy, Eq. 
(142), and its potential and kinetic components, Eqs. (141) and (100). In 
such a case, the atom will appear identical in the two different systems and 
will contribute identical amounts to the total energies of both systems. 

Much effort is being expended to obtain a theory that equates the 
energy of a molecular system to a functional of the charge density 
(Hohenberg and Kohn, 1964; March, 1980) or the one-electron density 
matrix (Berrondo and Goscinski, 1975; Donnelly and Parr, 1978). A den- 
sity functional theory must possess the properties exhibited by the expres- 
sion for Edr) in Eq. (142): When the distribution P ) ( r ,  r’) in the neigh- 
borhood of r = r’ and hence p(r) are identical over well-defined regions of 
space in two different systems, these regions must contribute identical 
amounts to the energies of both systems. This observation, which has 
been shown to be a quantum mechanical property of a molecular system, 
is the physical basis and raison d’itre for the belief that a density func- 
tional theory for the energy can be found. 

Thus there is a relation between the virial field and the distribution of 
charge in a molecular system as was originally proposed on the basis of 
the observed properties of the topological atoms (Bader and Beddall, 
1972). They are related through P ) ( r ,  r’) by the quantum mechanical 
stress tensor, 

’ The remaining contribution to the total energy 2, the nuclear energy En (which van- 
ishes when noner external forces act on the nuclei), is readily determined from a knowledge 
of p(r) alone via the Hellman-Feynman theorem. 
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Absolute transferability of an atom and its properties between systems 
is probably never obtained. This is unimportant. The limit of perfect 
transferability or the approach to this limit serves to establish the princi- 
ple that an atom and its properties are defined by the distribution of charge 
in real space, and the extent to which its properties change is directly 
determined by the extent to which its distribution of charge changes. The 
present theorypredicts that an atom as defined here may exhibit a charac- 
teristic set of properties that will vary between relatively narrow limits. 
The average atomic energy EAa) is proportional to the sum of the virials 
of the forces originating within the atom and those exerted on it by the 
remainder of the molecule, the inner V ( n )  and outer 'Vo(Q) virials, 

( 144) 

For the atom to be identical in two different systems and possess the 
same energy and hence the same V(sZ), the outer virial must remain 
unchanged on transfer of the atom between molecular systems. The indi- 
vidual contributions to Vo(Q) do, of course, change on this transfer, but 
the atom, as a consequence of the atomic virial theorem, behaves in a 
semiautonomous manner and changes only in response to the virial of the 
net force exerted on it and not to changes in the individual contributions. 
This requirement of a near constancy in the outer virial to yield a near 
constancy in an atom's properties on transfer is physically realizable and 
observed (Bader and Beddall, 1972; Bader and Messer, 1974; Bader, 
1975b), and hence one observes characteristic properties for atoms. 

We illustrate this prediction of the theory for a relatively simple system 
for which all the contributions to the atomic energies have been deter- 
mined (Bader et al., 1973b; Bader, 1975b). Figure 4 illustrates the charge 
distributions of the ground states of BeH and BeHz. The distributions of 
charge in the hydrogen atoms in these two molecules are very similar. The 
average electronic population of H, N(H), is 1.868 in BeH and 1.861 in 
BeHz. Correspondingly, the average kinetic energies [and hence their 
electronic energies EAH)] differ by only 6 kcdmole. This degree of con- 
stancy in N(H) and T(H) between these two molecules is found in spite of 
the very large differences in the individual forces acting on the hydrogen 
atom in the two molecules. For example, the electron-nuclear attractive 
energy for H changes by - -220 kcdmole and the repulsion of the 
electrons in H with those in the remainder of the system increases by 
-120 kcdmole between BeH and BeH2. However, the sum of all the 
virials of the external forces exerted on the hydrogen atom in BeH and 
BeHz changes by only 3 kcdmole. Thus when the total external virial 
field acting on an atom changes by only a small amount, the changes in the 
atom are correspondingly small. 

E,(R) = b(v'(a) + Vo(a)). 
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Fig. 4. Contour maps of the electronic charge distributions for the ground states of BeH 
(a) and BeHp (b) showing the positions of the interatomic surfaces. Note the great similarity 
in the distribution of charge in the hydrogen atoms in the two systems. (a) N(H) = 1.868e, 
E ( H )  = -0.7717 a.u.; (b) N(H) = 1.861e, E(H) = -0.7623 a.u. Yn(H) -3 kcdmole. (For 
computational details see Bader er a/., 1973b.) 

D. Quantum Topology 
1. Topological Analysis 

Starting with a knowledge of a system’s charge distribution, quantum 
topology enables one to assign to the system a unique molecular structure 
as determined by the topological properties of this charge density. This is 
exemplified in Fig. 5 for the CH,+ molecular-ion to which classical models 
of bonding do not apply. From the further knowledge of the dependence of 
the charge density on the nuclear coordinates, the persistence of this 
structure and the mechanism of its change into neighboring structures 
may be determined. 

A bond between two neighboring atoms and their interatomic surface 
are defined and characterized by the properties of a (3, - 1) critical point 
in the charge density. With a chemical bond defined, its properties may be 
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studied and parametrized in terms of the properties of the charge density. 
The value of the charge density at the (3, - 1) or bond critical point, p(rc), 
allows one to relate the concept of bond order, defined originally in terms 
of the products of coefficients of the molecular orbitals for just the 
‘‘r electrons’’ of a system (Coulson, 1939), to a property of the total 
charge density. Thus for example, a plot of the values of p(rc) for the 
carbon-carbon bonds in ethane, benzene, ethylene, and acetylene versus 
their equilibrium bond lengths shows these quantities to be linearly re- 
lated. The eigenvalues of the Hessian matrix of p(r,) and the eigenvalues 
of ;(re) mirror other bond properties, such as the extent of charge trans- 
fer (“ionic-covalent” character), the behavior of the kinetic energy 
changes involved in the formation of the bond, and the degree of “double 
bond” character as related to the height of a corresponding rotational 
barrier. It has been shown (Bader, 1980) that the properties of a critical 
point in the gradient vector field of P ( r ,  r’) in the neighborhood of 
r = r’ [as opposed to a critical point in just its diagonal elements, p(r)] are 
determined by its block diagonal Hessian matrix formed from the ele- 
ments of VVp and &‘. Thus the field of the quantum mechanical stress 
tensor that determines both the force exerted on and the energy of an 
element of charge density, also plays a role in the theory that relates 
structure and structural stability in a chemical system to the topological 
properties of p(r). 

A change in structure necessitates the passage of the system point in 
nuclear configuration space through a catastrophe point (Bader et al., 
1979b, 1980). If the change in structure involves the making or breaking of 
a chemical bond, then the corresponding bond critical point is transformed 
into a singularity in the charge density, i.e., a critical point whose Hessian 
has one or more zero roots. Having defined the bond and the breaking of a 
bond, one may now inquire into the nature of the forces that are responsi- 
ble for one or more of the second derivatives of the charge density vanish- 
ing at a critical point, and thereby obtain an understanding of the 
mechanics of bond breaking and bond formation. 

While the relationships between p(rJ and the properties of bonds dis- 
cussed above are of a correlative or empirical nature, they do relate an 
observable property of a system to the mechanics that govern it. There- 
fore, such relationships are ultimately capable of theoretical expression 
and prediction as predicated by an increase of our understanding of the 
mechanics governing the distribution of charge in a molecular system. 

Deb and co-workers (Deb and Bamzai, 1978, 1979; Deb and Ghosh, 
1979) have also recently introduced the concept of a stress tensor into 
chemistry to obtain a further understanding of the forces acting within a 
molecular system. 



Fig. 5. (a) Representation of the gradient vector field Vp(r, X) for a plane of the CH5+ 
molecular-ion (T.-H. Tang, unpublished work, 1980). (b) Contour map of the charge density 
for the same plane as (a) showing the molecular structure as determined by the field Vp. (c) 
Contour map and structure for the plane containing the two remaining H atoms. The pro- 
jected positions of these two protons onto the plane of a and b are indicated by crosses. The 
molecular graph for this particular nuclear configuration X, in the close neighborhood of the 
minimum energy geometry X,, denotes a structure in which three hydrogens are bonded to 
carbon in a normal manner, while the remaining two are bonded to one another (to yield a 
stretched Hz fragment) and bonded to carbon through one of them. This particular configura- 
tion lies close to a conflict catastrophe point (Baderer a/ . ,  1979b, 1980), and since the energy 
hypersurface is relatively flat in the neighborhood of X, with respect to internal motions of 
the Hz fragment (Lathan et a/.  , 1970; Dyczmons er a/ .  , 19701, the bond from carbon switches 
from one proton of Hg to the other during the course of its internal motions. 
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2. Quantum Analysis 
The topological analysis of the charge density defines the atoms as 

well as the structure of a molecular system (see, for example, Figs. 1 and 
5) ,  and quantum mechanics defines the average atomic properties. The 
theory makes possible the interpretation of chemical observations in 
terms of a set of atomic properties that are governed by the same quantum 
mechanical laws as those that govern the properties of the total system. 

While the hy ervirial theorem is of somewhat limited use for a total 
system (([g, 81) = 0 for every @), the atomic statement of this 
theorem, Eq. (105), can be used to obtain useful relationships between 
atomic properties (Bader, 1980). Any empirically discovered relationship 
between atomic properties, obtained, for example, through a study of a 
series of molecules, is ultimately capable of theoretical expression, since 
all properties are defined by quantum mechanics. 

The simplest atomic property and the one with the longest history of 
attempts to define it, is the average electronic population. Table I1 lists the 
atomic populations [in the form of a net atomic charge %(a) = Z,,  - N ( 0 ) l  
for a series of substituted acetylenes ACCH, A = H, Li, F, C1, CN 
(Messer, 1977). These populations exemplify the proposal based on chem- 
ical observations: The effect of a substituent may be transmitted to an 
atom removed from the site of substitution if there is an intervening region 
of easily polarizable charge density. Replacement of H by Li results in a 
charge transfer to CCH of nearly one electronic charge. However, the Cp 
atom has a larger net negative charge than does C,, to which the Li is 
bonded. Substitution of F for H results in a transfer of charge from CCH 
to F of -0.8 e,  but the largest net positive charge is found for Cp, rather 
than C,. The substitution of C1 results in a much smaller charge transfer 
than does substitution of F, but the charge distribution in the C-C inter- 
nuclear region still undergoes considerable rearrangement, with C again 

TABLE I1 

ATOMIC NET CHARGESO IN ACCH 

A '&(A) WC,) W B )  

H +0.142 -0.142 -0.142 +0.142 
Li +0.927 -0.122 -0.898 +0.093 
F -0.765 +0.167 +0.441 +O. 156 
c1 -0.091 -0.247 +0.200 +0.140 
CN -0.100 -0.018 -0.037 +0.156 

Calculated from wave functions obtained by 
McLean and Yoshimine (1%8). 
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exhibiting the largest net positive charge. As anticipated on chemical 
grounds, and as distinct from a hydrogen bonded to a saturated carbon 
(Bader et al., 1980), the acetylenic hydrogen possesses a net positive 
charge, a reflection of its acidic nature. Figure 6 shows contour plots of 
the charge distributions for these molecules and the positions of the in- 
teratomic surfaces. The redistribution of charge with substitution as indi- 
cated by the data in Table I1 is reflected in the behavior of the atomic 
surfaces. Note in particular the shift in the C,-CB interatomic surface 
toward C, when a more electropositive element such as Li is substituted 

Fig. 6. Contour plots of the ground-state molecular charge distributions of acetylene and 
its monosubstituted derivatives AC,C,H. (a) A = H, (b) A = C1, (c) A = F, (d) A = Li, (e) 
A = CN. Note the displacement of the C,-C, interatomic surface in response to the effect of 
substitution on the charge distribution of the CCH group. Note that the identical effect is 
observed for the C-C interatomic surface in FHC=CHz (Fig. 1). Substitution of F for H in 
CHP;=CHz causes the C=C interatomic surface (which is coincident with a symmetry plane 
in CH, =CH,) to be displaced towards the unsubstituted carbon nucleus. 
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for H, and towards CB when a more electronegative element such as F is 
substituted for H. 

A knowledge of the net charges and multipole moments for atoms in 
common bonded situations can be used to rationalize the chemical reac- 
tivities of molecules in terms of their charge distributions. The dipolar and 
quadrupolar polarizations as well as the net charge are characteristic for a 
given atom in a given bonded situation. These polarizations impart to an 
atomic charge distribution its directional properties, properties that are 
frequently invoked and rationalized in terms of models such as the di- 
rected “lone pair” model. 

Through the definition of an atom’s average energy, one may isolate 
those spatial regions of a reacting system in which potential energy is at 
first accumulated and then later released, either to drive the same reaction 
to completion or to initiate a subsequent one (Bader, 1975a). This ability 
to spatially identify the “energy-rich” atoms of a molecular system can be 
used to understand in a detailed way the mechanics of an enzyme 
substrate interaction and to quantify the concept of “high-energy bonds” 
and the role they are assigned in biochemical reactions. Related concepts 
such as steric acceleration could also be tested in a quantitative manner. 

Quantitative expression can often be found for qualitative concepts 
that have proved useful in the past. An example is the extent of localiza- 
tion of electrons to given regions of space. The spatial localization of some 
average number of indistinguishable particles to a region of space is a 
property of the pair density (Bader and Stephens, 1975). For a system of 
electrons, the extent of localization is determined by the extent to which 
the Fermi correlation is similarly localized, and this in turn is calculable 
from the fluctuation in the average electronic population N ( n )  of the re- 
gion.’ As anticipated on chemical grounds, ionic distributions are found to 
be strongly localized in both pair space and real space. The charge dis- 
tributions of the lithium atom as exemplified in Fig. 2 are -95% localized, 
and its average population of approximately two in these molecules is 
very nearly the result of a perfect pairing of an a and a /3 electron. The 
bound fluorine atom is generally characterized not only by a net negative 
charge in excess of 0.7 e , but also by a high degree of spatial localization of 
its charge density. The charge transferred to fluorine is not only tightly 
bound, it is also strongly paired within the atom. Thus in the absence of 
charge transfer, bonds to fluorine are relatively weak (as, for example, in 
Fd because of the absence of interatomic pairing of the electrons. In 

’ An electron has a doppelganger, its Ferrni hole, which goes wherever the electron 
goes. Conversely, the electron may go only to regions of space in which its Fermi hole is 
nonvanishing. If the Ferrni hole is localized to a given region of space, so is the electron. 



Quantum Theory of Atoms in Molecules 119 

contrast, the charge distributions of nitrogen and carbon atoms, particu- 
larly in multiply bonded systems, are considerably delocalized, an obser- 
vation again in accord with chemical expectations. 

The underlying assumption of quantum topology is that chemical 
properties of a system are faithfully mirrored in the properties of its 
charge distribution. If true, the above examples serve to show the possi- 
bility of obtaining a theory of chemistry based upon the mechanical prop- 
erties of the charge distribution. 

VI. Discussion 

This account of the theory of quantum topology has been mostly con- 
cerned with definitions. The theory as it stands makes conceptual predic- 
tions: Atoms, atomic properties, bonds, structure, and structural stability 
are all consequences of the properties of the distribution of charge in 
real space. Through the statements of the differential force law and 
virial theorem and the equation of continuity, we have reached the 
threshold of understanding the mechanics that governs the distribution of 
charge (see Fig. 7 for a summary of the theory). However, the answers 
to specific chemical questions must await the accumulation of data on 
the properties of atoms in a variety of systems and the further development 
of the theory. These two avenues of approach are not unrelated. 

A new program for the determination of atomic properties, by the 
integration of the corresponding property densities over the atomic vol- 
ume, has been developed in this laboratory. This program avoids the 
direct (and often difficult) determination of an atomic surface by imple- 
menting the definition of an atom as the union of an attractor and its basin. 
By integrating along the trajectories of Vp(r) that terminate at a given 
nucleus, one must necessarily cover the basin of an atom. In addition, 
because of the zero-flux surface condition, it is impossible to cross an 
interatomic surface into the basin of a neighboring atom. 

This description of the new integration program is by way of introduc- 
ing a coordinate transformation with important theoretical consequences. 
This coordinate transformation maps the Cartesian coordinates ( x ,  y, z) of 
a point r in an atomic basin into a triple (s, O,C#J).  The parameter s, Eq. (3), 
determines the position of the point r along the gradient path that is 
defined by some initial set of angular coordinates, 8 and 4. This local 
coordinate system resembles the spherical coordinate system with the 
radial coordinate r replaced by the path parameters, and the rays replaced 
by the generally curved gradient paths that traverse the basin of a given 
atom. Since the limits ofs are k m ,  the mapping sends the bounded space 
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of each atom into a complete space homeomorphic to R3.  The transforma- 
tion assigns a complete space to each atom in the system. The collection 
of atomic basins and the associated coordinate transformations yield an 
atlas for the molecule. 

One is led, by this coordinate transformation, to the definition of a 
strain tensor. The strains described by this tensor are those produced by 
the continuous deformation of the original radially directed gradient paths 
of a free atom’s basin into the curved paths characteristic of a bound atom 
(see Figs. 1 and 5).  The bending of the gradient paths upon chemical 
combination is a result of the persistence of the zero-flux atomic surface at 
all stages of the reaction. 

Attention has been drawn to the fact that the differential statement of 
the equation of motion for the charge density as determined by quantum 
mechanics 

F(r, t )  = m aJ(r)/at - V. G(r) U8a) 

is identical in form and physical content with the corresponding New- 
tonian law, which is the equation of motion for the material density of a 
continuous medium, e.g., fluids or solids. The further element that the 
quantum and classical theories of densities have in common is the con- 
cept of a strain tensor. A given stress generates a given strain in a ma- 
terial. Hence classical continuum mechanics has models and theorems 
relating the stress to a given strain. Hooke’s model of a stress-strain rela- 
tionship is a simple example. 

One sees the possibility of developing similar models and eventually 
perhaps, a quantum theory to relate the strain induced in an atom as a 
result of chemical change to the corresponding change in the quantum 
stress AG. Since the strain operative in an atom is determined entirely by 
the charge distribution, one would obtain an expression for the corre- 
sponding change in the atom’s energy A&( a) solely from a knowledge of 
the change in the charge distribution; i.e., having determined AG as a 
function of the strain, one could determine the change in the electronic 
energy of the system through Eq. (143) as 

Fig. 7. A diagrammatic summary of the theory of quantum topology. The diagram 
illustrates that the definitions of molecular structure and of the quantum mechanical proper- 
ties of an atom are both consequences of a single assumption: that of identifying the chemical 
atom with the union of an attractor and its basin as determined by the topological properties 
of the charge density. 
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The goal of quantum topology is to provide a predictive theory of 
chemistry based on the mechanics of the charge density. This goal is no 
more unattainable than is the goal of classical continuum mechanics, 
which is to predict the properties of materials through a classical descrip- 
tion of the motion of material density. Indeed, based on the universality 
of the force law, Eq. (78a), both the classical and quantum theories are 
attempting identical descriptions. The force density F(r, t )  in either the 
quantum or classical theory is an exceedingly complex quantity, because 
it is the resultant of all the forces exerted on an element of density at a 
given point in space. If F(r, t )  were to be evaluated from first principles 
for a quantum system, it would demand knowledge of the state function. 
However, after the integration over the coordinates of all the particles 
but one to obtain F(r, t ) ,  Eq. (78b), one has in a very real sense discarded 
all the unnecessary information contained in **T, and the resulting 
physical force is determined by the greatly reduced amount of information 
contained in P ( r ,  r‘) as required to determine J(r) and g(r) in 
Eq. (78a).* 

The underlying philosophy of quantum topology is to obtain a theory 
of chemistry that employs only the information essential for the under- 
standing of the properties of a chemical system-the information con- 
tained in the charge density. 
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I. Introduction 

The application of group theoretical methods to problems in many- 
electron systems has been known for the past few decades. In view of the 
availability of large computer systems, interest in such applications has 
increased substantially in recent years. In this article we would like to 
discuss some of the recent developments in this field which have led to 
efficient programs for implementing large-scale studies of atomic and mo- 
lecular structure. Though group theory forms the basis for the entire 
discussion, the emphasis here is on techniques rather than abstract for- 
malism. 

The procedures outlined in the following sections deal with the prob- 
lem of diagonalizing the spin-free, nonrelativistic N-electron Hamiltonian 
operator, 
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where 
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where the right-hand side of Eq. (2) represents the sum of the kinetic and 
potential energies of the ith electron, and that of Eq. (3) the Coulomb 
interaction between the ith and the j t h  electrons. The fact that the right- 
hand side of Eq. (1) does not contain any spin-dependent operators im- 
plies that the solutions of the corresponding Schrodinger equation are also 
eigenfunctions of the spin operators S2 and S,. In addition, the wave 
functions so obtained have also to satisfy the Pauli antisymmetry re- 
quirement since we are dealing with an N fermion system. Using an effec- 
tive independent particle approximation, we can realize the N-electron 
wave functions satisfying the above requirements as linear combinations 
of Slater determinants ofN-spin-orbitals { x r ( i  = I ,  2, . . . , 2 n } ,  which 
form an orthonormal set spanning a linear vector space Vzn. The 
N- electron determinantal wave functions are the basis spanning the alter- 
nating representation occuring in the reduction of the primitive tensor 
space VZnBN of these spin orbitals. A further reduction of this alternating 
representation to yield basis states of S2 and S, follows readily if we note 
that each spin orbital can be expressed as a product of orbital ($J*) and spin 
(0,) parts. This leads to the result that each element of V z n W  can be 
expressed as a product ofNth rank tensors of orbital and spin parts. Thus 
we need only consider the subspace ( V , O  B (VzB.N) of the primitive 
configuration space Vz,W. The procedure for generating spin-adapted 
determinantal wave functions is now evident. We first reduce the spin space 
VzW to obtain the eigenfunctions of the operators S2 and S, and multiply 
these by elements of V,W and antisymmetrize the whole product (cf. 
Pauncz, 1967; McWeeny and Sutcliffe, 1969). 

One of the most direct methods for generating spin eigenfunctions is 
due to Lowdin (1964). In this procedure a projection operator is applied to 
a spin monomial ofNth rank corresponding to the eigenvalueM of S,. This 
operator annihilates all spin contributions other than the desired one and 
leads to a proper spin eigenfunction. This procedure applied to suitably 
chosen linearly independent set of spin monomials yields, in turn, a set of 
linearly independent spin eigenfunctions. Orthonormalization of the re- 
sulting set leads to a basis {O$,M;klk = I ,  . . . , f:} (Lowdin, 1958; 
Pauncz, 1967, 1979) spanning the given spin state. Another frequently 
used method for generating this set of spin eigenfunctions is the geneolog- 
ical one suggested by Kotani et al. (1955). In this method we presuppose a 
knowledge of the complete orthonormal set of spin functions for an N - 1 
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electron system in the spin states S ? 1 and use vector-coupling methods 
to generate the required functions for the N-electron system. Whatever 
the method used, the spin functions @ t , M ; k  are linear combinations of 
elements of V2BN having 1N + M spins a(m, = + t )  and AN - M spins 
P(m, = -1). As an illustration of the form of these functions, we list the 
states S1 = 1, M = 4 of a three-electron system: 

@&2,1/2:1 = (1/&)(2aap - apa - pa4 ,  

@&2,1/2:2 = ( I/*)( apa - @.a). 

We now consider the elements spanning V n W ,  which are realized 
using an ordered orthonormal set of single-particle orbitals {&(i  = I .  2 .  
. . . , n }  as 

Vn@.V: { ( N  1 N 2 ' "  N n ) 4f14;:. . . 430, (4) 

where N1, N2, . . . , N ,  are nonnegative orbital-occupancy indices satis- 
fying 

x Nt = N .  
i 

Equations (4) and ( 5 )  define a primitive tensor basis applicable to any 
N-particle system. If, however, we consider the antisymmetric product of 
the elements of Eq. (4) and the elements of V,@,', we find that the result is 
zero unless the occupancy indices of Eq. ( 5 )  satisfy 

2 r N t r 0  forall i = 1 . 2  , . . . .  n. (6) 

Thus, we can define the possible N-electron wave functions for the Hamil- 
tonian of Eq. (1) as 

(7) @ : , ~ ; k ( N 1 N 2  . * ' Nn) = d ( N 1 N 2  ' ' * N n ) @ g , M ; k ,  

where 

is the Hermitian N-electron antisyrnmetizer (Pauncz, 1967). The mul- 
ticonfiguration wave function for the system is a linear combination of 
wave functions of the type given on the right-hand side of Eq. (7). The 
coefficients defining the linear combination are obtained by setting up the 
Hamiltonian over the basis defined by Eq. (7) and diagonalizing it. 

The expansion of @ t , M ; k  as a linear combination of spin monomials 
permits the right-hand side of Eq. (7) to be expressed as a linear combina- 



128 K. V. Dinssha et al. 

tion of Slater determinants so that the interconfigurational matrix ele- 
ments can be determined using simple rules (Slater, 1929, 1931). A com- 
puter program is available for generating the configuration interaction (CI) 
matrix using this approach (cf. ALCHEMY developed at IBM Research 
Center, San Jose, California, by P. S. Baguset d.). The main drawback of 
this determinantal approach is that it slows down as the number of mono- 
mials defining each O$,M;k increases (cf. Rettrup, 1977, 1978). It is in this 
context that the spin-free approach due to Matsen (1964) becomes an ex- 
tremely powerful tool for CI studies. This method, which is essentially 
group theoretic in nature, will be the subject of discussion in the following 
sections. Among some of the other workers who have investigated this 
field are Gallup and Norbeck (1976), Gerratt (1971), Paldus (1974, 1975), 
Wormer and Van der Avoird (1972), and Sarma and Rettrup (1977). 

11. Spin-Free CI Studies and the Permutation Group 
Spin-free studies of many electron systems are based on the result that 

the spin functions O$,M;k ( k  = I ,  . . . , f$') transform as real orthogonal 
basis spanning the irreducible representation (irrep) [AN + S, j N  - S ]  
under the action of elements P" of the permutation group SN on the spin 
coordinates of the electrons (Pauncz, 1967). It can in fact be shown (McIn- 
tosh, 1960; Murty and Sarma, 1975) that the Young orthogonal basis is, 
apart from a phase factor, the same as the set of orthonormalized Lowdin 
(1956) spin projections. 

If P" is any permutation of the spin coordinates, we have thus 

where [ i ]  = [W + S, W - S ] ,  and [PI$, are elements of the real 
orthogonal Young's representation matrix. We also observe that the 
separability of orbital and spin spaces permits every permutation of 
electrons to be expressed as a product of orbital and spin-coordinate 
permutations as, 

P = P'P". (10) 

Using the right-hand sides of Eqs. (9) and (10) on the right-hand side 
of Eq. (7), with the definition of the antisymmetrizer as on the right-hand 
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side of Eq. (8), we obtain 

129 

where (Kaplan, 1974), 

is the Wigner operator for the irrep, 

Expressing both sides of Eq. (1 1) as 

J(N1N2 * . . N J ;  s, M ;  k ) N  

we obtain a compact expression for the required spin-projected N-elec- 
tron wave function. 

For the Hamiltonian of Eq. (l) ,  these wave functions yield the 
matrix elements 
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and commute with the Hamiltonian, we obtain the result 

( ( N ; N ;  * * N b ) ;  S,  M ,  k‘IHI(NlN2 * * * Nn); S,  M ,  k )  
= ( f ! /N!)”Z 

x ( ( N ; N ;  * * *N:)IHlebj,(NINz * * . N,) )  
= 2 ( ( N ; N ; *  . * N ~ ) I H I P r ( N , N z *  * * Nn))[P]i,k. (19) 

PESN 

The above result shows that the Hamiltonian matrix elements are inde- 
pendent of the index m of e;;. This in turn, implies that the set of func- 
tions forming a basis for a given row of the irrep [A] = [2N’2-S, 1’7 of SN, 
which form an orthonormal and complete set, may be used for generating 
the CI matrix. 

The form given in Eq. (19) was successfully used by Gallup and Nor- 
beck (1976) and Karwowski (1973a,b, 1981) to define the class of nonzero 
matrix elements of a spin-free Hamiltonian if the defining orbitals formed 
an orthonormal set. A major drawback in this method is the difficulty in 
defining explicitly the matching permutations needed for the nonzero 
elements . 

A possible alternative to the permutation group approach outlined in 
this section is to realize that a complete orthonormal set of the orbital 
tensor basis, {I(N,N2 * * - Nn); rnk)*} ,  with a fixed index m defines also a 
basis for the irrep, ( A )  = (2”2-S, lZs, O”-NIZ-S)  of the unitary group U(n). 
Such a duality between unitary and permutation groups (cf. Robinson, 
1961, and Wybourne, 1970, for details) has been successfully exploited in 
studies of atomic and molecular structure by Wormer and Van der Avoird 
(1972), Sarma and Rettrup (1977), Paldus and Wormer (1979), and Harter 
and Patterson (1976a,b) among others. In a recent note Sarma and 
Sahasrabudhe (1980) were able to realize a tensor basis of this form for the 
general irreps, 

(20) 

of U n ) .  It was shown by these authors that the matrix elements of the 
generators of U(n) obtained using such a basis were identical with the 
corresponding ones due to Gel’fand and Zetlin (1950). Some of these 
unitary group approaches and their application to many-electron systems 
will be discussed next. 

( A )  = (A1,  Az, * * * , A,), A1 2 A2 2 . * * 2 A, 2 0, 
A i + h Z +  . * * + A , = N ,  

111. Unitary Group Approaches and Many-Electron Systems 
A. General Introduction 

Use of unitary group methods in CI studies of many-electron systems 
is based on the fact that for spin-free Hamiltonians, the orbital and spin- 
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tensor spaces are separable. Since the spin-orbitals defined for the system 
span the fundamental representation space VZn of the unitary group U(Zn), 
the separability of the spin and orbital components leads us to consider 
the representation space V, €3 V2 of the subgroup U(n)  €3 U(2)  G U(2n) .  
This fact and the duality between the unitary and permutation group en- 
ables us to use the arguments of the previous section to conclude that we 
need to generate only the product representations ( 2Ni2-S, 12*, 

) €3 ( N I 2  + S. N / 2  - S) of U ( n )  €3 U ( 2 )  subduced from the 0" -.%,I2 -s 

totally antisymmetric irrep (1.') of U(2n) .  Weyl (1946) was the first to 
attempt a detailed study of the problem of such subgroup-adapted (sub- 
duced) basis for the alternating representation of U ( 2 n ) .  Using a gener- 
alized version of the standard Young tableaux of SN, he was able to obtain 

of U(n) .  U(2) .  respectively. Computational schemes based on the Weyl 
tableaux approach have been recently developed by Harter and Patterson 
(1976a,b) and used in the studies of atomic structure. 

Systematic methods for generating basis states spanning finite dimen- 
sional irreducible representations of U(n) were first developed by 
Gel'fand and Zetlin (1950). These authors were able to generate a canoni- 
cal basis subgroup adapted to the chain U ( n )  1 U ( n  - 1) 2 * * . 2 U ( 2 )  2 
U (  l),  using the eigenvalues of the Casimir operators of the group to label 
the states. Extensive studies of the many-body problem were undertaken 
using the Gel'fand-Zetlin (GZ) basis by Moshinsky and co-workers 
(1968), Baird and Biedenharn (1963), Ciftan and Biedenharn (1969), and 
Ciftan (1969). As a first step in our review, we consider the procedures 
useful in generating the Gel'fand-Zetlin tableaux (GZT) for U ( n ) .  

the basis spanning the irreps (2.""-", lZs, O"-.vi2-s ), ( N / 2  + S, N / 2  - S) 

The GZT is characterized by a triangular array, 

m11 / 
where nonnegative integers m i j  ( i  = I ,  2 ,  . . . , j )  in thejth row specify 
the partitions defining an irrep of U( j )  C W n ) .  The branching rules for the 
canonical basis defining the irreps of U ( n )  imply that the mu satisfy the 
triangular conditions, 
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All possible choices of the n(n + 1 ) / Z  nonnegative integers subject to the 
triangular inequality (22) yield the possible GZT spanning the irrep 

( m )  = ( m l m m z n , .  . - 9mnn) (23) 

of U(n). (The maximal GZT is defined as the one with mu = mtn for all 
i = 1 ,  1, . . . , for eachj.) A complete lexically ordered set of GZT can 
be readily generated starting with the maximal one and decreasing the mtl 
by unity starting with the lowest row subject to Eq. (22) being satisfied. As 
an illustration consider the eight GZT spanning the irrep (2,1,0) of U(3), 
which may be obtained using the above procedure as, 

2 1 0  2 1 0  2 1 0  2 1 0  
2 1  2 1  2 0  2 0  

2 1 2 1 

2 1 0  2 1 0  2 1 0  2 1 0  
2 0  1 1  1 0  1 0  
0 1 1 0 

The correspondence of the GZT with an orbital description of the tensor 
basis follows if we identify the orbital occupancy index as, 

t=1 f = 1  

These GZT provide a simple labeling scheme for the basis spanning the 
irreps ( A )  of U(n) .  The entries in each of then rows of the tableaux charac- 
terize a subgroup U ( j )  of U(n) embedded entirely in the given irrep of the 
group. This ensures the canonical nature of the basis, which is generated 
using GZT if the branching rules of U(n) are used in the process. There 
are, however, some drawbacks in using this tableaux basis. First, 
n(n + 1)/2 entries are needed in the proper sequence to identify each 
GZT. This problem becomes acute for the electronic GZT, which span the 
imep (2NE-S , f  1 2 s  0n-h”Z-S ) of U(n). This irrep can only admit the mfl 
satisfying 2 2 mu 2 0 ( i  = 1 ,  2 ,  . . . , j ; j  = I ,  2 ,  . . . , n) so that just 
the integers 2, 1 , O  repeatedly occurring in the rows have to be stored in an 
ordered manner. Second, the dimensionalities of the irreps of U(n) can be 
quite large so that the utilization of the whole irreducible space may not be 
feasible in many applications. The subspace to be used is generally de- 
cided by the possible orbital occupancy set (N1N2 . . . Nn) E VnW‘ most 
applicable to the physics of the situation. To generate the GZT spanning a 
small subspace of this type to the exclusion of the rest of the irreducible 
space is generally not an easy task. 
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In view of the above limitations it would be useful to examine the 
alternatives to the GZT scheme for labeling the states of the irrep (A) of 
U ( n ) .  One of these is to use the standard Weyl tableaux (Hamermesh, 
1962) spanning the irreps of U(n). These tableaux follow on using the 
nontrivial partitions A l  2 Az 2 * . * 2 A, > 0 ( p  5 n) to define the corre- 
sponding Young shape for [A] = [A,, Az, . . . , A,], & X i  = Nof SN, and 
assigning the orbital indices 1 ,  2, . . . , n to the boxes in all possible ways 
so that they define a nondecreasing sequence along each row and an 
increasing sequence along each column. The standard Weyl tableaux 
(SWT) so generated have a unique correspondence with the correspond- 
ing GZT. In order to facilitate easy visualization of this correspondence it 
is convenient to add a set of nodes to the extreme left column of the Young 
shape to indicate the trivial partitions A,+l = A,+z = * * * = A, = 0 of (A). 
As an illustration, consider the correspondence, 

3 2 1 1 0 0  1 3 4  
3 2 1 1 0  2 5  

3 1 1 0  e 3  
2 1 1  5 

1 1  
1 

between the GZT and the SWT for the irrep (3,2,1,1,0,0) of U(6) .  One of 
the interesting features of the SWT is that each one displays explicitly the 
orbital occupancies ( N I N z  - N,)  of the orbitals. This should permit one 
to generate the subset of tableaux corresponding to a given ( N I N z  
. . . N,) E V,BN readily. Such a set is useful when one is interested in 
carrying out a limited CI calculation with, say, all singly excited configu- 
rations, or with all singly and doubly excited ones, and so on. We now 
outline briefly the procedure for generating the above subset of SWT. 

Since identical indices cannot share a column in the SWT, we find that 
the regular removal of N, boxes from the Young shape defining an irrep 
( A )  = ( A l ,  Az.  . . . , A,) of U(n)  so that no two of the boxes share a 
column, results in the Young shapes for (A’) = (A;, A;, . . . , Ah-1) of 
U(n - 1 )  embedded in the irrep (A). If the resulting Young shapes of 
U(n - I )  contain less than n - 1 rows, we add a corresponding number of 
nodes in the extreme left column to make up the total number of rows to 
n - 1 .  As an illustration, consider the irrep (3,3,2,2,1,0,0,0) of U(8).  
which has the Young shape: 
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Let us assume that N ,  = 2 so that we have to determine the possible 
Young shapes resulting from the deletion of two boxes which do not share 
a column from the above shape. We readily find that the following are the 
only possible irreps of U(7) embedded in (3,3,2,2,1,0,0,0) of U ( 8 ) :  

The corresponding top two rows of the GZT follow as: 

3 3 2 2 1 0 0 0  3 3 2 2 1 0 0 0  

3 3 2 1 0 0 0  3 2 2 2 0 0 0  

(a) (b) 

3 3 2 2 1 0 0 0  

3 2 2 1 1 0 0  

(c) 

The location of the orbital index 8 in the SWT is fixed by the deleted boxes 
and we can proceed in the same manner starting with the irreps of U(7) 
and deduce all the SWT having specified orbital occupancies. The proce- 
dure for obtaining the SWT is thus evident. We remove successively N,,, 
Nn- l ,  . . . , N ,  boxes and obtain a branching diagram. If at any stage an 
Ni = 0, we just delete a node. Keeping track of the locations of the de- 
leted boxes, we obtain the possible SWT having a specified orbital occu- 
pancy set. This procedure is repeated for the other occupancies. 
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As an illustration of the procedure consider the irrep (2,1,0) of U ( 3 )  
and the SWT corresponding to Nl = N2 = N3 = I .  Using the procedure 
outlined above, we obtain the branching diagram, 

c E 0 

leading to the two SWT and hence the corresponding GZT, 

1 2  2 1 0  1 3  2 1 0  
3 # 2 0  2 a 1 1  

1 1 

Although the above procedure for generating the SWT is relatively 
simple, it involves the use of Young shapes and is difficult to implement as 
a computer program. To get over this difficulty Rettrup and Sarma (1980) 
proposed an algebraic equivalent of the above SWT procedure. We now 
consider this procedure briefly. 

A, 2 0, in which Al  occursp;, times, where the superscript onp is used to 
indicate explicitly that we are dealing with the group U ( n ) .  Let p’A,-l, 
p;I--2. . . . , pZ be the frequencies of occurrence of the integers A l  - I ,  
A l  - 2 .  . . . , 0. respectively in ( A ) .  The collectionp;,, p;l-l, . . . , p i  
can be used to characterize any irrep ( A )  of U ( n ) .  Thus, the irrep 
(3,3,2,2,1,0,0,0) of U ( 8 )  may be characterized as [ p g  = 3, pP = 1, p i  = 

I ,  p %  = 31. For N B  = 1. the deletion of two boxes not sharing a column in 
the Young shape for this irrep, led to the irreps (a), (b), (c) of U(7,  listed 
earlier for this example. In the present notation these irreps are charac- 
terized as 

(b) = [ l ,  3, 0, 31; 

where the frequencies correspond to [ p i ,  p i ,  p i ,  p a ] .  Thus, given an irrep 
of U(n)  characterized as ~ J , P J - ~ ,  . . . , p i ] ,  wheref = A l  is the maximal 
entry in the defining partition for ( A )  and a value of N,, we can charac- 
terize the irreps of U(n - I )  embedded in it using the set [PJ-’, p?::, 
. . . , p i - ’ ] .  Such a characterization is applicable to any orbital index 
I 5 i 5 n. This leads to a unique correspondence between every SWT 

Consider the irrep ( A )  = ( A l ,  A2. . . . . A,) in which Al 2 A2 2 . . . 2 

(a) = [2, 1, 1 ,  31; (c) = [ l ,  2, 2, 21, 
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and the corresponding (f + 1 )  X n matrix tableau [p"], 
expressed as: 

pg pJ-1 - * *  P1 Po" 

Though the formulation is now in an algebraic form, the 

which can be 

(25) 

procedure for 
determining the rows of thep" tableau is not quite straight forward. Given 
a [pb$-l . . pi] and an N1,  the determination of possible (j - 1)th rows 
[pf'p$:: . . . pi-'] involve successive determinations of this latter set for 
the occupancies 0, 1 ,  . . . , N1 - 1 before generating the required set for 
the given occupancy (Sarma and Rettrup, 1980; cf. also Paldus, 1972, for 
electronic SWT with hl 4 2 ) .  In view of this, an alternative tableaux 
scheme was considered by Rettrup and Sarma (1980) which led to a rela- 
tively simple algorithm. In order to generate these tableaux, consider the 
partial sums of the entries in the p" tableaux defined as, 

M { =  2 pi; i = f . f -  I . .  . . , 0; j = I ,  2 ,  . . . , n, (26) 

since the total number of rows of any irrep of U ( j )  is j ,  we obtain the 
result, 

k=f 

using Eq. (26). Since the right-hand side of Eq. (27) isjust the row index in 
a possible M" array, we observe that we need only the set [M#4$-_, . . 
MJ1] ( j  = I .  2 ,  . . . , n) of ordered (increasing as read from left to right) 
nonnegative integers which have a unique correspondence with the p" 
array, and hence with the corresponding SWT and GZT. It can be shown 
that given such a set for thejth row and an N,, the possible (j - 1)th rows 
follow on selecting N,  entries at a time and subtracting unity from each so 
that the result again defines a nondecreasing sequence of nonnegative 
integers as read from left to right. Each of the possible choices defines a 
set [ M j - ' M i z :  . Mi-']. 

As an illustration of the above procedure, consider again the irrep 
(3,3,2,2,1,0,0,0) of U ( 8 )  having N8 = 2 considered earlier. We observe 
readily that the top row of the Mu array is characterized by the entries 
[M: = 2, M :  = 4, Mq = 51. There are three possibilities of subtracting 
unity from two of them taken at a time so that the result is a nondecreasing 
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sequence of nonnegative integers. The possible seventh-row entries [ M i  
M i  Mi] are 

[2 3 41; [ l  4 41; [ l  3 51, 

which correspond to entries in the second row from top of the GZTs, 

(3,3,2,1,0,0,0); (3,2,2,2,0,0,0); (3,2,2,1,1,0,0), 

respectively. This result is in agreement with the corresponding one ob- 
tained earlier using the SWT scheme. Henceforth we will designate the 
present scheme as the M tableau (MT) scheme. 

In this section we have summarized the various tableau schemes for 
labeling the basis states spanning the irreps of U(n) .  It is worth noting that 
the MT scheme is quite general and applicable to any N-particle system 
whose basis states span the irreps of U(n) .  Unlinking of the procedures 
from lexical ordering and associating them with orbital occupancies has 
the advantage that we can choose the configurations relevant to the physi- 
cal problem under consideration. 

In the next section we consider the explicit realization of the basis for 
the finite dimensional irreps and determine the matrix elements of the 
generators of the group. 

B. Tensor Basis for V(n) 
The problem of generating a basis set spanning an irrep (A) of U(n) is 

one of reducing the space V,XN defined by Eq. (4) into irreducible sub- 
spaces VLA). A direct procedure for effecting such a reduction leading to a 
canonical basis for U(n) is the one due to Gel’fand and Zetlin (1950). Their 
method has been the subject of extensive studies during the past two 
decades (Moshinsky, 1968; Baird and Biedenharn, 1963; Ciftan and 
Biedenharn, 1969; Louck, 1970). The Gel’fand-Zetlin (1950) procedure 
assumes the existence of an invariant subspace V t ) ,  on which acts a set of 
linear operators, E, ( i .  j = 1 ,  . . . , n) called the generators of U(n) ,  and 
the mapping ViA) + VP). These operators satisfy 

[EU, Ekm1 = Eim 6 l k  - Ekl 6fm (28) 

E; = Eji (29) 

A basis for this space is generated using the real nonnegative integers mu 
( i  5 j = I ,  2 ,  . . . , n), in terms of which the eigenvalues of a complete 
set of the mutually commuting invariants i k r  ( k  5 r = I ,  2 ,  . . . , n) can 
be expressed. The invariants I k r  are expressed in terms of E,  as follows: 
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The mu define a set of n(n + 1 ) /Z  nonnegative integers which are arranged 
in a triangular array as on the right-hand side of Eq. (21). The basis 
spanning V‘$) is characterized in terms of these arrays which are called the 
GZT [cf. Eq. (21)l. 

Let us now consider an alternative to the above approach for generat- 
ing a canonical basis for U n ) .  This approach is based on the duality 
between the permutation and unitary groups (Robinson, 1961). Weyl 
(1946) was the first to employ this duality successfully for generating a 
W n )  basis using essentially idempotent Young operators of the permuta- 
tion group. These operators, which define an invariant subalgebra for an 
irrep [A] = [A,, A2, . . . , A,] (A, 2 A2 2 A, > 0 ;  A, + h2 + A, = N )  of 
SN, are usually not Hermitian so that they do not define an orthonormal 
basis for VA*) (cf. Matsen, 1964; Hamermesh, 1962; Boerner, 1968). Re- 
cent studies by Kaplan (1974) and Harter and Patterson (1976a,b) and 
Sarma and Rettrup (1977) lead to the possibility of generating a tensor 
basis which is closely related to the Weyl basis of U n ) .  In addition to 
these studies which were restricted to the irreps (2N’2-S, 12s, On-N”-S)  ap- 
plicable to many-electron systems, Sarma and Sahasrabudhe (1980) stud- 
ied the more general irreps of U ( n ) .  This approach will now be outlined 
briefly to reveal its application to many-electron systems. 

N , )  of the tensor space V n W  defined 
as on the right-hand side of Eq. (4). Let V f )  be a subspace of V ( n )  which is 
irreducible under the generators Eu defmed by Eqs. (28) and (29). The 
nontrivial elements A t  ( i  = 1 - 2 ,  . . . , p ; p  5 n )  of the irrep (A) ( A l ,  A2, 
. . . , An)  of U(n) ,  such that Ef=, Ad = N, define a partition of N ,  and 
therefore, an irrep [A] = [A,, A2, . . . , A,] of SNfor theN-particle system. 
As a first step in the reduction of Vn@”, we define the standard Wigner 
operators for the irrep [A] of SN as [cf. Eq. (12)], 

Consider an element ( N l N 2  * * 

where [PI:, are elements of the real orthogonal Young representation 
matrix for P E SN. These operators satisfy [cf. Eqs. (17) and (18)], 

(32) eIhl rsei, A 1  = (N!/f”,”2ei t l  6 A A t .  

= (e i$)+.  (33) 
Applying these operators to ( N l , N 2 ,  . . . , Nn)? we obtain a set of 
functions, 

(34) 
Applying permutation Q on the right- and left-hand sides of ei!, we obtain 

eif ( N , , N ~ ,  . . . , N n )  = l ( N 1 , N 2 .  . . . . Nn); rs )A.  
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et?Q = C [QIA~!?. (35b) 

These properties will now be used to obtain a complete orthonormal 
basis from the set defined in Eq. (34). If N i  = 0 or 1 for i = I ,  2 ,  . . . , n, 
we observe that a set off; nonvanishing and linearly independent func- 
tions is possible, wheref i  is the dimensionality of irrep [A] of SN. If the 
single-particle orbitals are orthonormal, this set, in turn, defines an ortho- 
normal Young basis for the irrep [A]. On the other hand, if some of the 
Ni > I ,  then the functions of Eq. (34) do not form a linearly independent 
set (Kaplan, 1974). This can be illustrated using the primitive tensor basis 
I( I ,  2 ,  0 ) )  = 141+“) of V3B3 symmetry adapted to the irrep (2, 1 ,  0) of 
U(3) .  Using the Wigner operator (Kaplan, 1974) 

t 

e\*i:.” = 2 [ P ] [ ; ~ ” P  
PESl 

for S3 and the transformation properties of the Young representations 
under the elementary transpositions (Kaplan, 1974), we obtain the result 

eYi”\(I. 2 ,  0 ) )  = ( I / V ? ~ ) ~ ! % I ~ \ ( I ,  2 ,  0 ) )  

where e“2.I’ is the second Wigner operator for the two-dimensional sub- 
space of [2, 11 of S3. Since there is only one SWT corresponding to this 
occupancy for (2, 1 ,  0) of U ( 3 ) ,  this linear dependence leads to problems 
of unique identification (Patterson and Harter, 1976). 

For orbital configurations of electrons which span the irrep ( 2Np2-S, lZs, 
0Il-NlO-s ) Kaplan (1974), Karwowski (1973a,b), and Sarma and Rettrup 
(1977) solved this problem by assigning all doubly occupied orbitals to the 
first subset of electrons followed by the assignment of singly occupied 
orbitals to the rest. This led to the primitive tensor space being defined as, 

(36) I ( i ,  P I ) “  = &l+iz * . . @ $ h p + l 6 i p + p  . * hp+q 
where 

(37) 
. .  

I 5 I , ,  i 2 ,  . . . , ip+Q 5 n ,  

subject to 

i, < i z  . . ‘ < i,; i,,, < ip+2 < . . * < ip+q (38) 

Using such a primitive basis and the Wigner operator defined as before, 
we can readily show that only e!?’] yields a nonzero basis for the given 
example. Sarma and Dinesha (1978) and Dinesha (1979) have shown that 
the basis spanning the irrep ( 2.v’z-s, lzS,  O”-.vp2--.s) obtained using the primi- 
tive tensors of Eq. (36) differ only by a phase factor from the correspond- 
ing canonical Weyl or Gel’fand basis. In the case of the above example it 
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can be easily shown that 

22110). 1 

The reordering of orbital tensor products, which is easy to define when 
no N t  is greater than 2, becomes rather difficult if some of the Nf have 
values greater than this. Second, a consistent phase factor relationship is 
also not easy to establish, as in the case of the many electron configura- 
tions. In view of these difficulties we now consider a brief outline of the 
procedure due to Sarma and Sahasrabudhe (1980). 

The main reason for the ambiguity discussed above is that the primi- 
tive monomial (N ,Nz  * * - N,) is invariant under all permutations P be- 
longing to the subgroup SN1 @ SNz @ . . - @ S, of SN, whereas the 
Wigner operators of Eq. (31) undergo the transformations as in Eq. (35). 
One obvious way out of this difficulty is to choose linear combinations of 
these operators so that they exhibit the same invariance. Such linear 
combinations can be chosen using the elementary transpositions P = ( k ,  
k + l)(wherek = 1, .  . . , N 1  - l , N 1  + 1 , .  . . , N 1  + Nz - 1 , .  . . , 
( N ,  + Nz + * * + N,-, + I ) ,  . . . , ( N ,  + Nz + - * N, - I ) ,  and 
demanding that 

8=1 

satisfies e!&, P = eCA1 ,.w for any 

P = ( k ,  k + I )  E S N ,  @ S N z  @ *  * * @&". (40) 

The meaning of the symmetrization index (S )  will become clear below. 
Since the Young representation matrices have a very simple form for 
elementary transpositions (Hamermesh, 1962), the above combinations 
can be readily generated. As an illustration consider the primitive tensor 
(121 1200) belonging to V,m7 which is required to be symmetry adapted, 
say, to the irrep ( Z 2 , I 3 , W )  of U(8). Using the elementary transpositions 
(2,3), (6,7) which leave the primitive tensor product invariant and 
noting that, 
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we obtain the symmetrized and normalized linear combination, 

It is rather difficult to obtain closed expressions as those above for the 
basis states spanning the general irreps ( A )  of U n ) .  However, in these 
cases it is possible to obtain a recursive form for the symmetrized 
operator combination. In the general case, let [A] be the irrep of SN corre- 
sponding (A) of U n l  and eb! the Wigner operator as defined by Eq. (31). 
Keeping the index r fixed let us apply this operator to the tensor product 
(NIN, - * Nn).  The result will be zero if any pair of the groups of the first 
N1, next N,, . . . , last N,, share a column in the standard Young tableau 
f). This follows since the tensor is completely symmetric in each of the 
groups of these entries, whereas the entries sharing a column imply an 
antisymmetry within the group for which this happens. This, in turn, 
implies that in all such tableaux the first Nl entries can occur only in the 
first row, the next N z  entries can be at most in the first andor second 
rows, etc., so that ultimately the last N,, entries can be in any or all of then 
rows. Let Nu represent the subset of the ith group of N ,  entries occuring in 
thejth row of the standard tableau t i .  Since the total number of entries in 
the ith group is N, ,  we have the result 

(41) 

Since we require symmetrization over each of the groups of entries, we 
define the combination of Eq. (39) as, 

Using this notation and omitting the fixed index r ,  we can represent 
the required tensor basis spanning the irrep ( A )  of W n )  as 
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where the index set ( N 1 N 2  * . . N,) has been omitted since it is already 
contained in the specification of the row entry index i in Nij, and 
symmetrization over the groups of Wigner operators has been indicated 
by using the parentheses. 

Consider now the transformations induced in this basis by the 
generators E,, of U(n). In view of the commutation and Hermiticity 
properties [cf. Eqs. (28) and (29)] of these generators, we observe that 
we need study explicitly only the transformations induced by E{-H. 
These generators are symmetrical in particle coordinates so that they 
commute with &I of Eq. (31) and operate on the primitive tensor 
(NJV,.  . Nn) (Sarma and Dinesha, 1978; Lezuo, 1972; Harter and 
Patterson, 1976b). The transformation of the primitive tensor is given by 

(N1, .  . . 9 Nt-17 N i . .  . * 9 Nn) 

a w l , .  . . , N{-1 + I ,  N ,  - I , .  . . , N n ) .  

Thus, the only nonzero matrix elements which result are 

( [ ( N i l )  * ' ' (N{-il ' * . N{-lk + 1 ' ' N{-l{-l)(N{l ' ' ' N{k - 1 ' ' ' Nfi) 

' * ' (Nn1 ' ' ' Nn~)]l~{-1~1[(Nll) ' 

x (Nil ' * * N{k ' ' ' N { { )  ' ' ' ( N n 1  ' * * Nan)]) 

* (NI-11 ' ' * NL-lk ' . Ni-li-1) 

= [(Ni-l + l)N{]"'([(N11) ' ' * (Nt-11 ' ' * N{-lk + 1 ' ' ' Ni-11-1) 

(Nil ' * N { k  - I * * ' Nit) ' ' (Nn1 ' * Nn,)]) 

le:iL~~l lN i -~  N,. ,k  N, X+,JINN N,, Nt,l IN., N.d1 

x ( N , , .  . . , Ni-1 + 1 ,  Ni - I ,  . . . , N n ) ,  (44) 

f o r k =  1 , .  . . , i -  I .  
The evaluation of the above matrix element is difficult in view of 

the fact that the operator combination defined for the ket vector is the 
one corresponding to a primitive tensor ( N ,  * * * Ni-,Ni. . . N n ) ,  whereas 
after the operation of Ei-li, we have a tensor (Nl ,  . . . , Nf-l + I ,  
Ni - I ,  . . . , N J .  This problem was solved by Sarma and Sahasrabudhe 
(1980) by expressing both the bra and ket Wigner operators required for 
Eq. (44) in terms of those for the primitive tensor (N, , . . . , NtTl - 1 ,  
Nt - I ,  . . . , N J -  The procedure leading to the matrix elements of 
E+,, is lengthy but straightforward and was found to yield the Baird- 
Biedenharn expression (Baird and Biedenharn, 1963) which was obtained 
by the latter authors using the Gel'fand-Zetlin (1950) basis. This expres- 
sion, which is expressed in terms of the mij of the GZT can be readily 
restated using the Nik ( k  = 1 ,  . . . 9 ,  i . i = l  , . . . , n )  of Eq. (44) and 
the identification, I 
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x a j j ( % N a . -  a 4=k 

i-1 

N , , , - a + k -  I 

143 

12 

(433) 

Though the above result is just a restatement of the standard (Baird and 
Biedenharn, 1963) one, the interesting feature of the present study is the 
relation of Eq. (45a) between mu and the partial sum over Nik. Using the 
correspondence between the tensor and Weyl basis, we observe that mu 
can be interpreted as the partial sum of the entries i occuring in the SWT 
in the rows k = I ,  2 ,  . . . , j .  This, in turn, leads to a simple relationship 
between mu and the N,  defined by Eq. (24). This relationship was 
exploited by Sarma and Rettrup (1980) and Rettrup and Sarma (1980) in 
developing a computer programme for obtaining the matrix elements of 
the generators for the basis spanning an irrep ( A )  of U(n) .  

The method outlined in this section is extremely general and applicable 
to any many-particle system. Since the present article is concerned mainly 
with many-electron systems, we will outline in the next section some of 
the simplifications that result on using the irreps ( 2"'2-s, 12s,  O''-N'2-S ). 

C. Spin-Free CI Studies 
In Section I1 we briefly formulated the CI problem for a spin-free 

Hamiltonian. The difficulties of the permutation group approaches were 
pointed out in the discussion following Eq. (19). From the results of the 
previous section we can easily see that the matrix elements of the Hamil- 
tonian obtained in Eq. (16) are between two basis functions which trans- 
form according to the irrep (2.VPZ-S 7 ,  12.5' O t l - . V I Z - S  ) of U ( n ) .  For these irreps 
many simplifications in the general formalism described in the earlier 
section are possible. 

Consider an N-electron molecular system in the spin state S. The 
ordered set of I I  orthonormal molecular orbitals {4ili = I ,  2 .  . . . , n } ,  
spanning a vector space V,  can be used to define the primitive configura- 
tion space of the system as 
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- = 4:14>. . .4;IIJNl. N z . .  . . , N ,  2 0; 5 Ni = N }  . 
i=1 

The spin-free configurations of the system span the irrep (2N'2-S, 12", 
O1'-.VR-S) {for the remainder of this section we will write this as ( A )  and 
the associated irrep of SN[2'"'"-" , 12,s 3 a s [A] of U ( n ) }  and can be obtained 
by a reduction of V,@..v using the operators e:' of S N  defined by Eq. (39). 
The fact that the Young diagram corresponding to the irrep [ A ]  of SN has at 
most two columns implies that a nonzero basis 1e;:W')) of U ( n )  results 
only if @(.") of Eq. (4) has no orbital with occupancy greater than 2. If a 
particular primitive configuration W') of such a set hasp doubly occupied 
orbitals, the operatore:] has to be defined as a symmetric linear combina- 
tion of standard Wigner operators el:] as explained in the previous section. 
This expansion in terms ofr!;' is quite tedious to obtain and is avoidable in 
the case of the irrep (A) of U(n) being considered in the present section. 
For this purpose we choose a primitive tensor set 

in place of the set defined by Eq. (4). We note that the sets of functions 
defined by Eq. (46) are related to those of Eq. (4), subject to N i  I 2,  
through a permutation which shifts all doubly occupied orbitals to the 
extreme left. As observed by Kaplan (1974), the use of p'") of Eq. (46) to 
define a tensor basis le#p'"') eliminates the need to define linear com- 
binations e:: as in e : 2 @ N ) ) .  This follows since each of the p pairs of 
electrons for the doubly occupied orbitals have entries (1,2), (3,4), . . . , 
( 2 p  - 1 .  2 p )  in the top p rows of the defining tableau t:. It has been 
shown by Sarma and Dinesha (1978, 1979b) that the two basis sets in- 
troduced above are identical to within a phase factor such as, 

where E( = + I ( - I 1 if the smaller of the pair of entries for 4f is even(odd) 
and the tableau t $  will be specified shortly. As a prelude to demonstrating 
this result, we introduce a compact notation for a two-column standard 
Young tableau (SYT) spanning the irrep [A] of SN. For every standard 
tableau of this type we list in an increasing order from left to right entries 
occuring in the N / 2  - S boxes of the second column. Thus, for example, 
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we have a typical correspondence such as 

for the irrep [22, 1'1 of S6. The standard Wigner operator corresponding 
to a tableau with the entries (ql .  q2, . . . . q N 1 2 - ~ )  in the second 
column is represented in our notation 

Let a doubly occupied orbital 4; occuring in a("' correspond to the 
kth and ( k  + 11th electrons. The k ,  k + I entries for these electrons 
share either row or axial positions in the tableaux defining e$'. This 
necessarily means that in this pair of tableaux, if ( k  + I )  occurs in the 
second column of one of them then k occurs in the second column of 
the other. Without loss of generality we can display every such pair 
in our notation by mentioning the larger of the two entries in the set 
(ql, q2, . . . , qN/2--s) of second column entries and indicate sym- 
metrization with respect to its immediate predecessor by a bar over the 
entry. Thus, if p doubly occupied orbitals occur in a given and 
correspond to the electron pairs ( A l ,  kl  + I ) ,  (k2  + k2 + I ) ,  . . . , 
( k p ,  k ,  + I ) .  we represent the symmetrized Wigner operator as 

In order to illustrate the validity of Eq. (48), consider a primitive tensor 

which has only one doubly occupied orbital 4f occuring for the ( k  + I ) ,  
(k  + 2 )  electron pair. The required basis function for the irrep ( A )  of 
U(n) is 

e!? !...kf2 ,... )@(") = (Zd)-1'21(d - I ) 1 r 2 e ! ? ! . . , k + l  ,... ) 

+ (d + 1 ) 1 ' 2 e % ! . . * k + 2  )... )I@"). (50) 

where d is the axial distance between ( k  + I ) ,  ( k  + 2)  in the given tableau. 
Noting that the two-column Young diagrams corresponding to this [A] 
do not admit total symmetry over more than two entries, we immediately 
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obtain the result (cf. Sarma and Rettrup, 1977), 

e!t..,k+2 ,... )( . . * 4&4)4j(k + I)4j(k + 2 )  . * * )  

- - - e [ U  r( ..., k+2 ,... ){( ' '  * 4j(k)4f(k + I)4](k + 2 ,  ' '  ' )  

+ ( . . .  4 ] ( k ) 4 ] ( k  + I)4f(k + 2 )  * * . ) I  
= -2e#!..,k+2 ,... ) ( * .  * 4 1 ( k ) 4 , ( k  + I ) 4 d k  + 2 )  . . . I .  (51) 

where the factor 2 in the last equality arises due to symmetry of 
e2!..,k+z,...) over ( k  + I )  and ( k  + 2 ) .  Further manipulation of Eq. (51) 
leads to 

e!?..,k+B .... ) ( . . .  4 r ( k ) 4 j ( k  + I)4j(k + 2 )  a * . )  

- 
- - e 2 ! . . . k f l , . . . ) (  ' '  * +j(k)+j(k + l ) $ f ( k  + 2 )  " ' ) *  (52) 

This procedure can be continued until the doubly occupied orbital is 
shifted to the extreme left as in v(*v) defined by Eq. (46). If more than one 
doubly occupied orbital occurs, repetition of the above procedure leads 
to the identity of Eq. (47). As an illustration of the above correspondence 
consider the basis 

[2-(.11 ter(~,5,#,e)(4i~243444~4i47) ) 

of U ( 7 ) .  As outlined in the procedure we have, 

= Ie~~:~!~,e)(43414244454i47)) 
le%:!#,e)( 41 424i44454i47) 

= Ie ?Z!7,e~( 434i4142444547) ) - 
The general rule for obtaining the tableau t $  in Eq. (47) is the fol- 

lowing: Let the symmetrized tableau be S = ( 4 1 ,  . . . , 4ml-13 4 m l ,  
4 m l + l , .  * * 9 * . q m p - 1 ~ 4 m , .  q m , + l .  . . . . 4~ ,2 -s ) .  where ml.  m2, . . . , mp 
specify the symmetrization over the pairs ( q m l - 1 .  q m l ) ,  ( 4 m z - i .  4 m 2 ) 3  . . . . 
( q m p - l ,  qmJ,  respectively. The tableau s '  is obtained by writing 2, 4, 
. . . , 2 p  as the first p second-column entries, increasing each entry 
corresponding to a singly occupied orbital in S by twice the number 
of doubly occupied orbitals to its right and writing it successively after 
2p in s'. Thus we have, 

S '  = (2, 4, * - . 2p,  41 + 2p, . . 
9 4 m l - 1  + Zp, q m l + l  + z p  - 2 ,  
* * 3 qm,-1 + 2,  

. . . , 
q m z - l  + Z P ,  q m z + l  + Zp - 4, 
q m , + l ,  . . * 9 q ~ 1 2 - s ) .  (53) 

We now discuss the effect of the generators Eil of U(n) on the basis 
set developed above using tp(N) of Eq. (46). These operators are sym- 
metric in the electron coordinates and commute with ekil, where t :  
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is an SYT with the top p second-column entries being 2,  4, . . . , 2 p .  
Thus Eij acting on cp'.") changes the occupancies of i and j as 
( N i ,  Nj) + ( N i  + I ,  Nj - I ) .  Since the occupancy of any orbital is 
restricted to 2 2 N i  2 0, we need consider only the following cases 
for cp'~"': 

(i) Ni = 0, Nj = I ;  (ii) Ni = I ,  Nj = I ;  
(iii) Ni = 0. NJ = 2 ;  (iv) N i  = I ,  Nj = 2 .  

The transformations induced by Etj on the basis states of the irrep (A) 
of U(n)  will now be studied for each of these cases. For purposes of 
clarity we illustrate each case with a specific example from the basis 
set spanning (?, 1 3 ,  S) of U ( l 0 ) .  The general results in each case are 
summarized from Sarma and Rettrup (1977) and Sahasrabudhe et al. 
( 1980a). 

Consider a basis state le~~*I:'l(&c#$&~- 

4245&&&)) of U(10). The generator EB5 acting on this leads to 
le p2'-':11( &&+~4248~6+7c$0)). The transformed monomial is now not in 
the ordered form as in Eq. (46). The permutation P = (8910)-' brings 
it to this form. Using Eq. (35) we obtain, in general, 

Cuse (i) N i  = 0. NJ = I .  

I P  

where P is the matching open-shell cyclic permutation and cp"") is given 

Let us consider p") = + : & # J 2 c # & , & & + O & ,  

by cp"") = c p ' Y 4 J ( T j )  -+ 4*(rt)). 

Case (ii) N ,  = N j  = 1 .  
and effect of E49 on it. 

E40(P'" = &6;&!444548dk344410 = p&6;426~$6h14111 = p ~ " " ,  

where P = (78910), which is an open-shell cyclic permutation. Hence, 
in general, 

( 5 5 )  

The monomial ( P " ~ )  is not in the ordering defined in Eq. (46). A doubly 
occupied orbital (here, 4:) occurs in the middle of singly occupied 
orbitals. However, using Eq. (52) we can shift the doubly occupied 
orbital to the electron coordinates (2p + I ) and (Zp + 2 )  and get another 
projection with a properly ordered monomial; in general, 

EiJe[l:,'cp''" = e\:I~cp'(~) = 2 [ ~ ] ~ ~ ~ e [ , : I c p " ~ ' .  
s=1 

I R  

E,,e\."dcp("' = 2 ~,g,[P] ,", ,e ' ,~cp"'~' ,  (56) 
8=1 

where g, = [ (d  5 1)/2d]"* is the conversion factor from dA1 to the sym- 
metrized operator e \ i1 .  d being the axial distance in ti' between entries 
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of electrons occupying 4, in ( P I ( " ' ) .  The plus (minus) sign is used when the 
larger entry is in the second (first) column, s ' ,  is the tableau obtained 
from the symmetrized tableau S according to Eq. (53). p"("') corresponds 
to the ordering defined in Eq. (46). 

Case (iii) N ,  = 0, Nj = 2.  Let p'N' = d+#&#&$&5c#&7c#%, then 

4 2  Ee2p'" = I e  &' (&(#)2&b%$345dw#wh) = WYcp"". 
In the monomial (P'(~), 

vanishing matrix elements 
and & are singly occupied and hence for non- 

(e \$ p'"'IEljle[12 p'"''), (57) 

the monomial ( P ' ( ~ )  should belong to case (ii). Now, noting that E& = Ejt ,  
we find that the nonvanishing matrix elements can be written as 

(E,,e[l2, p""le&p("). (58) 

The effect of Ej ,  on e$, p'("') has already been discussed in case (ii). 

Case (iv) N ,  = 1 ,  Nj = 2 .  Let 4'"'' = &$f+i42&&+7&. Now, 

Eae[,2 P') = e l 2  ((39) + (49))+%b2,42,424wb3d& 
= e\2((39) + (49))p'") = - U1 1") ewcp 9 

where the last step follows from arguments similar to those used in 
writing Eq. (51). Now, to bring the monomial (P I ( " ' )  to proper ordering 
we need an open-shell cyclic permutation P [in this example it is (789)l. 
Hence, in general, 

In all four cases we see that the effect of Eij  is expressed in terms 
of representation matrices of open-shell cyclic permutation P of the type 
( k ,  k & I ,  k & 2 ,  . . . , k & I ) .  However, p is an SYT in which the first 
p-row entries are (1,2), (3,4), . . . , ( I p  - I ,  2 p ) ,  respectively. This 
means that we need the representation matrices of P E Sy (M being the 
number of open shells) and not P E SN (Kaplan, 1974). This results in a 
great reduction of labor in obtaining the matrix elements of Eij . The task 
is further simplified by the fact that we need representation matrices of 
only cyclic permutations of the type ( 8 .  s + I ,  . . . , s + t ) .  

A simple procedure to evaluate the representation matrices of cyclic 
permutation was given recently by Sahasrabudhe et al. (1980a). The 
fact that only cyclic open-shell permutations are necessary for determining 
the matrix representations has also been recognized by others (Ruttink, 
1978; Paldus and Wormer, 1979). 
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Until now we have discussed procedures for obtaining the matrix 
elements of generators of U(n) between the basis functions spanning 
two-column irreps of U(n). The spin-free Hamiltonian expressed in terms 
of the generators of 
Matsen, 1975) is 

H = Z  11 

U(n) (Harter and Patterson, 1976a; Paldus, 1974; 

two-electron integrals over the molecular orbitals. The procedure outlined 
above permits us to readily generate the CI matrix of the Hamiltonian. 
Rettrup and Sarma (1977, 1980) recently developed a program for generat- 
ing this matrix. The program developed on IBM 370/165 at the University 
of Sheffield, United Kingdom has proved to be quite efficient. It is worth 
pointing out that the procedures discussed in this section and the pro- 
grams based on them are well suited for application in areas such as 
limited CI studies and perturbative approach to many-particle correla- 
tions, etc., where specific configurations need to be used. The graphical 
approach due to Shavitt (1976, 1977) can also be used for these purposes 
but with considerable modification. 

The basis set used in this section is canonical in nature and only the 
permutation symmetry is incorporated in it. In general, physical systems 
do have other symmetries such as the point group symmetries for mole- 
cules and the R(3)  (rotation group in three dimensions) symmetry for 
atoms, etc. If the point group of the molecule considered is abelian, the 
spatial symmetry adaptation is straightforward and has been trivially in- 
corporated by the programs developed by Rettrup and Sarma (1977, 
1980). In the case of atoms, the subgroup adaptation U(n) 3 R(3) requires 
angular momentum projected basis. Another important area of application 
is to consider an N-electron system in spin state S to be composed of 
subsystems of N 1  and Nz electrons having spins S1 and Sz, respectively 
(Kaplan, 1974). These two problems will be dealt with in the next two 
sections. 

D. Angular Momentum Basis for Atomic Electrons 
In the previous section we assumed that the only symmetry admissible 

to the system considered was one of permutation. If, however, we con- 
sider an N-electron atom, we observe that in addition to the permutation 
symmetry, we also have to consider the symmetry R(3) of the Hamilto- 
nian. The restriction of U(n) to the subgroup R(3) leads to the decomposi- 
tion of the irreps of U(n) to those of R(3).  This requires that we be able to 
obtain the basis spanning R(3)  as a linear combination of the basis span- 
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ning a given irrep of U(n). In order to develop a simple procedure for this 
purpose, we discuss in the present section an N-electron atom for which 
the L-S coupling scheme is valid. Since the total spin S is a good quantum 
number we have to consider the spin-free configurations spanning the 
inep (A) 

In the L-S coupling scheme, the tensor basis set for the above irrep is 
generated using single-particle orbitals ]I, m ), which are eigenstates of the 
angular momentum operators l 2  and I,. Let ltlf$ * . f$lj represent a sub- 
shell distribution of the individual electrons where 

(2N12-S, 12S, On-N12-.S ) of U(n). 

2 N I  = N .  
i= 1 

For such a distribution of electrons, the linear vector space V,, spanned by 
{Ifi, ml,)li = I ,  2 ,  . . . , p ;  ml, = f,, I I  - I ,  . . . , - f i } ,  is the direct sum 

i= I 

of ( ? I I  + I ) -dimensional subspaces for each fixed 1,. The primitive orbital 
tensor space is then 

This is a reducible space for U(n), and the reduction into irreducible 
subspaces is affected using the Wigner operators .!.:I defined in Eq. (39) 
(hereafter [A], ( A )  stand for [2N'2-S, lZs], (2N12-S,  lZS, 0n-N12-S) throughout 
the present section). Such a reduction leading to the orthonormal basis 
l e # W ' ) )  where W N )  defined in terms of If, m ) is in the ordering given by 
Eq. (4) with I f ,  m ) preceding I I ,  m ' )  if m > m ' and If, m ) preceding If', 
m') for all m ,  m '  if f > f'. 

The space V ( * )  obtained as above is stable under the generators Ei,J of 
U(n) but not under the generators L, = L, 5 iL, and Lo = L, of R ( 3 ) .  A 
restriction V(n) & R(3) leads to a decomposition of the irrep ( A )  of V(n) 
into irreps DL' of R(3) characterized by the angular momentum L. The 
irreps D") which occur in this reduction can be determined using the 
procedure due to Hamermesh (1962). Extensive tabulation of this decom- 
position for the subgroup chain V(n) 3 R(n) 3 R(3), where R(n) is the 
rotation group in n dimensions, have been given by Wybourne (1970). 

Consider the N-particle angular momentum operators L+, Lo, which 
are infinitesimal generators of R(3)  and which can be represented in terms 
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of the corresponding single-particle operators l r ,  lo as 

Since these operators are symmetric in the electron coordinates, they 
commute with e$1 and operate on the monomial part of the tensor 
basis spanning ( A ) .  Since the defining orbital 11, m ; ( k ) )  of thekth electron 
in this product is an eigenstate of IkO with eigenvalue m ,  we obtain the 
result 

where 
" /, 

NltSrnl, being the occupancy of lli, ml,)(O 5 NliBrnl, 5 2 ) .  The result of 
Eq. (64) permits us to classify the basis spanning ( A )  of U(n) into sets 
according to specific M values as le\il@$"'). If we consider a set corre- 
sponding to M 2 0, we can generate linear combinations which are 
eigenstates I(l.:llp. . . 1 : ~ ) ;  L M ) < * >  of L2, L, with angular momentum 
values L 1 M, M. respectively. Applying L, to any such combination and 
equating the result to zero, we can eliminate all contributions to it from 
states with L > M. Obtaining the coefficients defining the combinations 
using the linear equations resulting from 

L+l(l.;ill$ . . . / ; I , ) ;  L M ) +  = 0,  (66) 

we can generate eigenstates l ( l ~ l 1 ~ ~  . . . / : I ) ) ;  M M ) < A >  with angular 
momentum eigenvalues M, M. The transformation induced by L, on 
the tensor basis can be determined as for Lo since 

N 

L+le$l@$)) = lek;] 2 1, + M  Wf)). (67) 

Now, l k+  operates only on l l i .  ml, ;  ( k ) )  E @!$') and transforms it into 
l l i .  ml,  + 1 ; ( k ) )  according to 

1k+lli m l t ;  ( k ) )  = T t ( k ) l l f .  ml, + I ; ( A ) ) ,  (68) 

k = l  

where 

~ ~ ( k )  = {(li - ml,)(l i  + mli + I )}Ir2(k) ,  (69) 
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and the index k is explicitly introduced to indicate that we are dealing 
with [ I t ,  ml,) values associated with the kth electron orbital. 

Using the result of Eq. (68) on the right-hand side of Eq. (67), we 
obtain, 

where ( l t ,  ml, + I{, ml, + I ;  ( k ) )  implies a monomial obtained from 
a$’ by replacing I/,, ml,; (k)) by l l i .  ml, + I ;  ( k ) )  and ~ ( ( k )  is as 
defined in Eq. (69). The state on the right-hand side of Eq. (70) may 
not, in general, be a proper basis for ( A )  of U(n) since there is a 
change in occupancies of [ I t ,  ml,) and I/,, ml, + I ) ,  whereas eitl has 
been symmetrized for the original occupancies. This fact, combined 
with the result that the orbital occupancies N l , ,  mt, 5 2 for the many- 
electron system leads to the four trivial cases, 

( i) Nli.rnll = 1 9  Nll,rnll+l = 0; 
(ii) Nt+,rnl, = 1, Nii.m4+i = 1; 
(iii) Nti.rnll = 2, Nt,,rnl,+l = 0; 
(iv) Nli.rnll = 2, Nl,.rnll+l = 1; 

as in Section II1,C. Using an analysis similar to the one given in that 
section we can easily establish the validity of the following results: 

lektl,]lk+@$)) = T i ( k ) l e ~ l @ ~ i l ( l j ,  mt, + I f .  ml, + I(k)) (7 1) (i) 

(ii) IeEtllIk+@hrN’(ltml,(k), limlj + I(k + 1 ) ) )  

= 7i(k){(dk k l)/dk}”* 

x lekkl @Q‘il(ltml,+l(k), lItml++l(k + 1 ) )  (72) 

where d k  is the axial distance between the entries k ,  k + I in the 
tableau defining eLjl; the +(- I  sign is to be used if k is in the 
first(second) column and k + 1 is in the second(first) column in the 
defining tableaux; e$  has symmetrization as in eLil and is additionally 
symmetric in the entries k ,  k + I ; and the concerned orbitals have been 
explicitly displayed in @#) and @$il. 

(iii) As far as the matrix element evaluation is concerned, this case 
is the Hermitian adjoint of case (ii). 

(iv) lettl(lk+ + k k + l , + ) @ ~ ’ ( l t m l + ( k ) ,  liml,(k + 1 ) .  liml, + ~ ( k  + 2 ) ) )  

= T,(k)le$l@$il(limll + I(k + I ) ,  liml, + I(k + 2 ) ) )  (73) 
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where ez l  is symmetrized as in el:], except for the k, k + 1 ,  which are 
replaced by symmetrization over k + I ,  k + 2. 

In Eqs. (71)-(73), s,(k) is as defined by Eq. (69). As these results 
indicate, the right-hand side of Eq. (70) is determined in terms of the 
tensor basis spanning the irrep ( A )  of U(n) for the eigenvalue M + 1 of 
Lo.  Since these basis states, in turn, define an orthonormal set, we 
obtain a set of equations for the coefficients of the linear combinations 
defining l(lfl/$ . * l,".); L = M,M)'*' using Eq. (66). The number 
of such equations is equal to the number of distinct states ek$'@Yil) 
which occur for M + I .  If the number of unknowns is equal to this 
set, a unique determination of the coefficients is possible. If not, the 
state has a multiple occurrence in (A) and the ambiguity can be resolved 
using consistent schemes (Harter and Patterson, 1976a) which, however, 
do not lead to unique solutions. The states ((lfl, . . . , 13); LM) 
with M < L can be obtained from the states with M = L by successive 
applications of L- (Sahasrabudhe and Sarma, 1980) and use of Eqs. 
(71)-(73) in which T f ( k )  = {(lf + ml,)(lf - ml, + 

As an illustration of the scheme we consider atomic configuration 
d2p2 in the spin state S = I .  The 11, m )  basis is represented as: 

) / , m )  = 12.2) p, l )  p,o> 12,- l )  12.-2) I l J )  11.0) l l , - l ) ,  
i = l  2 3 4 5 6 7 8. 

Consider the tensor basis set spanning (2, 12, 0') and corresponding to 
M = 4. We have M = 4: 

q1 = lefi2,1268), 

V3 = ler13,1267), 

q5 = lefia,1362), 

q2 = lefi2,1267), 

v', = le,,,1267), 

where [A] = [2,12] has been omitted from and the second-column 
notation defined in the previous section has been used for S .  The +'s have 
been omitted, e.g., 1268 = +$+&+ Let v' = %=1 a i q i  be a linear combi- 
nation of these basis states. If v' were to represent l(d2)(p2)4,4), we re- 
quire that L+v' = L+z:==, u i q f  = 0. Using the procedures of this section 
we obtain the result 

( a u 1  + 4 ~ ~ l l e , ~ ~ 1 ' 6 7 )  

+ [(2/v'?)u3 + ( h h / & ) u 4  + &a,]le,.i,1262) = 0, 

where lefi2,1267), le,~,126') are states with M = 5 .  Since these states are 
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orthonormal, the above equation leads to 

a2 = - ( 2 a ) - i a l  and a5 = - 4 a 3  - #a4, 

so that 

l(d2)(p2) ; 4,4) = al[q1 - ( 2 4 ) - ' * 2 1  

+ a3(q3  - + a4(*4 - W E ) .  
Thus the linearly independent states are 

[ ( P ' ) ;  4,4)1 = +(?d*i - *2), 

l (d2 ) (p2 ) ; )1  = (1/-)(3*3 - d * 5 ) ,  

l(d')(p') ; 4,4); = ( 1 / 6 3 ) ( 3 * 4  - 2 9 5 ) .  

The first of these states in orthogonal to the remaining two. Schmidt 
orthogonalization of the last two leads to 

l (d2) (p2) ;  4,4)2 = ( l / f i ) ( 3 * 3  - d * s ) ,  

l(d2)(p');  4,4)3 = (I/m)(hhq3 - 1 1  q4 + 6V5). 

The procedure outlined in this section is relatively simple and can be 
implemented as a computer program. The only problem occurs with mul- 
tiply occurring Dk' in (A ) .  This, however, is a problem faced by the other 
approaches also (Patera and Sharp, 1972; Harter and Patterson, 1976a). 

E. Subduction Coefficients 
In this section, so far, we have treated an N-electron system in a spin 

state S as a composite one. Sometimes it will be advantageous to consider 
an N-electron system as being composed of subsystems of N1, N2 
particles ( N ,  + N2 = N) in well-defined spin states S1 and S2 (ISl - S21 5 S 
5 S1 + S2). A number of applications of this factorization of a system have 
been considered by Kaplan (1974), Gerratt (1971), and Patterson et al. 
(1979). The group theoretical techniques involve essentially a subgroup 
adaptation of the basis spanning an irrep (2N'2--s, lZs, On-N'2-S) of U(n) to 
the product irreps of U(nl) @ U(n2) where n, + n2 = n. Using spin- 
coupling algebras, Patterson and Harter (1979) were able to obtain the 
transformation coefficients for the restriction U(n) .1 U(nl) @ U(n2) using 
recursive formulas. The procedure could become quite tedious for general 
cases. We now discuss an alternative approach to the problem (Sarma and 
Dinesha, 1979b), which essentially involves the Wigner operators of the 
subgroups S N 1  and S N 2  of S N .  

Let the one-electron basis for the first N1 electrons be 

V.1: {+I, 4 2 9  * * * 9 +rill, (74) 
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and for the last Nz electrons be 

V.2: {+I ,  $2, * * 7 + n z l ,  (75) 

so that the one-electron space for the composite system is V,, @ V,. As 
discussed earlier, we obtain the reducible tensor space subsystems as 
[c.f. Eq. (47)l: 

where p and 4 are the number of doubly occupied orbitals in the 
monomials P$j) and pi>), respectively. For the sake of convenience, 
henceforth we will write VNl) for q::;’ and (p”2’ for p::;’. The anti- 
symmetrized functions for the first and second systems can be respec- 
tively written as: 

(78) N I S I  = &,{*(N ) n . A l s N I }  , \I’m om 
qy,h ’zSn  = &${p(N2)Ofi2&J”) , (79) 

where dl and &$ are the antisymmetrizers for the first N 1  and the last 
N z  electrons and O y , A ~ 3 ” ~  and 0 6 A 2 ” N 2  are spin eigenfunctions with 
B,] = [(N,/Z) + S1, ( N , / 2 )  - S,] and [X,] = [(N2/Z) + S z .  (Nz /2 )  - 
S,], respectively. Using arguments similar to those leading to Eq. (15) 
from Eq. (7) we have, 

/,,‘L 

qplA”l B Y ,  = ( ~ m , , , [ * l l q ( N I ’ ) ( O , , [ h ,  I .%) ,  (80) 

@ a h r 2 s s 2  = 2 (prn2&[A2ICp(” ’) (@mz[i2 I”*), (81) 

ml=1 

LZ‘J 

mz=1 
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where [A,] = [~NI'*-.*I, 12"1] and [A,] = [ 2 N z / 2 - S u  , 12*"z]. The antisym- 
metrized N -electron wave function can be written as 

where d is the N-electron antisymmetrizer. Using Eqs. (80) and (81), 
this can be written as 

Now the product @,,[kil.Ni@ m2 [XzI.N2 can be expressed as linear combina- 
tions of spin eigenfunctions corresponding to the N-electron system 
(Gerratt, 1971) using vector coupling coefficients as 

[A]' p=l 

where the irrep [XI' = [ N / 2  + S', N/2 - S'] of SN corresponding to 
the spin state S'  (the allowed S f  values are given by S1 - Sz 5 S'  5 
S1 + S,) of the composite N-electron system. Substituting Eq. (84) in 
Eq. (83) we obtain, 

f5 

v ( N ) p l p 2  = 2 I: 2 (mhl; Lmz)  
[A]' p=l  ml.me 

x ~ { e [ ~ i I m , p , ~ ~ N ~ ) ~ [ ~ ~ ~ m W z ~ ~ N 2 ) ) @ P [ X ~ ' ~ N ) .  (85) 

From Eq. (85) it is clear that the wave function WN)plp2 is a function 
which is an admixture of various spin states. Since the composite 
N-electron system is in a definite spin state S, we choose only the part 
belonging to this spin state from Eq. (85) and write it symbolically as 
[A] & qpIP2(N). Using arguments given to obtain Eq. (15) from Eq. (7) 
we have, 

PI J. = 
fP 
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The matrix elements of the Hamiltonian between two such functions 
are given by 

([A1 .1 * p ~ l p p w h l  5. * p , p : N ) )  

P'J,  m 1 . w  
m1p.m2r 

x ( AP'lXlm;; h z d )  

x ~ ~ ( ~ [ A l l p ~ [ A ~ I m , p l e [ A ~ l m ; p ; ~ ~ ~ ~ ~ ~ ~ ~ ~ ) ) ~  (87) 

Now the problem is reduced to that of finding the matrix elements of 
the Hamiltonian between functions of the type e[A1~pe[A~1mlple[Az1mlp2- 
Y N 1 ) @ " 2 ) .  If we can express these functions as linear combinations of 
functions of the type e[A1lk'P\IT(N), then using the procedures described 
in section III,C, we can evaluate the matrix element of the Hamiltonian. 
For this purpose we note that e[h~1mlple[A~1mlp2 is an element of the 
group algebra of the permutation group SN and hence it can be ex- 
pressed as a linear combination of the projection operators e L A q k k 2  of SN 
(Boerner, 1968). Hence, 

x ( e[Allpe [ A ~ l ~ ; ~ ; e l h ~ l ~ ; ~ ; ~ ' ( N ~ ) ~ ' ( ~ ~ ) ~  

where 

are known constants. Now using Eq. (17), 

It has 
in Eq. 

e[Al [A 1 [A 1 me ' m w 8  mlp2 

=x K ( A1 Az e [A1mv 9 (89) 

been shown (Sarma and Dinesha, 1979b) that the coefficients K 
(89) can be expressed as a product of two factors as 

U MlPl mzpz P V  
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= LAP; A m l ,  A2mzl 

X 2 [Xipi, A 2 ~ 2 ;  huI 

x eklrnuq(Ni )cp(Nz). (91) 
U 

The above transformation implies that the subgroup adapted wavefunc- 
tion, except to within a multiplicative constant is independent of the 
indicesm l ,  m2, and m . Hence we can absorb this in the as yet undetermined 
constant [Alp,, A2p2: hu]. Let us first find the allowed tableaux u's in the 
right-hand side of Eq. (91). We note that the first N ,  entries in tu form an 
SYT for SN,. For nonzero coefficients [Alpl, h2p2: Xu], we find that the 
SYT formed by the first N ,  entries of t k  should be identical to that oft A. 
Also, since there are 4 doubly occupied orbitals in (P('~), for nonzero Sl 
the entries ( N ,  + 1 ,  N1 + 3). ( N ,  + 3,  N ,  + 4), . . . , (N1 + 24 - I ,  
N 1  + 24) oft should necessarily be in axial positions. The general struc- 
ture of the tableau t should necessarily be in axial positions. The general 
structure of the tableau t ;  is shown below. 

x 
t V , I1 

I11 

The entries ( I , ? ,  . . . , N , )  occur in region I. The entries ( N ,  + I ,  
N ,  + Z), ( N ,  + 3,  N ,  + 4), . . . , ( N ,  + 24 - 1 ,  N + 24) occur in 
region 11, and the entries from N ,  + 24 + 1 to N1 + N 2 ( = N )  occur 
in region 111. In region I1 the entry ( N ,  + ZK) or ( N ,  + ZK - I )  can 
be in the second column. There are 29 such SYTs. These 29 projections 
e$$W'l)cp(Nz) are related to each other. For convenience let us define the 
SYT with second-column entries ( N ,  + 1 ,  Nl + 3,  . . . , Nl + 34 - I )  
as tito) and an SYT which is obtained by applyingj transpositions of the type 
(Nl + ZK - I ,  Nl + ZK) (K I 4) ast $u). Then it can be easily shown that 
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e k $ , ) q ( N ~ )  (Nz) Q 

= [ (S ,  + I)/S1)]j/2 ekJo)TN1) Q ( N ~ ) .  (93) 

This relation is true for all the pCj ( j  = 0, . . . , q)  tableaux of the above 
type so that we obtain the normalized state as 

eru A p v l ) Q ( N 2 )  
mu 

= [S1/(2Sl + 1)]4’2 

(94) 

of the qCr states of 
a given type. By construction, we find that the state defined by the 
left-hand side of Eq. (94) is invariant under all products of right 
transpositions ( N ,  + ZK, N ,  + 2K - I ) ,  ( k  = I ,  . . . , q)  on e[umc. 
The set of such states with distinct indices 1? are linearly independent 

is also clear that each e [ u m u W ” l ’ c p ‘ N 2 ’  is proportional to the correspond- 
ing erUmaWNl)p(Nz).  Using this we can rewrite Eq. (91) as, 

and form a basis for the irrep ( A )  = (ZN12-S, Izs, On-N/2-2S ) of V(n) .  It 

[ A i l  (41 q ( N r )  (Nz) 
m p e  mrple  mrp? Q 

The overall multiplicative constant [Am ; Alml, Azmz] is absorbed in the 
coefficient 

The coefficients 

are the “subduction coefficients” and the matrix of subduction coeffi- 
cients is orthogonal (Patterson and Harter, 1979; Sarma and Dinesha, 
1979b) i.e., 
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As an illustration of the procedure to determine the subduction coeffi- 
cients, let us consider a 13-electron system divided into subsystems of 
4 and 9 electrons. Let A = [26,1], [A,] = [2,12], and [A2] = [Z3 , l3 ] .  Let 

qw, )  qt4) = $ 1 ( 1 ) $ 1 ( 2 ) $ 2 ( 3 ) $ 3 ( 4 )  

V") = ~1(5)~1(6)~2(7)~2(8)~~(9)~~( 1 1 I )+a( I 2 ) M  13) . V"z) 

Then, 

The allowed tF**l are, 

5 6  

7 8  

9 10 

13 

ti = (2,:,2,9,11,13), 

t i  = (2,~,~,10,12,13). 
tS = (2,5,7,9,11,12), 
ti = (2,$,7,9,12,13), 
t i  = (2,5,7,10,11,13). 

ti = (2,5310,11,12), 

Let us try to relate all 

to the coefficient 

We note that t i  and fi are related by the transposition (12,13). From 
Eq. (98) we see that the tableau rP is antisymmetric under (12,13). 
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i.e., 

Now, 
c[A1,i( 12,13) = -&e[”’,i + ~V%[”]rn~, 

eCA1e(12,13) = +.\/5e[A1mi + h?[A1rnF,  etc. 

Substituting these results in Eq. (99) and comparing the coefficients of 
e[A1mu.\Ir(4)~‘9’ on both sides, we get 

this implies 

Similarly, use of transposition ( 1  1,12) gives 
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and use of transposition (9,lO) gives 

From the above relations we easily obtain 

Using the normalization condition 

we get 

A1 

P1 *.I' 1 = l, 

L 1  P1 1 

The other coefficients are obtained using Eq. (100). 
In the above example, we note that we have used only those ele- 

mentary transpositions which leave the tableau f i2 invariant or at most 
change its sign. This is a general result. The elementary transpositions 
which leave t:* invariant (or change its sign) and the normalization con- 
ditions are sufficient to determine the coefficients 

A closed expression for these coefficients has been obtained. We will 
just state the final result. For this purpose we note that the entries in 
allowed t$  tableaux differ only in the boxes of region I11 [cf. Eq. (92)] 
and, further, these entries are integers from N 1  + 24 + 1 to Nl + N2 (=W.  
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Let us divide this set into two sets, viz., El = { N ,  + 2q + I ,  . . . , 
N - 2S2 - I }  and E2:  {N - ZS2, N - 2S2 + 1 ,  . . . , N}. Let us take 
the tableau with ( N ,  + 2q + 1 ,  N + 2q + 3,  . . . , N - 2S2 - 3,  
N - 2 S z -  I , N - 2 S 2 +  I ,  N - 2 S 2 + 2 , .  . . , N + S l - S 2 - 5 )  as 
the second-column entries in region 111 [cf. Eq. (92)] as reference tableau 
tAv<o).  We note that for any general tableau V ,  the second-column entries 
in region 111 are such that the first ( N z / 2  - S2 - q )  entries are from 
the set El and the rest of (S, + S2 - S )  entries are from the set F2. 
Let these entries be (Kl ,  K2, . . . , KN/2-Sz-,J and (L l ,  L2, . . . , 
Ls,+sz-s), respectively, for the tableau V and corresponding entries for 
the reference tableau V t o )  be (KP, K 8 ,  . . . , KHr12-S2-J and (LP, 
LB, . . . , L$,+sz-s). Let K = C,=1N’2-S-4 ( K ,  - KP)and {Ii = Lf - Lpli = 
I ,  . . . , S, + Sz - S } .  Then the coefficient 

is related to 

by (Sarma and Dinesha, 1979b), 

where i ‘  = S, + S2 - S - i + I .  After obtaining the coefficients 

using Eq. (101) we can successively determine all other coefficients 
corresponding to 

by noting that all other SYTs 1;; can be generated from t i 2  using ele- 
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mentary transpositions. As an illustration let us try to obtain the co- 
efficient s 

where ti'"= ( 6 3 , l I ) .  and t $ " =  (IO,ll)tf". For this case we note that 
in addition to the six tableaux three more tableaux will have nonzero 
coefficients. The three additional tableaux are r$' = (2,3,7,9,10,12), 
r; = (2,3,7,9,10,13), and ti' = (2,3,7,9,10,12). Now, noting that 
ek;i (1O,11) = -+eInh:l + rV3ek3, we get 

From the procedure described for determining the coefficients 

it is clear that these coefficients are same whether the monomial is T4$dg) 
or (10,l l)V(4)p(Q). Hence, 

e[Al mpem,p,ek:i( [ A l l  I O , I  I)W(4'p'9) 

+ [ I  - ( ~ " z ) - l ] 1 ~ ~ e [ h l m , - } ~ ( 4 ) ~ ( Q )  (103) 

where d,- is the axial distance between 10 and 11 in the tableau r;, and 
E,- = + 1 if 11 is in second column and = - 1 if 10 is in second column 
of U .  6 '  is the standard tableau obtained from U by interchanging 10 
and 11 (if U '  does not exist then d,- = +1 and the term will not be 
present). By equating the right-hand side of Eqs. (102) and (103) and 
by equating the coefficients of em,_[A1 from the resulting equation we can 
easily express 

[1 :: ::] 
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in terms of 

In this manner we can obtain all the coefficients 

L: a: a:] 
that occur in Eq. (95) using just elementary transpositions and normaliza- 
tion conditions. But, in Eq. (95) the monomial WN1)(p(N2) is not in the 
standard ordering. The doubly occupied orbitals of ( p ( N z )  occur between 
singly occupied orbitals of V N 1 ;  and t,dN2’. However, using Eq. (47) we 
can shift all the doubly occupied orbitals to the extreme left by inserting 
just a phase factor. Using this result Eq. (95) can be written as, 

e g i , ( q ( p ) N  (104) A 

6 P1 P2 1 e I A l  [Ail lkl ~ C N I ) ~ ( N Z )  = 
m p e m l p l e m z p l  

where the quantities ef and the SYTr,”, are defined in Eq. (47) and ( 9 ~ ) ~  is 
the monomial obtained from WN1)(p(Nz) by arranging all the doubly occupied 
orbitals to the extreme left and the singly occupied orbitals with increas- 
ing orbital indices. Substituting Eq. (104) in Eq. (87), we find that the 
matrix elements of the Hamiltonian between the subsystem adapted wave 
functions can be obtained in terms of the matrix elements of the 
Hamiltonian between wave functions of the type eW, . The procedures de- 
scribed in the previous section can be used for this purpose. 

IV. Conclusion 

The present article has been devoted entirely to the study of the 
many-electron systems using tensor bases for the irreps of the unitary 
group. Various ways of enumerating the basis states of the unitary group 
have been discussed. Procedures for calculation of CI matrix elements 
have been described. The discussion of the basis states of irreps of V(n) is 
general enough so as to be easily extendable to any many-fermion system, 
although applications have been restricted to the study of many-electron 
systems. Much of the procedure outlined has been computerized. The 
construction of angular momentum states for multishell configurations of 
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electron in atoms, described in this article, could equally well be used for 
isospin-free nuclear shell model studies in the j-j coupling scheme. 

Generalization of these ideas to wave functions constructed from 
nonorthogonal single-particle states is straightforward and leads to the 
study of irreps of GL(n). This study has been carried out using one- 
parameter alternant molecular orbital basis in a CI-calculation on some 
molecules by Sarma and Dinesha (1979a; also Dinesha, 1979). We have 
not discussed the details of this extension in the present article, since our 
primary aim was to consider the use of irreps of U(n) in CI studies. 

We have carried out preliminary studies in the direction of some of the 
generalizations mentioned above by obtaining viable algorithms for han- 
dling inner and outer products of the general irreps of the permutation 
group (Sahasrabudhe et al., 1981; Sarma, 1981). The dualism (Robinson, 
1961) between permutation and unitary groups should lead to simpli- 
fications for the subgroup reductions U(n + m) 3 U(n) 8 U(m) and 
U(nm) 3 U(n) C3 Urn) as pointed out by Bohr and Mottelson (1969). 
It should, however, be pointed out that the procedures outlined here 
could equally well have been carried through using the algebras of 
generators of U(n) alone without any reference to the permutation group. 
Such procedures lead to algorithms developed by Paldus (1975) and 
Shavitt (1977, 1978). These latter deemphasize the orbital description 
of N-electron wave functions. It is for this reason that we have made 
extensive use of the permutation group. 

ACKNOWLEDGMENT: 

The authors wish to thank Shri G. G. Sahasrabudhe for giving many valuable sug- 
gestions and for going through the manuscript. One of us (KVD) wishes to acknowledge the 
financial assistance given by CSIR. 

REFERENCES 

Baird, G. E., and Biedenharn, L. C. (1%3). J .  Math. Phys. 4, 1449. 
Boerner, H. (1%8). “Representations of Groups.” North-Holland Publ., Amsterdam. 
Bohr, A., and Mottelson, B. R. (1%9). “Nuclear Structure,” Vol. I. Benjamin, New York. 
Ciftan, M. (1969). J .  Math. Phys. 10, 1635. 
Ciftan, M., and Biedenharn, L. C. (1%9). J. Marh. Phys. 10, 221. 
Dinesha, K. V. (1979). “Spin-Free Configuration Interaction Studies in Molecules: Group 

Gallup, G. A., and Norbeck, J. M. (1976). J .  Chem. Phys. 64, 2179. 
Gel’fand, I. M., and Zetlin, M. L. (1950). Dokl. Akad. Nauk SSSR 71, 825. 
Gerratt, J. (1971). Adv. At.  Mol. Phys. 7 ,  141. 

Algebraic Approaches,” Ph.D. Thesis. Dept. of Physics, I.I.T., Bombay. 



Group Theoretical Techniques 1 67 

Hamermesh, M. (1%2). “Group Theory and its Applications to Physical Problems.” 

Harter, W. G., and Patterson, C. W. (1976a). “A Unitary Calculus for Electronic Orbitals.” 

Harter, W. G., and Patterson, C. W. (1976b). Phys. Rev. A 13, 1067. 
Kaplan, I. G. (1974). “Symmetry of Many-Electron Systems.” Academic Press, New York. 
Karwowski, J. (1973a). Theor. Chim. Acta 29, 151. 
Karwowski, J. (1973b). Chem. Phys. Lett. 19, 279. 
Karwowski, J. (1981). I n  “Unitary Group Approaches to Many Electron Systems,” Lect. 

Notes Phys. Chem. (J. Hinze, ed.), p. 260. Springer-Verlag, Berlin and New York. 
Kotani, M., Arnemiya, A., Ishiguro, E., and Kumura, T. (1955). “Tables of Molecular 

Integrals.” Maruzen. Tokyo. 
Lezuo, K. J. (1972). J .  Math.  Phys. 13, 1389. 
Louck, J. D. (1970). Am. J. Phys. 38, 3. 
Lowdin, P.-0. (1956). Phys. Rev. 97, 1509. 
Lowdin, P.-0. (1958). “Calcul des Fonctions d’onde rnoleculaire,” p. 23. CNRS, Paris. 
Lowdin, P.-0. (1964). Rev. Mod. Phys. 36, 966. 
McIntosh, H. V. (1960). J .  Math. Phys. 1, 453. 
McWeeny, R., and SutcliEe, B. T. (1969). “Methods of Molecular Quantum Mechanics.” 

Matsen, F. A. (1964). Adv.  Quantum Chem. 1, 59. 
Moshinsky, M. (1%8). “Group Theory and Many-Body Problem,” Doc. Mod. Phys. Gor- 

Murty, J. S., and Sarma, C. R. (1975). Inr .  J .  Quantum Chem. 9, 1097. 
Paldus, J. (1972). J .  Chem. Phys. 57, 638. 
Paldus, J. (1974). J. Chem. Phys. 61, 5321. 
Paldus, J. (1975). In t .  J .  Quantum Chem. 59, 165. 
Paldus, J., and Wormer, P. E. S. (1979). Int .  J .  Quantum Chem. 16, 1321. 
Patera, J., and Sharp, R. T. (1972). Nuovo Cimento A 12, 365. 
Patterson, C. W., and Harter, W. G. (1976). J. Math. Phys. 17, 1137, 1175. 
Patterson, C. W., and Harter, W. G. (1979). Phys. Rev. A 15, 2372. 
Pauncz, R. (1967). “Alternant Molecular Orbital Method.” Saunders, Philadelphia, 

Pauncz, R. (1979). “Spin Eigen Functions: Construction and Use.” Plenum, New York. 
Rettrup, S. (1977). Chem. Phys. Lett. 47, 59. 
Rettrup, S. (1978). “Spin-coupled Wave Functions in ab initio SCF and CI Calculations with 

Application to Manganate Ion.” Ph.D. Thesis. Chemistry Department B, Technical 
University of Denmark. 

Addison- Wesley, Reading, Massachusetts. 

Springer-Verlag, Berlin and New York. 

Academic Press, New York. 

don & Breach, New York. 

Pennsylvania. 

Rettrup, S., and Sarma, C. R. (1977). Theor. Chim. Acra 46, 73. 
Rettrup, S., and Sarma, C. R. (1980). Phys. Lett A 75, 181. 
Robinson, G. de B. (l%l). “Representation Theory of the Symmetric Group.” Univ. of 

Ruttink, P. J. A. (1978). Theor. Chim. Acta 49, 223. 
Sahasrabudhe, G. G., and Sarma, C. R. (1980). I n  “Unitary Group Approaches to Many 

Electron Systems,” Lect. Notes Phys. Chem. Springer-Verlag, Berlin and New York. 
Sahasrabudhe, G. G., Dinesha, K. V., and Sarma, C. R. (1980a). Theor. Chim. Acta 54,333. 
Sahasrabudhe, G. G., Dinesha. K. V., and Sarma, C. R. (1981). J .  Phys. A 14, 85. 
Sarma, C. R. (1981). J .  Phys. A 14, 565. 
Sarma, C. R., and Dinesha, K. V. (1978). J. Math. Phys. 19, 1662. 
Sarma, C. R., and Dinesha, K. V. (1979a). Inr. J .  Quantum Chem. 15, 579. 

Toronto Press, Toronto, Ontario. 



168 K. V. Dinesha et el. 

Sarma, C. R., and Dinesha, K. V. (1979b). Int. J. Quantum Chem. 16, 1195. 
Sarma, C. R., and Rettrup, S. (1977). Theor. Chim. Acta 46, 63. 
Sarma, C. R., and Rettrup, S. (1980). J. Phys. A 13, 2267. 
Sarma, C. R., and Sahasrabudhe, G. G. (1980). J .  Math. Phys. 21, 638. 
Shavitt, I. (1977). In t .  J .  Quantum Chem., Quantum Chem. Symp. I I ,  131. 
Shavitt, I. (1978). Int. J .  Quantum Chem., Quantum Chem. Symp. I t ,  5 .  
Slater, J. C. (1929). Phys. Rev. 34, 1293. 
Slater, J. C. (1931). Phys. Rev. 38, 1109. 
Weyl, H. (1946). “The Classical Groups,” 2nd ed. Princeton Univ. Press, Princeton, New 

Wormer, P. E. S., and Paldus, J. (1979). Int .  J. Quantum Chem. 16, 1307. 
Wormer, P. E. S., and Van der Avoird, A. (1972). J. Chem. Phys. 57, 2498. 
Wybourne, B. G. (1970). “Symmetry Principles and Atomic Spectroscopy.” Wiley, 

Jersey. 

New York. 



Feshbach Resonances 
in Chemical Reactions* 

CURTIS L. SHOEMAKER and ROBERT E. WYATT 
Institute for Theoretical Chemistry and 

Department of Chemistry 
University of Texas 

Austin, Texas 

I. Introduction . . . . . . . . . . .  
11. Time-Independent Resonance Theory . . . . . .  

A. Formal Feshbach Theory . . . . . . . .  
B. The Application of the Feshbach Resonance Theory to Collinear 

Reactive Scattering . . . . . . . . .  
C. The Application of Resonance Theory to a Model Problem . . 

111. Time-Dependent Theory . . . . . . . . .  
A. Translational Wave Packets . . . . . . . .  
B. Time-Dependent Theory and Resonance Parameters . . .  
C. The Time Evolution of the Model Problem . . . . .  

IV. Summary . . . . . . . . . . . .  
Appendix A: Symmetry of the Matrix Representation of the Level 

Shift Operator . . . . . . . .  
Appendix B: Generation of the Propagation Matrix . . . .  
References . . . . . . . . . . . .  

. 169 

. 171 

. 172 

. 192 

. 207 

. 225 

. 226 

. 230 

. 231 

. 234 

. 235 
. 236 
. 239 

I. Introduction 

Resonances in molecular collisions have been theoretically investi- 
gated for over a decade. In several reviews, discussions are presented of 
both the physical interpretations and mathematical formalisms (Levine, 
1970; Micha, 1972,1974; Yamabe et al., 1978). Computational results have 
appeared for compound-state rotational resonances in nonreactive atom- 
diatom collisions (Bernstein and Muckerman, 1970; Levine and Shapiro, 
1970), for an atom-polyatomic collision, Ar + CH, (Smith et al., 1979), 
and for compound-state vibrational resonances in a collinear atom-diatom 
collision, He + Hz+ (Chapman and Hayes, 1975, 1976). Resonances in 
chemical reactions have also been reported in studies of the following 
reactions: H + Hz, 1D (collinear) (Levine and Wu, 1971); H + Hz, 2D 
and 3D (Schatz and Kuppermann, 1975; Walker et al., 1978); F + Hz, 1D 

* Supported in part by research grants from the Robert A. Welch Foundation and the 
National Science Foundation. 

Copyright 0 1981 by Academic Press, Inc. 
AU rights of reproduction in any form reserved. 

ISBN 0-12-0348144 

169 

ADVANCES IN QUANTUM CHEMISTRY. VOL. 14 



170 Curtis L. Shoemaker and Robert E. Wyatt 

(Wuetal., 1973; Schatzet al., 1973; Connoret al., 1975, 1978; Wyattet al., 
1978); F + Hz, 3D (Redmon and Wyatt, 1979; Wyatt, 1980; McNutt and 
Wyatt, 1981); C1 + Hz, 1D (Baer, 1974); I + Hz, 1D (Chapman and 
Hayes, 1977); H + FH, 1D (Schatz and Kuppermann, 1980); I + HI, 1D 
(Kuppermann, 1981); and He + Hz+, 1D (Kouri and Baer, 1974; Adams, 
1975). In these examples, compound-state mechanisms have been sug- 
gested for the H + Hz and I + Hz reactions, while a shape resonance 
mechanism has been recently suggested to be important in the F + Hz 
reaction (E. F. Hayes and R. B. Walker, private communication; 
Babamov and Kuppermann, 1981). The status of quantum reaction dynam- 
ics, including mention of resonances, has been discussed in several recent 
reviews (Connor, 1980; Walker and Light, 1981). 

On the experimental side, resonances have been observed in atom- 
atom and atom-molecule nonreactive collisions (Grover et al., 1977). In 
addition, a resonance effect has recently been observed in the F + Hz 
reaction (Sparks et al., 1979). The resonance appears as a sudden altera- 
tion in the angular distribution of the FH product as the collision energy is 
increased by only 1 kcdmole. This effect is at least qualitatively in accord 
with results from recent quantum mechanical close-coupling calculations 
on the 3D reaction (Redmon and Wyatt, 1979). 

There are many quantum mechanical approaches to the theory of res- 
onances, including the following: Feshbach projection operator method 
(Feshbach, 1958); an integral equation formulation of Feshbach theory 
(Kouri and Sams, 1970, 1971); R-matrix theory (Lane and Thomas, 1958; 
Eu and Ross, 1966); the Siegert eigenvalue technique (Siegert, 1939; 
Isaacson et al., 1978; Isaacson and Miller, 1979); the Fano “configuration 
interaction” method (Fano, 1961; Grabenstetter and Le Roy, 1979); the 
stabilization method (Taylor, 1970; Hazi and Taylor, 1970), the 
variational-wave operator method (Micha and Brandas, 1971), Stieltjes- 
moment techniques (Hazi, 1978); decoupling of the close-coupled equa- 
tions (Levine, 1%9; Muckerman, 1969; Bernstein et al., 1969); and 
complex coordinate methods’ (LeGbvre, 1980). There has clearly been 
considerable theoretical and experimental interest in collisional resonance 
phenomena! In addition, the theory of collisional resonances is closely 
allied to theories of the decay of a prepared state, occurring, for example, 
in predissociation (Bandrauk and Laplante, 1976), autoionization (Bhatia, 
1974), radiationless intramolecular decay (Jortner and Mukamel, 1974), 
unimolecular decomposition (Mies, 1969), and isomerization reactions 
(Matsen, 1978). 

In this article, the Feshbach formalism (Feshbach, 1958, 1962, 1967) 

I See the whole issue of ln t .  J .  Quantum Chem. 14, No. 4 (1978). 
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will be analyzed and developed in such a way as to facilitate its applica- 
tion to chemical reactions. The form and structure of the equations will 
be emphasized rather than the details of any particular reaction. This 
approach has pedagogic usefulness in introducing various methods for 
calculating resonance states and resonance parameters, Green functions, 
poles of the S-matrix, etc. Then, the Feshbach theory will be applied to a 
model reaction that has multiple open and multiple closed channels. Pa- 
rameters in the model will be altered to illustrate the features of the formal 
theory and the qualitative nature of resonance phenomena. Numerical 
results for the model problem provide many useful insights into resonance 
phenomena that should carry over to more realistic and complicated ex- 
amples. 

In Section I1 the Feshbach formalism is utilized in a time-independent 
study of resonances in chemical reactions. In Section II,A, the basic 
theory is reviewed. The level operator, resonance states, and Siegert 
states are defined. Perturbative approximations to resonance states are 
developed, and a comparison is made between different definitions of 
resonance parameters. In Section II,B the equations are converted to a 
computationally oriented form for collinear reactions of the type 
A + BA + AB + A. Methods are described for handling multiple open 
and multiple closed channels. Also, the Siegert resonance theory is pre- 
sented in a way that unifies it with the Feshbach formalism. Then, in 
Section II,C a number of computational results are presented for a four- 
channel (two open plus two asymptotically closed) reactive scattering 
model. Resonance states and Siegert states are plotted and the depen- 
dence of resonance energies upon basis size, total energy, and coupling 
strength are described. Also, the energy dependence of transition prob- 
abilities and S-matrix elements (on Argand diagrams) are discussed. Then, 
in Section I11 a time-dependent study of the same model problem is pre- 
sented. The relationship between the resonance parameters and the time 
delay (Smith, 1960) of the scattered wave packet is described first. Plots 
are then presented that show the time evolution of the translational wave 
functions during the reaction. In this way, excitation and decay of the 
resonant states in the collision complex are clearly depicted. Finally, a 
brief summary is presented in Section IV. 

11. Time-Independent Resonance Theory 

Resonances in chemical reactions can be understood through the anal- 

(1) 

ysis of solutions to the time-independent Schrodinger equation: 

( E  - H)" = 0, 
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where H denotes the Hamiltonian of the complete collision system and V 
represents the complete wave function. The term “resonances” is asso- 
ciated with highly energy-dependent solutions to Eq. (1). The Feshbach 
projection operator theory of resonances (Feshbach, 1958, 1962, 1967; 
Feshbach and Levin, 1973) is a method of analyzing solutions to Eq. (1) 
that provides an intuitive understanding of resonances and the associated 
strong energy dependence of the solutions. To establish notation and ter- 
minology, a formal development of the Feshbach theory will be pre- 
sented. The formalism presented here represents a specialization of the 
original work. 

A. Formal Feshbach Theory 
Suppose we are interested in describing the reaction of a “structure- 

less” atom with a target molecule, such as the collision of an atom with a 
diatomic molecule. In the absence of any interaction with the atom, the 
state of the isolated target molecule can be any of a number of different 
internal states, @*(r), where r denotes the set of internal coordinates. For 
example, in the case of a diatomic molecule, would represent the 
rotation-vibration state and r would denote the vibrational coordinate and 
two rotational coordinates. Suppose the atom is far removed from the 
target molecule so that it no longer interacts with the molecule. Then at 
any given total system energy, only a definite number of internal states of 
the reactant molecule are energetically accessible (assuming the set {Qi} 
has a discrete spectrum of eigenvalues). Those states are referred to as 
asymptotically open (reactant) channels. Likewise, all product states that 
are energetically accessible are referred to as asymptotically open (prod- 
uct) channels. 

In applying the Feshbach projection operator theory, one selects an 
operatorP, which projects out of the total wave function V a part of it PV 
that corresponds to all reactant and product asymptotically open chan- 
nels. (This definition of P does not determine a unique P. In Section II,B 
we shall specialize the discussion by choosing a particular projection 
operator appropriate for the discussion of a one-dimensional reactive col- 
lision.) It is not necessary that P contain all the open channels. For exam- 
ple, one may choose P such that it projects out only the elastic channel. 
However, we will limit the discussion to the case in which P contains all 
the open channels. The remaining part of V that is not contained in PV is 
denoted QV; i.e., Q is the orthogonal complement of P and projects out of * its component that corresponds to asymptotically closed channels. 
Mathematically speaking: 

(2a) V = PV + QV = (P + Q)V, P + Q = I ,  PQ = 0. 



Feshbach Resonances in Chernkal Reactions 173 

Of course, P and Q also have the usual properties of projection operators: 

P2 = P ,  Q‘ = Q ,  P = P t ,  Q = Q’.  (2b) 

Writing the wave function as a sum of its mutually orthogonal parts, 

(3) 

If one operates on this equation from the left first with P ,  then with Q ,  and 
makes the following definitions: 

Eq. (1) becomes 

( E  - H)(PV + Q V )  = 0. 

Hpp PHP, H44 QHQ, Hp4 PHQ, H4p QHP, (4) 

then the wave equation can be written as a set of coupled equations: 

The coupled equations (5 )  are entirely equivalent to the Schrodinger 
equation. However, they are more convenient for analyzing the role of 
resonances in collision processes because they explicitly separate the 
open (P part) and closed ( Q  part) channel components of the wave func- 
tion. The separation of open and closed channel components of * is quite 
natural since these components obey different asymptotic boundary con- 
ditions. Asymptotically Q’P must vanish whereas P 9  does not. Prior to 
the collision, while the atom is far removed from the target molecule, the 
system is in a state contained in the P subspace by definition of P. As the 
collision occurs, the Q component of the wave function can be excited 
through the coupling HqP. Excitation of Q * corresponds to the formation 
of a translationally bound intermediate. It is the excitation and de- 
excitation of the Q part of the wave function that gives rise to highly 
energy-dependent scattering, or “resonances. ” This type of resonance is 
referred to as an “internal excitation resonance” or a “Feshbach reso- 
nance.” 

In writing a formal solution to the coupled equations (5) there are two 
possible approaches. The first is to write a formal solution to Eq. (5b) and 
substitute into Eq. (5a) to obtain a single equation forP’P. The second and 
equivalent possibility is to write a formal solution to Eq. (5a) and substi- 
tute into Eq. (5b) to obtain a single equation for Q V .  We shall follow the 
second approach because it focuses on the Q part of the wave function, 
whose excitation corresponds to the formation of a long-lived intermedi- 
ate. Following the second approach, the formal solution to Eq. (5a) is 

P V  = ‘ P o +  (I?+) - H PP)-~HPQQ*. (6) 
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Here To is the solution to the corresponding homogeneous equation: 

( E  - Hpp)"' = 0. (7) 

In other words, To is the solution to the scattering problem in the absence 
of any coupling to the closed channels. contains both the incoming 
wave and outgoing waves in the open channels. The solution to Eq. (7) is 
usually only mildly energy-dependent and is not associated with resonant 
scattering. 

In Eq. (6), E has been labeled with a (+) to indicate that +ic, c + 0+, 
has been added to E. This ensures the existence of the inverse operator 
( E  - HPp)-l ,  as well as guaranteeing that the second term of Eq. (6) gives 
rise to outgoing waves. The inverse operator of Eq. (6) is called the 
open-channel Green operator GP$: 

G)$ = lim (E k ic - Hpp)- ' .  
c-o+ 

We shall henceforth omit the superscript + on G $ p  except when explicitly 
needed. The superscript o is used to distinguish ( E  - Hpp)-l from 
P(E - H P P ,  which are not equivalent. 

The formal solution (6) is substituted into Eq. (5b) and then rearranged 
to give an equation for Q T  only: 

(9) 

The form of Eq. (9) leads us to define an effective closed-channel Hamil- 
tonian Lap : 

( E  - HQQ - HQpG$pHpQ)QT = HQpT'. 

HQQ + HqpG$p(E)Hpq. (10) 

The effective closed-channel Hamiltonian LQQ is referred to as the level 
operator and the second term of Eq. (10) is the level shifr operator RQQ: 

RQQ(E) HppG$p(E)Hpq. (11) 

Note that LQQ and RQQ are energy-dependent and non-Hermitian due to the 
Green operator Ggp. 

If Eq. (9) could be solved for Q T ,  then Eq. (6) would give the corre- 
sponding solution for PT, and thus the total wave function would be 
known. There are two possible approaches in solving Eq. (9) for Q9. The 
first is to construct eigenfunctions of the level operator and then expand 
Q 9  using these eigenfunctions. The second is to expand Q T  directly in 
terms of eigenstates of the closed-channel Hamiltonian HQQ. The two 
approaches are equivalent and both require a knowledge of eigenstates of 
the closed-channel Hamiltonian: 

(12) Ha041 = W~C#J~,  1 = I ,  2 ,  3,  . . . . 
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The functions are referred to as translationally bound states. Since Q q is 
the closed-channel component of the total wave function, it must vanish 
asymptotically in reactants and products. Thus it seems reasonable to 
expand Q q in translationally bound states that also vanish asymptotically 
(assuming the spectrum of eigenvalues Wt is discrete): 

In general, the closed-channel Hamiltonian HQQ will have both a dis- 
crete and a continuous spectrum of eigenvalues. To simplify notation, we 
shall ignore the closed-channel continuum and express a state expanded in 
the set { +(} as a summation over the discrete spectrum rather than both a 
summation over the discrete spectrum and an integration over the con- 
tinuous spectrum. 

1. Eigenfunctions of the Level Operator: Resonance States 

eigenvalues of LQQ: 
In solving Eq. (9) for QT, it is useful to define eigenfunctions and 

(14) 

Since the operator LQQ is both energy-dependent and non-Hermitian, the 
eigenvalues q will depend on E and in general are complex. Likewise, the 
eigenfunctions ~1 will be energy-dependent. xj is termed a resonance state 
and the associated eigenvalue q gives the position slj and the width r, of 
the j th resonance: 

(15) 

The meaning of the position and width will be taken up later. Note that 
both the position and the width of the resonance as defined by Eq. (15) are 
energy-dependent . 

Using the definition of the level shift operator (1 l), the level operator 
can be written as the sum of the closed-channel Hamiltonian and the level 
shift operator: 

(16) 

Using the eigenvalue property (12), the matrix representation of the level 
operator in a basis of translationally bound states is 

L Q Q ( E ) ~ ~ ( E )  = &j(E)&(E), j = I ,  2, . . . . 

Ej = slj - irj/7. 

LQQ(E) = HQQ + RQQ(E). 

M E )  (+klLaQIA) = W A t  + Rw(E). (17) 

R k l ( E )  (~cIRQQI - (18) 

where 
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The matrix representing the level operator, L, can be diagonalized to 
solve the matrix eigenvalue problem: 

corresponding to the operator Eq. (14). The eigenvector Cl gives the ex- 
pansion coefficients of thejth resonance state in a basis of translationally 
bound states: 

The matrix L is non-Hermitian since R is symmetric: 

R k l  = R l k ,  (214 

L k l  = L l k  (21b) 

(for details see Appendix A). This results in a peculiar orthogonality of the 
resonance states: 

c ] c k  = 8 ] k  (224 

Here x represents the complete set of coordinates for the problem at hand. 
In Eq. (22b) XJ has been used in the Dirac notation to indicate that >o is 
used in the integration to compute the scalar product rather than the usual 
x?. This peculiarity of the resonance states can be demonstrated as fol- 
lows. Equation (19) can be rearranged as 

(23) (&]I - L)C] = 0.  

c](&]l - L) = 0. 

Taking the transpose of Eq. (23) gives 

(24) 

Since L is symmetric, we have 

C](&]l - L) = 0. 

Multiplying Eq. (25) from the right by C k  and using the eigenvalue prop- 
erty (19) yields 

(&] - & k ) c j c k  = 0, (26) 

from which Eq. (22) follows f o r j  # k .  
The orthogonality expressed in Eqs. (22) introduces two subtleties 

in the manipulation of the resonance states. First of all, the resolution 
of unity in the Q subspace using the {xj} basis must be written 
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Second, the normalization specified by Eq. (22) implies a particular choice 
of phase of the resonance states. For example, if we change the phase of 
the j t h  resonance state by an arbitrary, nonzero amount 6, then the nor- 
malization becomes 

(xTlxl) = dx = eZis # 1. (28) 

Thus the resonance states can have complex “length.” For this reason, 
the resonance “states” cannot be considered to be good quantum me- 
chanical states. However this does not preclude their use in calculating 
the total wave function of the system. Submitting to the momentum of 
common practice, we shall continue to refer to the as resonance 
“states.” 

The non-Hermitian level operator matrix also has the peculiar prop- 
erty that the imaginary part of its eigenvalues are negative definite. This 
can be understood as follows. Using the well-known operator identity (see 
Roman, 1965, p. 718) 

(F+) - Hpp)-l = [ P / ( E  - Hpp)]  - i d ( E  - H p p )  (29) 

(9 denotes Cauchy principal value), the diagonal matrix elements of RQQ 
are 

Rkk = (+kIHQP[g/(E - HPP)lHPQl+k) 
- iV(dJkIHPP8(E - HPP)HPQl+k). (30) 

If the eigenfunctions of H p p  are normalized as 

(vqEIy a’)I*qo(E“y a”)) = p-’(E’, a’)8(E‘ - E)8,&,,, (31) 

then the resolution of unity in the P subspace can be expressed as 

d E ‘ l v q E ’ ,  a ) ) p ( E ’ ,  a)(TYE’ ,  a)( = I .  

Here a denotes all quantum mechanical observables necessary to form a 
complete set of commuting observables for the problem at hand. Using 
Eq. (32) in Eq. (30) yields 

Since Im(Lkk) = Im(Rkk), the trace of L is negative and thus: 
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In fact, Im(cj) < 0 for all j .  Recalling the definition of the width in 
Eq. (15), we conclude that rj > 0. 

Having discussed eigenvalues and eigenfunctions of L a g ,  Eq. (9) 
can now be solved for Q'u. Let us expand Q'u as a superposition of 
resonance states: 

Qq = 2 P j x j .  (35) 
J 

Substituting Eq. (35) into Eq. (9) and using the eigenvalue property (14) 
yields 

Equation (36) can be used in Eq. (6) to give 

Equations (36) and (37) together determine the total wave function for the 
collision system, (P + Q)'u. 

Comparing Eq. (36) and the second term of Eq. (37), it appears useful 
to define a second type of "resonance state," Kj (Feshbach and Levine, 
1973) : 

KJ GBPHF'Ql &) * (38) 

The definition (38) is an integral equation for the solution to the following 
inhomogeneous equation: 

(39) 

In other words, is the open-channel response corresponding to the 
"driving term" HPQ&. The response function Kj contains the outgoing 
waves due to the de-excitation of thejth resonance state &. Using the 
definition (38), Eq. (37) can be written as 

( E  - H P P ) K j  = HPQ&* 

Equations (36) and (40) are particularly useful in understanding the 
energy dependence of solutions to the Schrodinger equation. The energy 
dependence of 'u, as written in Eqs. (36) and (40), is of two sources. The 
first is the inherent energy dependence of 'uo, q, &, and K j .  The solution to 
the Schrodinger equation containing only open channels, Yo,  is usually 
only mildly energy-dependent. The resonance states and Kj, and the 
complex eigenvalue Ej are also mildly energy-dependent provided the 
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opedclosed channel coupling, H p Q  and H p p ,  is small (the energy depen- 
dence of ej, )(J, and K j  will be discussed in Sections II,A,4 and 6). The 
second and most obvious energy dependence is the “resonant de- 
nominator” E - .zj in Eq. (36) and the second term of Eq. (40). This 
explicit energy dependence is also the most important (assuming HpQ and 
H4p are small). If we are solving the Schrodinger equation at an energy 
E’ such that 

E’ 2: Re(&k) = f l k ,  (41) 

then the kth resonant denominator (E - &k) will be small. At this energy, 
the kth closed-channel resonance state X k  makes a significant contribution 
to Q9, and the corresponding open-channel resonance state Kk becomes 
an important outgoing wave. It is clear why f l k  is referred to as the 
“position” of the kth resonance. As the energy of the system is varied in 
the neighborhood of flk, both the Q and P components of the state of the 
system change drastically. The strong energy dependence of P q  for ener- 
gies near flk gives rise to a strong energy dependence in the probability 
amplitudes, or S-matrix elements, for the target molecule to undergo a 
change in internal state or to react as a result of the collision (explicit 
expressions for one-dimensional reactive and nonreactive S-matrix ele- 
ments will be given in Section II,B,I). 

The range of energies near f l k  for which the kth resonance states 
X k  and K~ are important is determined by the “width” r k .  The resonant 
denominator of Eqs. (36) and (40) is 

E - &k = (E - f l k )  + i r k / ? .  (42) 

The size of the resonant denominator at the position of the resonance 
E = flk is determined by the width. If r k  is small, the resonance is said to 
be “narrow,” and if Tk is large, the resonance is termed “broad.” Thus 
for a narrow resonance, the state of the system changes sharply as the 
energy is varied near the position of the resonance. However, as the 
energy is changed by only a small amount away from the position of the 
resonance , 

(43) 

the resonant denominator increases substantially compared to its mini- 
mum value r k / Z .  Thus a narrow resonance is important over a narrow 
range of energies. Likewise, a broad resonance is characterized by a 
somewhat more gradual change in the state of the system (e.g., changes in 
transition probabilities) occurring over a larger range of energies near the 
position of the resonance. In this qualitative discussion, we are assuming 
that flk and r k  are relatively constant over a range of energies AE = r k  

centered at E‘ = f l k .  

( E  - f l k l  S r k / ? ,  



180 Curtis L. Shoemaker and Robert E. Wyatt 

In discussing time-dependent theory, we shall see that an incoming 
wave packet constructed from a superposition of highly energy-dependent 
stationary states will emerge from the interaction region only after a 
lengthy time delay. Thus a long time delay is associated with a highly 
energy-dependent narrow resonance (small width). The time delay is due 
to the time elapsed between the excitation of Q W ) ,  or the formation of 
the intermediate, and its subsequent decay. A long time delay is therefore 
associated with a long lifetime of the collision complex. Likewise, a broad 
resonance is associated with a somewhat shorter time delay and lifetime. 

are near 
the system energy E and so-calledfar resonances whose positions are not 
at all close toE. Far resonances do not exhibit a strong energy dependence 
even if narrow. Thus in the time-dependent theory, far resonances (far 
with respect to the energy spread of the wave packet) do not contribute to 
time-delayed scattering of wave packets, but contribute to a promptly 
scattered wave packet. 

In general, there will be both resonances whose positions 

2. Expansion of QV in Translationally Bound States 
In solving Eq. (9) for QV we used an expansion in resonance states 

(35). The resonance states in turn are calculated by an expansion in trans- 
lationally bound states (20). It would seem simpler to expand QT directly 
in translationally bound states: 

/ = 1  

Substituting the expansion (44) into Eq. (9) and taking projections (&I 
yields 

Here we have used the eigenvalue property (12) and definition (17). Equa- 
tions (45) are a set of complex simultaneous linear algebraic equations for 
the amplitudes dl. Equation (45) can be written in matrix form: 

(L - El)d = I, (46) 

where I is anN x 1 vector containing the inhomogeneity of Eq. (45). To 
solve Eq. (46) ford, consider the spectral resolution of (LQQ - E)-' in the 
{ %} basis: 

(L - El)-' = [CjCj/(~j - E ) ] .  
J 

(47) 
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Here we have used the resolution of unity (27). Using Eq. (47) to solve Eq. 
(46) we have 

d = 2 [Cj(CJ)/(q - El l .  (48) 
i 

Simplifying the scalar product in Eq. (48): 

ej1 = - (d1HQpIYO) 

and looking at the Ith element of Eq. (48) gives 

(49) 

Equation (50) provides the link between the expansion of QY in trans- 
lationally bound states and the expansion ofQY in resonance states. From 
Eq. (50), one can see that if E is close to a,, then all the amplitudes dl 
become large according to the eigenvector factor CIl ,  which determines 
the extent to which the lth translationally bound state contributes to the 
j th resonance state. In other words, it is the linear combination of transla- 
tionally bound states called the jth resonance state that “blows up” as E 
nears a,. 

If the expression (50) for dI  is substituted into the expansion (44) and 
summed over I, we recover Eq. (36). 

3. An Isolated Resonance 
The formal development presented in Section II,A, 1 is particularly 

convenient if there are a number of resonances whose positions lie within 
the range of energies of interest, A E ,  for the problem at hand. The proce- 
dure of diagonalizing the level operator is also the desired approach if 
there are overlapping resonances. Two resonances are said to be overlap- 
ping if the distance between their positions is less than the half-width of 
either resonance: 

I a k  - a]] 2 r k / 2  or r y 2 .  (51) 

If a resonance is not overlapping, it is said to be an isolated resonance. 
If there is only a single isolated resonance in the range of interest AE 

(i.e., all other resonances are far resonances with respect to all energies in 
the range AE), then there is an alternate description that is convenient 
(Feshbach, 1962; see also Kouri and Sams, 1971). This alternate descrip- 
tion places the slow energy dependence of fY associated with the far 
resonances into the solution V’ of a modified open-channel problem. In 
addition, this formalism will lead to a different definition of the position 
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and width of the resonance. An analytic comparison between the defini- 
tions given in Section II,A,l and those presented here will be given in 
Section II,A,5. 

In developing a description appropriate for an isolated resonance, we 
return to the coupled Eqs. (5). Inserting the formal solution to (5b) into 
(5a) yields an equation containing only P P :  

(52) ( E  - Hpp)PP = HpQ(E - Hp~)-'HppP'l'. 

Introducing the spectral resolution of the inverse operator, 

Eq. (52) becomes 

Suppose that only w k  lies in or close to the range of energies of interest. 
Then the strong energy dependence of P q  arises only from the term 
1 = k in Eq. (54). It is desirable to separate out the term 1 = k:  

Here we have introduced a modified open-channel Hamiltonian: 

1Zk 

Suppose we know the solution to the corresponding modified open- 
channel problem: 

then the formal solution to Eq. (55)  is 

Equation (58) is not the final solution for P P  since the right-hand side 
contains the matrix element ( 4 k l H Q P I P q ) .  Using Eq. (58), this matrix 
element satisfies the algebraic equation 

($klHQPIpP) = ( $klHQPlqo' ) 
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Solving Eq. (59) for the matrix element ( c#JkIHpplP*) and substituting 
into Eq. (58) gives the sought solution: 

Here we have introduced a modified level operator based on the modified 
open-channel Hamiltonian: 

L& HQQ + HQp(E - H;p)-’HpQ. (61) 

The second term of Eq. (60) has a resonant denominator that suggests 
the following definition of the position and width of the kth resonance: 

($klLbQ14k) - irk/? = ( w k  + A;) - irk/?. (62) 

Here we have labeled the position and width with a (’) to indicate that 
their values differ slightly from those obtained by diagonalizing the matrix 
representation of the (unmodified) level operator. If the opedclosed 
channel coupling is sufficiently small, then the position and width are 
essentially the same as those defined by Eqs. (14) and (15). In Eq. (62) 
we have introduced the “shift,” A;, of the kth resonance, which gives the 
amount by which the position of the kth resonance is shifted from the 
translationally bound state eigenvalue w k .  

4. Closed-Channel Resonance State as a Perturbed Translationally 
Bound State 
In Section II,A,l we introduced the resonance states as eigenfunc- 

tions of the level operator with associated eigenvalues .q . If the open/closed 
channel coupling, HpQ and HQp, is sufficiently small, then the level shift 
operator RQQ can be considered a small energy-dependent perturbation to 
the closed-channel Hamiltonian HQQ. In that case, it would seem reason- 
able to treat the resonance state as a perturbed translationally bound 
state. The non-Hermitian perturbation RQQ causes the zero-order eigen- 
value w k  to shift by Ak as well as broaden (become complex) by an 
amount rk/? ; i.e., the zero-order translationally bound state has a zero 
width that implies an infinite lifetime. The presumably small perturbation 
RQQ gives the resonance state a small but nonzero width and, thus, a long 
but finite lifetime because the small perturbation Rpp allows the probabil- 
ity amplitude associated with Qq to “leak” back into the open-channel 
continuum (for other discussions based on perturbation theory see Micha, 
1974; Yambe et al., 1978). 

Perturbation theory is appropriate only when the open/closed coupling 
is small, or equivalently, when the resonance is narrow and the shift 
small. Perturbation theory is entirely equivalent, of course, to diagonaliz- 
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ing the matrix representation of the level operator. However, if the oped 
closed coupling is not small, then matrix diagonalization is preferred as 
a numerical technique. 

We approach the discussion of resonance states as perturbed bound 
states using the usual Rayleigh-Schrodinger (RS) perturbation theory. We 
shall investigate the dependence of the shift and width on the size of the 
open/closed channel coupling by scaling the true coupling by the adjust- 
able parameter AIp2 (real and positive) in the following manner: 

replace H p p  with X ” ’ H p p ,  (63a) 

replace Hpo with A ” ’ H p p .  (63b) 

Using the scheme (63), the level operator becomes 

L p p W ,  A )  = H p p  + A R p p ( E ) .  (64) 

As A +  0, L p p  + H p p  and as A +  1, L p p  becomes the ‘‘true’’ level 
operator. If we consider L p p  to be a function of A,  then its eigenfunctions 
and eigenvalues must also be functions of A. Thus we can expand % and el 
in Taylor series about A = 0: 

where 

Note that the summation in Eq. (66) contains the shift and half-width 
of the j th resonance: 

m 

The expansions (65) and (66) are substituted into the eigenvalue problem 
in Eq. (14) in the usual way: 

m 

( H p p  + A R p p )  ( $1 + 5 Andn)) = ( Wj + 2 AJiE]”)) ($j + 2 
n=l n=1 n=l 

(70) 
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and then terms of like powers of A are collected and equated. Equating 
terms associated with A' yields the bound-state problem of Eq. (12). 
Equating terms associated with A' yields 

Expanding the first-order correction to the resonance state in translation- 
ally bound states: 

and taking projections ( + 1 1  yields 

where Rl1 is defined in Eq. (18). For I = j ,  we find 

or 

&j(E, A) Wj + ARjj(E); (75) 

i.e., to first order, the complex eigenvalue is simply the diagonal matrix 
element of the level operator. To first order, the shift and width vary 
linearly with A, which implies a quadratic dependence with respect to the 
size of the opedclosed coupling. Thus, for small coupling we expect 
narrow resonances with positions only slightly shifted from the bound- 
state eigenvalues. The approximate quadratic dependence of the shift and 
width will be illustrated numerically for a model problem in Section 
II,C,4. 

For I # j ,  Eq. (73) provides the expansion coefficient a,: 

a, = R,/(Wl - WZ). (76) 

Equation (76) does not determine all, which we will show to be zero by the 
normalization requirement of Eq. (22b): 

or 

( x T I X m )  = 81, + amj + a j m  + 6(a?j) = 6jm. (78) 

Since R w  = Rjm, then amj = - a j m  for m # j. For m = j, we must 
require ujj = 0 in order for Eq. (78) to hold. Thus through first order, 
thejth resonance state is 

(79) )O = +j + A 2 [Rzj/(Wj - Wi)]& + * * * . 
1  

2#1 
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The contribution from adjacent bound states varies linearly with A or 
quadratically with the opedclosed coupling. Note that it is the contribu- 
tion of translationally bound states 1 f j that contains the energy depen- 
dence of %. If the coupling is small, % will not vary appreciably with 
energy. 

Higher-order corrections to the resonance state and its complex eigen- 
value can be obtained by continuing the process of equating terms of like 
powers of A in the usual fashion. 

5 .  A Comparison of Definitions of the Shgt and Width 
In the general theory, applicable to either overlapping or isolated reso- 

nances, the complex energy q was defined as an eigenvalue of the level 
operator by Eq. (14). In the treatment of an isolated resonance given in 
Section II,A,3, E; was defined by Eq. (62) as a diagonal matrix element of 
a modified level operator. One may reasonably query whether the two 
definitions of the shift and width of a given resonance are equivalent. The 
purpose of this section is to compare definitions (14) and (62). 

In making the comparison of definitions we need explicit equations for 
q based on the two definitions. The RS perturbative expansion in Eq. (66) 
is one such explicit expression for q based on definition (14). However, 
the form of this equation is not convenient for the comparison of defini- 
tions. To develop a convenient expansion of q based on Eq. (14), we use 
Lennard-Jones-Brillouin-Wigner (LBW) perturbation theory (see Bates, 
l%l). The LBW expansion for q is entirely equivalent to that of RS 
perturbation theory, since both are based on the eigenvalue definition in 
Eq. (14). Definition (14) can be rearranged as follows: 

(80) WQQ - &.i = -RQQ%. 

Next we expand the resonance state in translationally bound states: 

and substitute into the left-hand side of Eq. (80). Taking projections ( + 1 1  
gives an expression for the expansion coefficient: 

Using Eq. (82) the resonance state can be written (exactly) as 
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Note that we have explicitly removed the term I = j from the summation. 
Expression (83) is not an explicit expression for % as the expansion co- 
efficients in Eq. (82) also contain x j .  A perturbative expansion for x j  can 
be developed in the following fashion. For % in the matrix element 
(+IIRQQ~%) in the second term of Eq. (83), we repetitively insert Eq. (83) 
to obtain 

Here we have used the definition of Rkl in Eq. (18). The expansion in 
Eq. (84) continues in an obvious repetitive pattern. Using Eq. (84), we 
calculate the matrix element ( +1(RQ4(Xj ): 

( klRQQ1 %) 

Comparing Eq. (85) to the definition of Pjj: 

(+11R441%) = h [ & j  - w l l l  

we see that ej can be expressed as 

Equation (87) does not give cJ explicitly due to the presence of q in the 
denominators of the second- and higher-order corrections. However, the 
self-consistent solution to Eq. (87) is the eigenvalue defined by Eq. (14). 
Equation (87) expresses q in a form that is useful in comparing the defi- 
nitions in Eqs. (14) and (62). In addition, the LBW perturbative expan- 
sion in Eq. (87) has the advantage that any given higher-order correction 
can immediately be written due to the obvious repetitive pattern. 

A perturbative expansion similar in form to Eq. (87) can be written 
for E; as defined in Eq. (62). In order to do this, we relate ( E ( + )  - H PP ) -I  

to (E'+) - HLp)V1 through the following well-known operator identity. 
If H' = H + V, then 

(88) ( E  - H ' ) - l  = ( E  - H)-"I + V(E - H ' ) - ' ] .  

Equation (88) can be written as an infinite (or Born) series: 

(E - H') - l  
= ( E  - H ) - ' [ l  + V ( E  - H ) - '  + V(E - H ) - ' V ( E  - H ) - '  + . . * ] a  (89) 
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Using Eq. (56), we can now relate ( E ( + )  - Hpp)-l  and (E(+' - HbP)- l :  

(E - H b p )  -1  = ( E  - H p p ) - 1  

Forming the matrix element 
Eq. (62) gives the desired explicit expression for E ; :  

- Hbp)  -'Hpgl+k ) required by 

E; = Wj + Rjj 

We can compare .sj and E; defined in Eqs. (14) and (62) by comparing 
Eqs. (87) and (91), respectively. Both equations are identical in form 
through any given order. However, in Eq. (91), E plays the role of Ej in 
Eq. (87). Hence the two definitions of the resonance parameters are 
genuinely different. However, through first order the shift and width 
defined by Eqs. (14) and (62) are identical: 

Aj = Re(Rjj), (92a) 

rj = -2 Im(Rjl) = 2n l ( q o ( E ,  c41HPal+j)12. (92b) 
01 

In Eq. (92b) we have made use of Eq. (33). For small opedclosed channel 
coupling we expect the shifts and widths calculated according to the two 
definitions to be essentially the same. However, for somewhat larger cou- 
pling q' is more strongly energy-dependent due to the explicit appearance 
ofE in Eq. (91). 

Equation (91) becomes singular for any E = W l ,  1 # j .  This is simply 
a reminder that the treatment of an isolated resonance given in Section 
II,A,3 has a limited range of applicability, within the band AE. For 
energies outside this range, it is necessary to redefine the modified open 
channel Hamiltonian H;lp. For this reason, we prefer to use the general 
treatment based on the definition in Eq. (14) even though this treatment 
retains the slowly energy-dependent far resonances in the resonant 
expansion. 

The moral of this section is that both the position (or shift) and width of 
a resonance are not unique quantities for any given physical system. They 
depend on both the definition and the energy (see Section II,A,7, how- 
ever, for a definition of energy-independent resonance parameters). The 
resonance parameters O1 and rl simply give crude but useful information 
about the energy dependence of stationary solutions to the Schrodinger 
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equation. That is, fll tells one to expect the solutions of the Schrodinger 
equation (and the corresponding transition probabilities, cross sections, 
etc.) to vary appreciably with energy for energies near flj. rl tells one 
roughly the range of energies associated with the resonance structure 
roughly centered at Q1. 

6. The Energy Dependence of the Shift and Width 
Suppose we are interested in applying the Feshbach formalism to a 

system characterized by rather small opedclosed channel coupling. In 
that case, the complex eigenvalue E, is given approximately by the first- 
order perturbation theory result [A = 1 in Eq. (75)]: 

Ej(E) E Wj + Rjj(E). (93) 

Having calculated positions and widths at a particular energy El, we may 
question how these resonance parameters would vary if the calculation 
were repeated at a slightly different energy (for a discussion based on the 
Hellmann-Feynman theorem see Yambe et al . ,  1978). In other words, we 
are interested in the energy derivative of q: 

d g / d E  dRjj/dE = ( + j l d R ~ ~ / d E l + j ) .  (94) 

Computing the derivative of the level operator we have 

d g / d E  1 E = E I  - ( ~ l ~ H p P [ c ~ ( E 1 ) l ' ~ P Q ~ ~ j l ) .  (95) 

If we scale the opedclosed channel coupling according to the scheme 
(63), then the magnitude of the energy derivative varies linearly with A or 
quadratically with the coupling strength parameter XI',. Thus for small 
coupling, not only are the shift and width small, but also they are rela- 
tively independent of energy (as anticipated in Section II,A,4). 

Equation (95) may be useful for computationally determining the ex- 
tent to which Aj and rj vary with energy near energy El. The inverse 
operator G;p needed to calculate Rjj(E,) is realized in practice by generat- 
ing an open-channel Green function (see Section II,B,2) at E = El.  Rather 
than regenerating a new Green function at E = E2 to recalculate Z?jj(E2), 

one can compute the convolution of the Green function corresponding to 
[G;p(E1)]2 and then approximate eI(E2) using a Taylor series: 

~j(E2) E Wj + Rjj(Ei) - ( + ~ I H ~ ~ [ G ~ P P ( E ~ ) ~ ' ~ P ~ I ~ ~ J ) ( E ~  - El). (96) 

Of course, Eq. (96) is useful only when both (E,  - El) and the opedclosed 
channel coupling are sufficiently small. 
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The energy dependence ofdq/dE can be explored by using the resolu- 
tion of unity (32) in Eq. (95): 

Since El appears in the denominator of Eq. (97), the magnitude of the rate 
of variation of the shift and width with energy is generally expected to 
decrease as the energy increases. (However, if one continues to increase 
the energy, eventually a new channel will open and it becomes necessary 
to choose new projection operators, P and Q, if we insist that P always 
projects onto all the open channels.) The general decrease of (dq/dEl as 
the energy increases can also be appreciated from a somewhat different 
viewpoint. The Green function corresponding to GgP becomes more oscil- 
latory as the energy increases, just as any continuum wave function 
would. Consequently, in convoluting the Green function (corresponding 
to the operator [GjPlz) destructive interference is more likely to occur at 
higher energies due to the higher frequency of oscillation. (However, if 
the energy is increased up to the point where a new channel opens, the 
Green function acquires a new component of slow oscillation and destruc- 
tive interference is now less likely to occur.) 

7 .  The Siegert Eigenvalue Problem in the Context of the 
Feshbach Formalism 
Throughout much of Section II,A we have been concerned with the 

complex, energy-dependent eigenvalues el of the level operator. However, 
it is possible to define in the context of the Feshbach formalism an energy- 
independent complex eigenvalue .$. These complex eigenvalues corre- 
spond to poles of the S-matrix elements in the complex energy plane. The 
procedure that follows is the equivalent of the treatments of Siegert and 
Hurnblet and Rosenfeld in the sense that it specifies the poles of the 
S-matrix elements (Siegert, 1939; Humblet and Rosenfeld, 1961). 

A set of coupled equations, analogous to Eqs. (5a) and (5b), can be 
written connecting the open-channel response function K j  with the 
closed-channel resonance state & (Feshbach and Levin, 1973). After mul- 
tiplying Eq. (38) by Hap,  we note that 

R a a u  = HQPKj. (98) 

Using Eq. (98) in definition (14) yields the first coupled equation (99a). 
Equation (99b) is simply Eq. (39) rewritten here for the sake of con- 
venience: 
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Note the analogy between coupled Eqs. (99) and coupled Eqs. (5 ) .  The 
two sets of equations differ only in two respects. First of all, Eqs. (99) 
represent an eigenvalue problem since Eq. (99a) contains q. Secondly, Kj 

satisfies an outgoing only boundary condition in contrast to the asymptotic 
boundary condition satisfied by P 9 ,  Solving Eq. (99a) for fi and substitut- 
ing into Eq. (99b) yields an equation containing only Kj: 

(99c) 

This Schrodinger-like equation contains a “complex potential energy” 
term, HPQ(q - H Q Q ) - ’ H Q ~ ,  which makes possible solutions Kj satisfying 
outgoing only boundary conditions. 

The energy dependence of the solutions to Eqs. (99) enters through the 
explicit appearance of E in Eq. (99b). If we replace E in Eq. (99b) by the 
eigenvalue 4, we obtain a similar set of coupled equations (Feshbach and 
Levin, 1973): 

(&; - HQQ)X~ = HQPK?, (1OOa) 

(EJ” - HPP)KJ” = HPQX;. ( 100b) 

The solutions to Eqs. (100) have been labeled with a superscript “s” 
(Siegert) to indicate they differ from the solutions of Eqs. (99) in several 
ways. The solutions qS, xjs, and K /  are now independent of energy, of 
course. The eigenvalue ~f corresponds to a pole of the S-matrix elements 
in the complex energy plane (to be explained in Section II,B,5). The new 
open-channel response function K; is not only outgoing but also has an 
exponentially increasing envelope (see Section II,B 3, in contrast to Kj 

whose asymptotic envelope is constant. In addition, the closed-channel 
resonance states xjs  are not orthogonal: 

(E - H p p  - HpQ(Ej - HQQ)-’HQp)KJ = 0. 

((xr?*Ix%) f 8 j K .  (101) 

Therefore, it is not appropriate to resolve the identity operator directly in 
the { f i s }  basis: 

The Siegert eigenvalue problem in Eq. (100) can be written in a form 
similar to the definition in Eq. (14) of the energy-dependent resonance 
states xj and eigenvalues q. We simply replace RQQ(E) by RQQ(&j?: 

(103) 

Equation (103) is equivalent to Eqs. (100). A numerical technique for 
solving Eq. (103) for the poles of the S-matrix elements eJ” will be pre- 
sented in Section II,B,5. 

[HQQ -k RQQ(Ej?IX; = &j%f* 
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B. The Application of the Feshbach Resonance Theory to Collinear 
Reactive Scattering 
In Section II,B we will specialize the general theory of the preceding 

section by choosing a particular form for the Hamiltonian of the collision 
system as well as particular projection operatorsP and Q. We shall restrict 
the discussion to collinear collisions to avoid additional complications 
associated with a particular angular momentum coupling scheme. In addi- 
tion, we shall simplify the discussion by considering reactions in which the 
products and reactants are identical, for example: 

A + BA-, AB + A. (104) 

This restriction is not necessary but it simplifies the discussion in that all 
asymptotically open reactant channels correspond to asymptotically open 
product channels. One could easily extend this treatment to both higher 
angular momentum and more general reactions if one is willing to pay the 
price of a more complicated notation. However, we are more interested in 
the features of the Feshbach theory arising from the form of the equations 
than the details of any particular reaction. The principal goal of this sec- 
tion is to produce a computationally oriented matrix notation as well as 
present computational techniques necessary for the application of the 
Feshbach theory within the restrictions noted above. 

In discussing coordinates for collinear reactions, we choose natural 
coordinates ( R .  r ) ,  which are defined in Fig. 1. (These coordinates are 
similar to those defined by Marcus, 1966.) Here R is the translational 
coordinate and r is the vibrational coordinate, both of which are defined 
relative to the reference curve (RC) shown in this figure. These coordi- 
nates have the advantage of blending smoothly from the reactant region 
( R  > L ) ,  through the interaction region (0 < R < L ) ,  and into the product 
region ( R  < 0). As R 4 +JS or R 4 -=, the system separates into reac- 
tants or products, respectively. In terms of these coordinates, the Hamil- 
tonian in the polar (or interaction) region, 0 < R < L ,  is 

and in the Cartesian regions, R > L or R < 0, it is 

(105b) 

Here dt is the effective reduced mass, 
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Fig. 1. Coordinate systems for a collinear reactive collision. R,and rr denote mass-scaled 
translational and vibrational coordinates for reactants, while R, and r, denote the set of 
product mass-scaled coordinates. R and r are natural collision coordinates for point P, where 
R is the distance measured along the reference curve (RC), and r is the vibrational displace- 
ment from the RC. The origin R = 0 is at the polar-Cartesian boundary in products and 
R --* --r or +% denote asymptotic product or reactant regions, respectively. In the interac- 
tion region, R is the arc length along the circular reference curve, which does not need to 
coincide with the reaction path (RP) on the potential energy surface. The turning center (TC) 
for the circular reference curve is indicated. 

where the vibrational and atom-diatom reduced masses are 

h A B =  m A m B / ( m A  + md,  (107a) 

PA.AB = mA(mA + m A / ( 2 m ,  + m d ,  (107b) 

in which m A  and m ,  are atomic masses. T is related to the curvature K of 
the reference curve by 

r )  = 1 + K T .  (108) 

In the reactant and product valleys we have K = 0 and 77 = 1. In Eq. (105) 
we employ a “split potential” in which V,&) is the vibrational potential 
in the reactant and product valleys; V,r(R ; r )  is the remaining portion of 
the interaction, which takes care of changes in the potential energy sur- 
face in going from reactants to products. Asymptotically VIr becomes 
independent of r and approaches a constant. 

In treating such collinear problems, it is computationally convenient to 
scale the wave function as (Light and Walker, 1976; Wyatt et al., 1978) 

( 109) 

where qs is the scaled wave function. Substituting the scaled wave func- 
tion into the time-independent Schrodinger equation using the Hamilto- 

q s ( R ,  r )  = q’”W(R, r ) ,  
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nian of Eq. (105), we find that the unscaled wave function satisfies 

where Htib is the asymptotic vibrational Hamiltonian of the diatomic: 

The eigenstates of Htlb are defined as 

Htib(r)@j(r) = (j@j(r). (1 12) 

It is assumed that the vibrational eigenstates are orthonormal, 

The unscaled wave function is most conveniently expanded in a basis 
(4Jkl4Jjf) = 8 k l .  

of vibrational eigenstates: 
n+m 

J- 1 
* ( R ,  r) = c/ f , ( R )  @j(r), (1 13) 

where the expansion coefficients fJ(R) are known as the translational 
wave functions. Substituting the expansion (113) into Eq. (110) and 
taking projections ((&I yields the close-coupled equations: 

[Ti? + Hkk(R) + (k - E ] f k ( R )  

= - Hw(R)f,(R),  k = I ,  . . . , n + m, (1 14) 
J 

J f k  

where TR = ( - h 2 / 2 4 ( d 2 / a R 2 )  and HkJ is given by 

Note that H ~ J  + Vlr(*m) as R + *m. In Section II,B,l we shall rewrite 
Eqs. (114) using a computationally oriented matrix notation as well as 
sketch the Feshbach formalism using the new notation. 

The total system energy appears in both the channel potential &(R) 
and the coupling between channels Hw(R) in Eq. (1 15). This is due to the 
curvature K used in the natural coordinate system in describing the rear- 
rangement in going from products to reactants. In addition, when using 
the natural coordinate system, one must perform orthogonal transforma- 
tions on the asymptotic wave functions at the polar-Cartesian boundaries 
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to insure continuity. To avoid these complications, we shall formally con- 
sider a simplified “one-dimensional’’ model for which K = 0 and 7 = 1. 
For this model, the scaled and unscaled wave functions are identical, and 
HW simplifies to the first term of Eq. (1 15) with q = 1. 

At energy E, those vibrational states @k satisfying 

E > [k V,d*m;) (116) 

are energetically accessible asymptotically and correspond to the open 
(product and reactant) channels. Suppose the first n vibrational channels 
are open. Then a convenient choice of projection operators is 

n 

(1 17a) 

Q = I@j)(@jl. (1 17b) 

Using Eqs. (117a) and (113) we see that the first n translational wave 
functions are associated with open channels. Likewise, the remaining m 
translational wave functions correspond to closed channels for our one- 
dimensional model. 

j=n+l 

1. Matrix Notation 
Employing the collinear Hamiltonian in natural collision coordinates 

(103, we have developed a set of close-coupled equations appropriate for 
the one-dimensional model. These coupled equations are equivalent to the 
formal coupled equations (5). [Equations (1 14) could have been derived by 
forming the operators PHP, PHQ, QHP, and QHP explicitly and substitut- 
ing into Eqs. (5). ]  We now convert Eqs. (1 14) into a pair of coupled matrix 
equations by making the following definitions. First we divide the interac- 
tion matrix defined by Eq. (1 15) into four submatrices: 

Here H, is an n X n matrix containing the coupling between open chan- 
nels (hence the subscript “00”). Likewise H,, is an m x m matrix con- 
taining the coupling between closed channels. Ha, is an n X m matrix 
representing the coupling between open and closed channels. H, and 
H,, are related in the following manner: Ha, = H,,,. Next we introduce an 
n X 1 column vector containing the translational wave functions in the 
open channels, Fa, and an m X 1 column vector of functions repre- 
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senting the translational wave functions in the closed channels, F,: 

F, = [""I, F, = [""]. (119) 

fn(R) fn+m(R) 

Using the notation introduced here, Eqs. (1 16) can be written more com- 
pactly as 

[ (TR - El lo  + S o  + HoJFo = -H,Fc, (1 20a) 

[(TR - + b c  + HcJFc = -HcoFo, (120b) 

where so and 6, are diagonal matrices containing the vibrational eigen- 
values, and 1, and 1, are n x n and m x m unit matrices, respectively. 
The coupled matrix equations are now in a form resembling the formal 
equations (5). 

In order to deal with Eqs. (120) according to the procedure outlined in 
the formal theory, we need to invert the operator in brackets in Eq. 
(120a). Toward this end, we define an n X n Green function matrix by 

(121) 

i.e., GAR, R ' )  contains the responses in the open channels at R due to a 
unit source at R ' .  If the unit source 6(R - R ' )  is in the fth channel, then 
the fth column of G o  contains the response in all n open channels due to 
that unit source. G o  obeys the reciprocity condition: 

(122) 

which says the response in the kth channel at R due to a source in the fth 
channel at R' is equivalent to the response in the fth channel at R' due to a 
source in the kth channel at R .  As R + +", the channels uncouple, and 
therefore the elements of the Green function matrix asymptotically are 
outgoing free waves: 

[G,(R, R' )J l  R'+", -[e'+%fi/(%J l / ' ] [d+(R')J l ,  (123a) 

[ G ,(R, R ' R'-Z - [e-iXtR/( Xj) ' I 2 ] [  a-( R ')b, (123b) 

[ ( T R  - E ) I ,  + go + H,JGAR, R ' )  = 6(R - R')Io ,  

GAR, R ' )  = GAR', R ) ,  

where 

(124) 

Equations (123) define the asymptotic amplitudes d * ( R ' )  of the Green 
function matrix. The factor of -%T'/~ has simply been added for con- 
venience [see the standard asymptotic form of the translational wave 

I x, = ti [ 2 4 E  - & - V,d+c0))]"2. 
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functions given by Eq. (142)l. Equations (123) can be written more com- 
pactly in matrix notation: 

(125) Go(R, R ' )  - A*(R)d*(R' ) ,  
R-+r 

where 

/( % ) " ' l ~ ~ l .  ( 126) 

The inversion of the operator in brackets in Eq. (120a) is accomplished 
by performing an integration over R' using the Green function matrix. For 
example, to apply the inverse operator to some functions of R ,  Z(R) ,  we 
have 

g0Z(R) = I G,,(R, R')Z(R') dR' ( 127) 

Here we are using &o to distinguish the integral operator and the kernel 
Go. &o corresponds to -G$$ in the formal theory; the factor of - 1 arises 
from the factor of - 1 connecting Eqs. ( 5 )  and (120). A numerical tech- 
nique for generating Go will be presented in Section II,B,2. 

(A*) - - [ e k i X j R  
J1 - 

Using the Green function matrix to solve Eq. (120a) we have 

Fo = F: - @ a o c F c ,  (128) 

where F: is the solution to the open-channel-only problem: 

[ ( T R  - E ) l o  + go + HoJF: = 0. ( 129) 

Equations (128) and (129) correspond to the formal Eqs. (6) and (7), re- 
spectively. Using Eq. (128) in Eq. (120b), we obtain: 

( 130) 

From Eq. (130) we identify the level operator L,, and the level shift 

(131) 

[(TR - 

which corresponds to Eq. (9). 

operator Re, as: 

+ e c  -f Hcc - HCO@~OCIFC = -Hc$:, 

Lcc = T R 1 c  + g c  + Hcc + Rcc, 

Rcc  = -Hco~oHoc. ( 132) 

The apparent difference in sign between Eqs. (132) and (1 1) is due to the 
factor of - 1 relating the Green operators. As before, we define eigenvec- 
tors and eigenvalues of the level operator: 

L C X J  = E J X J .  (133) 

The resonance states are now m x 1 column vectors containing m func- 
tions of R .  The resonance states are orthogonal in a fashion similar to 
Eq. (22): 

(134) 
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Here we use the adjoint symbol t to mean transpose complex conjugate. 
The orthogonality in Eq. (134) is a consequence of the reciprocity condi- 
tion (122) since this orthogonality follows from the symmetry of L (see 
Appendix A). 

The resonance states are found by diagonalizing the matrix representa- 
tion of the level operator in translationally bound states. The translation- 
ally bound states ( rn x 1 column vectors) are defined as 

[ T R ~ c  + 6 c  + HcJ'h = wl+l. (135) 

A numerical technique for solving the coupled closed channels problem 
(135) is presented in Section II,B,3. Using the eigenvalue property ( 1 3 3 ,  
the matrix elements of the level operator are 

LkJ = wkskJ - ( $ k l H c o @ J o c l  & J > -  ( 136) 

In Appendix A, the symmetry of L is related to the reciprocity condition 
(122). Diagonalizing the matrix representation of the level operator pro- 
vides eigenvalues isj and eigenvectors for computing resonance states: 

N 

1 = 1  

By expanding Fc in resonance states, we can solve Eq. (130): 

Substituting Eq. (138) in Eq. (128) we obtain the equation corresponding 
to Eq. (37): 

where the open-channel response function is 

K j  = - ~ o H o c l X j ) .  (140) 

In writing expressions for S-matrix elements (probability amplitudes 
for undergoing transitions), we need to consider the asymptotic form of 
Eq. (139). The asymptotic form of 4 can be determined by substituting 
the asymptotic form of G o  given by Eq. (125) into Eq. (140): 

R+?Z - -A*@) ,rB'(R')H,,(R')Xj(R')dR' = -AT;. (141) 

Equation (141) defines VT. Suppose the incident plane wave enters from 
+m through the Ith channel. Then the operational definition of the non- 
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reactive S-matrix elements is 

j j ( ~ )  R-.+l [ ~ ( 3 ~ ~ ) / ( ~ ~ ) ” 2 1 [ e - i 3 1 1 ~ s ~  - Sre+i31~R], (142a) 

where c ( X j )  is an arbitrary complex function of XI. Likewise, the opera- 
tional definition for the reactive S-matrix elements is 

f , (R)  R‘-T - [c( X j ) / (  Xj) l’* lSjpk---ixfi * (142b) 

Equations (142) give the asymptotic forms of both Fo and FZ. Using 
Eqs. (142) and (141) with (139), the S-matrix elements are given by 

(143a) 

(143b) 

In Eqs. (143) the subscripts “r” and “nr” denote “reactive” and “non- 
reactive,” respectively. The superscript “0” indicates S-matrix elements 
for the corresponding open channel only problem given by Eq. (129). The 
n x I vectors S , ,  and S ,  give those elements of the S-matrix associated 
with input flux in channel “ I ” ;  for example, 

Here Sr is the probability amplitude for entering in channel 1 and exiting 
in channel j by the nonreactive process. The corresponding transition 
probability is given by lSJ?’I2. Conservation of probability requires 

2 (ISjyl‘ + IS#) = I (145a) 
j= I 

or 
s;,s,, + s;s, = 1. (145b) 

The number of terms included in the summation in Eqs. (143) is equal 
to the basis size (N) used in constructing the matrix representation of the 
level operator. Hence the numerical values of the S-matrix elements de- 
pend on the number of translationally bound states used and lead to con- 
vergence provided a sufficiently large number are included (the sensitivity 
of the solution to basis size is discussed in Section II,B,4. However, Eq. 
(145) is satisfied for any basis size, as the Feshbach theory is inherently 
unitary (see Feshbach, 1967). Thus in applying the Feshbach theory, the 
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calculation should conserve probability regardless of basis size, but con- 
servation of probability does not guarantee converged S-matrix elements. 

In computing a transition probability ISj112, one can see from Eq. (143) 
that there are three types of contributions. The first is the contribution 
from the open-channel-only S-matrix element, which is direct scattering. 
The second contribution is due to the formation and decay of the reso- 
nance states given by the summation in Eq. (143). The third contribution is 
due to “cross terms” between the summation and the open-channel-only 
S-matrix element. This third contribution represents interference between 
direct scattering and the formation and decay of the collision complex. An 
additional interference effect is due to interfering resonances in computing 
the magnitude square of the summation in Eq. (143). 

2. The Generation of the Open-Channel Green Function by the Technique of 
Redistributed Sources 
In applying the Feshbach theory, one needs to calculate GAR, R ’ )  in 

order to construct the matrix representation of the level operator. In 
addition, one needs to calculate the open-channel Green function matrix 
to apply the perturbation theory presented in Section II,A, or to calculate 
Siegert eigenvalues (the generation of G o  is slightly different for complex 
energies and will be discussed in Section II,B,5). The purpose of this 
section is to present the technique of redistributed sources for generating 
the open-channel Green function matrix (this numerical technique can be 
extended to the generation of the Green function matrix corresponding to 
the operator ( E  - ff)-’, where H is the total Hamiltonian of the system, 
by applying the proper boundary conditions to the closed-channel compo- 
nents). The technique of redistributed sources is based on a variation of 
well-known propagation techniques (Light, 1971; Light and Walker, 1976) 
used to numerically solve the coupled Schrodinger equations for nonreac- 
tive or reactive scattering problems. 

We begin by separating the Green function matrix into n separate 
column vectors: 

G o  = [GIG2 + * Gal. ( 146) 

On the column vectors GI we omit the subscript “0” with the understand- 
ing that we are generating the open-channel-only Green function. Using the 
definition of the Green function matrix (121), thejth column vector GI 
satisfies 

[(TR - E)10 + 60 + HoJGj(R, R ’ )  = 6(R - R’)lj ,  ( 147) 

where 11 is the jth column of the n x n identity matrix. For a given R’,  
we shall solve (147) for the asymptotic amplitudes d T ( R ’ )  [ jth column 
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of G’(R‘)]  and use a propagation technique to map the asymptotic 
( R  + *=) solution into the interaction region for all R .  This process is 
repeated for all j and all R ’ . 

Equation (147) can be rearranged as: 

(148) 
d 2  2A 

Gj = U ( R ) G J  - S(R - R ’ )  11, 

where U is defined as 

Ukl(R) (ZA/h2)[Hk, (R)  + (tk - E ) S k l ] .  (149) 

Note that U becomes diagonal in the asymptotic regions and the elements 
of GI decouple. The source function 6(R - R ’ )  is contained in the jth 
channel. Hence GI gives the response in all n open channels due to a 
unit point source in channel j .  Integrating Eq. (148) from R’ - S to 
R’ + 6, where S is a small positive number, we find 

( 150a) 

Hence the real parts of the diagonal elements ,of Go have a first derivative 
that is discontinuous at the source point R’ by the amount -2A/h2. 

We divide the interaction region into a large number of “sectors,” 
each sufficiently small that U ( R )  = constant (see Fig. 2). Next we define 
a new column vector GI within a given sector by the local transformation: 

Gj(R, R ’ )  = T ( R ) G f ( R ,  R ’ ) ,  (151) 

where T is the orthogonal matrix whose columns are the eigenvectors 
of U .  Substituting Eq. (151) into Eq. (148), and noting that T is approxi- 
mately constant within a sector, we obtain 

d 2  - Gf = ‘i”UTGf - 
dR2 

= 6 ( R  - 
h2 

R’)?l l .  

The matrix D ,  defined by D = TUT, is diagonal since we chose T to be 
the matrix of eigenvectors of U: Dfl = A&. The eigenvalues A? are 
real since U is Hermitian. 

For R f R ‘ ,  Eq. (152) simplifies to 

d 2  - dR G f ( R ,  R ’ )  = DGY(R, R ’ ) .  

The elements of G f  are now uncoupled (hence the superscript “u”) 
since D is diagonal. Solutions in the uncoupled picture can be propagated 
(both across sectors and across boundaries between sectors) from Rz 
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I I -~ 

Fig. 2. Schematic illustration of a typical “sector” in which the potential energy curves 
are approximately constant. 

to R1 by the 2n x 2n propagation matrix W R 1 ,  R,) (see Appendix B): 

Gj‘(R,* R ’ )  
( 154) = B ( R 1 ,  R,) - _ _ _ - _ - - _ - _ _  , 

GY(R1 7 R ’ )  

LikiriJ [Gj’t(R,, RtJ 

Here Gj” is the derivative of Gj’ with respect to R .  If we can determine 
Gj’ at one particular R, we can use Eq. (154) to generate Gj’ at all other 
R.  As R + k m ,  U becomes diagonal and T becomes the unit matrix. 
Thus Gj’ and GJ become equivalent in the asymptotic region [see Eq. 
(125)l: 

G j ’ z  A * ( R ) d f ( R ’ ) .  ( 155) 

Once the asymptotic amplitudes df are known, Eqs. (154) and (155) 
can be applied to calculate Gj’ at any particular R.  Then transformation 
(151) generates GAR, R ‘ )  at that R .  The problem now reduces to solving 
for the asymptotic amplitudes d f ( R ’ ) .  

In Eq. (152), the source function S(R - R’) is contained in all n 
open channels provided the elements of the j th  row of T are nonzero. 
By introducing the decoupling transformation (151), we have redis- 
tributed the source function S(R - R ’ )  among all n open channels. 
Thus we have placed in the uncoupled representation in channel “ I ”  
a source function TjlS(R - R ’ )  which is equivalent to a “unit source,” 
S(R - R ’ ) ,  in channel j in the coupled representation. Integrating Eq. 
(152) from R ’ - 6 to R ’ + S we obtain 

(150b) 

Thus in the uncoupled representation, all elements of Gj’ in general 
will have a discontinuous first derivative in contrast to Eq. (15Oa). 
Applying the transformation (151) to Eq. (15Ob) we recover Eq. (150a). 
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Suppose we choose R = R+ sufficiently large and R = R- sufficiently 
small that both U(R+) and U(R-)  are diagonal. Then GJ(R, ,  R ' )  satisfies 
the asymptotic forms in Eq. (155). Suppose we propagate the asymptotic 
forms of GP(R,, R ' )  and GJ'(R, ,  R ' )  in from the asymptotic region 
to the source point R' according to Eq. (154). Then inside the sector 
containing R ' ,  GJ should be continuous at R' and GJ' should be dis- 
continuous at R' according to Eq. (15Ob). (Matching must be done 
within a sector as the functions in the uncoupled picture, G f ,  are not 
continuous across the boundaries between sectors. See Appendix B.) 
In other words: 

Here A"' are the derivatives with respect to R of A*. Equations (156) 
are a set of In complex linear algebraic equations for the In asymptotic 
amplitudes d f ( R ' ) .  Solving Eqs. (156) for d; determines the asymptotic 
form of G j ( R ,  R ' ) .  Then GY can be determined at all R :  ["'" _ _ _ _ _ _ _ _ _ _ _  "''1 = ' ( R  , R + ) r ( R + ) d f ( R ' ) ]  _ _ _ _ _ - - - - - - - - - - -  . 

GJ'(R, R ' )  A+'(R+) d f ( R ' )  

Applying Eq. (151) determines the desired column G j ( R ,  R ' )  of the 
Green function matrix. 

(157) 

3. Solving the Coupled Closed-Channel Problem 
In order to construct the matrix representation of the level operator, 

we must solve Eq. (135) for the eigenfunctions +[ and eigenvalues Wl.  
The solution of Eq. (135) is complicated by the presence of H,,(R), 
which couples the m closed-channel components of +!. Suppose we can 
solve the one-dimensional Schrodinger equation associated with each 
uncoupled closed channel for its translational bound states and eigen- 
values. For closed channel n + k (recall there are n open channels): 

(Ti¶ -k Hn+k.n+k + t n + k ) t n + k , j  = o n + k . l ~ n + k . j  9 

j =  I , ? , .  . . , M ( k ) ,  k =  I , ? , .  . . , m .  (158) 

(n+k, j represents the j th  translational bound state in vibrational channel 
n + k and wn+k,J  is the associated eigenvalue. M ( k )  is the number of trans- 
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lational bound states in the kth uncoupled closed channel that we wish to 
use in constructing a solution to Eq. (135). Since + k l ,  the kth element of 
&, is associated with channel n + k, we expand +kl as follows: 

J = l  

Equation (135) is simply the matrix notation of Section II,B,l for the 

(160) 

eigenvalue problem: 

( H  - W,)V, = 0, 

where 

Equations (160) and (161) are equivalent to formal Eq. (12) as the summa- 
tion in Eq. (161) extends only over closed channels. However, 4l [and not 
‘Pl in Eq. (160)] in the matrix notation of Section II,B,l plays the role of C#I~ 
in the formal theory because we have eliminated the internal states I @ n + k )  

in setting up the coupled Eqs. (116). Substituting Eq. (159) in Eq. (161) 
gives an expansion of ql in a basis consisting of products of “transla- 
tional” and internal (vibrational) functions: 

For simplicity we replace the channel index n + k by a single letter with 
the understanding that we are interested in closed channels only. Let 6g 
denote the overlap between 16r8) l@r) and Ittu) I@,). Then 

0;: = (@rl@t) ( tr&tu)  = WL. (163) 

The product basis is orthogonal since both Hlib and the operator in Eq. 
(158) are Hermitian operators with nondegenerate spectra of eigenvalues. 

We can solve Eq. (160) by diagonalizing the matrix representation ofH 
in the product basis of Eq. (162). Let us define the matrix representation 
of H ,  hi:: ,  as follows: 

(164) h r 8  = 
l~ - ( L I {  (@rlHl@t)}lttu) 

or 

h;,8 = (trsI[(TR + 6t )ar t  + Hrt@)IIttu)- (165) 

Here we have used the definition of H&) given by Eqs. (1 17). For r = t 
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(same channel) Eq. (165) becomes 

hl: = %bl 
with the aid of Eq. (158). For r f t ,  we have 

hi: = (LIHAR)Ittu). (167) 

Using Eqs. (166) and (167) we can set up the matrix equation correspond- 
ing to Eq. (160): 

hal = W l c ~ l .  (168) 

Diagonalizing h provides the eigenvalues Wl , and the eigenvector coeffi- 
cients awl needed in Eq. (159) to construct + l .  [For the matrix Eq. (168), 
the double indices “rs” and “tu” in hi: must be regarded as single indices 
where “rs” denotes the row and “tu” denotes the column. Likewise, for 
awl ,  “kj” denotes the particular element in the Ith eigenvector al.] 

4. The Effect of a Finite Basis of Translationally Bound States on the 
Accuracy of the Solution 
The closed-channel (translational) wave function F, is expressed either 

directly, or indirectly through resonances states, as an expansion in trans- 
lationally bound states. What one calculates, therefore, is not the exact 
closed-channel wave function F,“, but an approximate closed channel 
wave function F:. The difference between the two is the error F: asso- 
ciated with using a finite basis: 

FXR) = FgR) + FgR). ( 169) 

The error in the closed-channel wave function introduces a corre- 
sponding error in the open-channel wave function and S-matrix elements. 
Substituting F:, which one actually calculates, into Eq. (128) gives the 
approximate open-channel wave function F:: 

Ft = FZ - @,,HoJi’,“ + @,,HoJi’:. (170) 

The first two terms of Eq. (170) are the exact open-channel wave function 
whose asymptotic form gives the correct S-matrix elements. The last term 
is the negative of the error in the open-channel wave function -F:: 

FE= -1 G(R, R’)Ho&?’)FXR’) dR’.  (171) 

From Eq. (171), one can see that the error in the closed-channel wave 
function at all R’ is superimposed by the nonlocal operator 9 to give the 
error in the open-channel wave function at each R. Thus one would expect 
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the error in the open-channel wave function to be rather sensitive to the 
number of translationally bound states used in the calculation. Associated 
with the asymptotic form of Eq. (171) is the corresponding error intro- 
duced in the S-matrix elements: 

-1 #(R’)H,dR’)FXR’) dR’ .  

Thus one would expect that the S-matrix elements may converge slowly 
with respect to the basis size of translationally bound states for large 
openlclosed channel coupling. This is indeed the case and will be illus- 
trated numerically for the model problem presented in Section II,C,5. 

5 .  A Technique for Calculating Siegert Eigenvalues and Siegert States 
As discussed in Section II,A,7, the Siegert states satisfy a set of 

coupled equations (100). Corresponding to these formal equations are the 
following matrix equations: 

[(TR - ‘$)lo + 50 HooIKjS = HocXjS, (172a) 

[(TR - Ejs)1c &C + H c c I X ~ ~  = HcoKjS. (172b) 

The open-channel Siegert state Kjs and the closed-channel Siegert state x js 

are n X I and m x I column vectors, respectively. The coupled equations 
(172) are equivalent to the following matrix equation: 

[ T R ~ C  + S c  Hcc 4- R c c ( ~ j ~ ) ] x j ~  = EjSXjS, (173) 

which corresponds to formal Eq. (103). In Eq. (173), the level shift 
operator is calculated for the complex energy E = EJS: 

Rcd~j?  = -Hco@o(~JS)Hoc. (174) 

The Siegert eigenvalue EjS and the closed-channel Siegert state xjs can 
be found by iteratively solving Eq. (173) for thejth self-consistent eigen- 
value and eigenvector. Suppose we diagonalize the matrix representation 
of the level operator at some energy near the position of thejth resonance, 
E = Re(ej). This provides thejth eigenvector, which we take to be an 
estimate of the expansion coefficients for x js (all other eigenvectors are 
ignored), and an eigenvalue q ,  which we take to be an estimate of the 
energy-independent eigenvalue t$. We now calculate the level operator at 
this new energy, Lcc(q), and once more diagonalize the matrix representa- 
tion of the level operator to obtain a better estimate of the energy- 
independent eigenvalue. Continuing in this fashion generates the self- 
consistent solutions .@ and x js to Eq. (173). This procedure is demonstrated 
in Section II,C,4 for the model problem. It has been found to converge 
uniformly and rapidly provided the openlclosed channel coupling is not 
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large. Convergence is expected to be most rapid for narrow resonances 
(small coupling) as the initial guess for e,S is real. 

The open-channel Siegert state can be calculated once qS and xf are 
known: 

(175) K,S = - ~ X ~ , S ) H o c I  X A .  
The asymptotic form of K,S is given by 

(176) K,S- -A*(R)  &H0,x,S d R ’ ,  

which is similar to Eq. (125). An important difference is that each asymp- 
totic wave number XI in A* is calculated for a complex value of the 
energy. Substituting ef for E in Eq. (124) gives 

R - r Z X  

X I  = (l/h)[2&(R,~ - - V,r (*x) )  - i&r,~]”*, (177) 

where E,S = fl,S - ir,S/Z. Since R,S > & + V,r(*m) and rf > 0, we have 
Re(%) > 0, Im(?lJ < 0. Using these results in Eq. (126) shows that K,S is 
an outgoing wave with an exponentially increasing envelope as R + k 30 in 
all n open channels. This will be illustrated numerically in Section II,C,3 
for the model problem. 

The Siegert eigenvalue problem is arrived at by replacing E in the 
Feshbach formalism by the self-consistent eigenvalue EJ” [see Eqs. (99) and 
(loo)]. From the expressions for the S-matrix elements given by Eqs. 
(1431, one can see that E,S corresponds to a pole of all of the S-matrix 
elements in the complex energy plane. 

To apply the iterative scheme outlined above, it is necessary to com- 
pute the Green function matrix for complex energy. Since the energy is 
complex, the asymptotic boundary conditions contain the complex wave 
numbers ?t,(E,S). This presents no problem. In addition, the matrix U de- 
fined by Eq. (149) now contains the complex eigenvalue ef on the diagonal. 
Thus the eigenvalues A: of U are now complex. This changes the propaga- 
tion matrix 9 described in Eq. (154) (for details, see Appendix B). 

C. The Application of Resonance Theory to a Model Problem 
In this section we shall illustrate the features of the Feshbach theory 

through application to a simple one-dimensional (K = 0, r) = 1) model 
problem. The particular model chosen is one 6f the simplest for demon- 
strating the general features of the theory. In order to illustrate the tech- 
niques presented in Section II,B for handling multiple open and closed 
channels, we have chosen two open and two closed channels. The two 
open channels have been chosen such that there is a single “sector” with 
nonzero coupling between open channels. This simplifies the application 
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Fig. 3. Potential energy curves for the four-channel model. 

of the technique of redistributed sources for generating the open-channel 
Gieen function matrix. In addition, the two closed channels have been 
chosen such that they remain asymptotically closed at all energies. Thus 
we can neglect the effects of a closed-channel continuum and the defini- 
tions of P and Q remain independent of energy for all energies above the 
threshold for the second channel. We shall see in Section II,C,2 that the 
particular closed channels chosen are ideally suited for studying both 
isolated and overlapping resonances. 

The potential energy curves for the four-channel model are illustrated 
in Fig. 3. Channel I has a constant potential everywhere and defines the 
zero of energy: 

H,,(R) + 61 = 0.0 ( 178) 

(h and A both are given the numerical value of unity). Likewise, channel 2 
has a constant translational potential: 

H22(R) + 5 2  = 2.0.  (179) 

Channels 1 and 2 are open channels as we shall consider only E > 2. 
Channels 3 and 4 have constant potentials in the interaction region 
O s R s L :  

( 180a) H33(R) + 5 3  = 3.5, 0 < R < L ,  
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H44(R) + t4 = 3.0. 0 < R < L ,  ( 180b) 

and become infinite at R = 0 and R = L. All four channels are coupled 
only in the interaction region by a constant matrix element indicated by 
HU in Fig. 3. Hu is independent of R in the interaction region, but does 
depend upon the channel labels i andj. In illustrating the resonance 
theory, we shall find it convenient to vary both the coupling between 
closed channels and the coupling between open and closed channels. As 
indicated by the arrows in Fig. 3, we shall consider the incoming wave 
entering from +m in channel 1. Except for the calculation illustrated later 
in Fig. 18, we shall take L = 2. 

1. Open-Channel Green Function Matrix 
The technique of redistributed sources presented in Section II,B,2 is 

exact for the open channels illustrated in Fig. 3 as the potentials are 
indeed constant in the “sector” 0 < R < L. Figure 4 illustrates both G,” 
and G1 for R ’  = 0.5, E = 4.0, and H12 = 1.0. Note in Fig. 4a and b that 
the source, represented by the discontinuous first derivative at R’ = O S ,  
has been “redistributed” among both channels 1 and 2. Note also that the 
functions G,”, and G& are discontinuous at the boundaries between sectors 
[see Eq. (B15) in Appendix B]. Upon transforming G,” according to Eq. 
(151), we obtain G1 illustrated in Fig. 4c and d. This orthogonal transfor- 
mation “magically” removes the discontinuities at R = 0 and R = L 
while simultaneously removing the discontinuity in the first derivative of 
the off-diagonal element Gzl as required by Eq. (150a). In the asymptotic 
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Fig. 4. C: and G ,  as a function of R for R‘  = 0.5, E = 4.0. and HIP = I .O. 
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Fig. 5. Contours of the real part of G ( R ,  R ‘ ) ,  illustrating the reciprocity condition. 

regions R < 0 and R > L, Gp and G1 are identical since the channels are 
uncoupled and T = 1. 

Figure 5 shows contours of the real parts of each element of the Green 
function matrix for E = 4.0 and H12 = 1.0. These contours demonstrate 
numerically the reciprocity condition (122), which gives rise to the sym- 
metry of the matrix representation of the level operator and the orthogon- 
ality of the resonance states. The diagonal elements Gll and G2, are sym- 
metric about the dashed line representing R = R’. The off-diagonal 
elements have the following symmetry: The region R < R ‘ of G12 is the same 
as the regionR > R’ of G21, and vice versa. The imaginary parts also have 
the same symmetry as required by Eq. (122). In addition, the real parts of 
Gll and G2, have a “crease” along R = R’ due to the discontinuity in 
slope at R = R’ (see Fig. 4c, which is a cut through this surface at 
R ’  = 0.5). 

2. The Coupled Closed Channels 
For the model problem illustrated in Fig. 3, the two closed channels 

are a pair of coupled “infinitely deep wells” extending from R = 0 to 
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R = L [see Eqs. (180)l. In this region they are coupled by the constant 
matrix element H3+ The translational bound states and eigenvalues in 
each uncoupled closed channel satisfying Eq. (158) are the familiar infi- 
nitely deep well solutions. For channel 3 the solutions are 

car = ( 2 / L ) ” 2  sin(jnR/L), (181a) 

0 ~ 3 1  = 2 .5  + ( h 2 / 2 A ) ( j r / L ) ’ ,  j = I ,  2 ,  . . . , M(I) ,  (181b) 

and for channel 4 the solutions are 

54k = ( 2 / L ) ” 2  sin(krrR/L), (181c) 

O 4 k  = 3.0 + ( h ’ / 2 & ) ( k ~ / L ) ~ ,  k = 1 ,  2 ,  . . . , M(2). (181d) 

Here M( I )  and M(2) are the number of basis functions in the first and 
second closed channels, respectively, that we wish to use in constructing 
4l and W,. 

In order to construct the functions C p l ,  we need to solve the eigenvalue 
problem given by Eq. (168). For the elements of the matrix h, we have 

hi% = %k&, (182a) 

h$t = % k & k j  (182b) 

h% = h”41, = H346110 ( 182c) 

corresponding to Eqs. (166) and (167). From Eq. (182c), we see that only 
thejth translational bound state in channel 3 will “mix” with the j th  
translational bound state in channel 4. Therefore, it is convenient for this 
problem to use the same number of bound states in each channel: 
M( I )  = M(2) = M. Thus h is of dimension ZM X 2M and we shall obtain 
2M translationally bound states + l .  As given by Eqs. (182), h is a 
tridiagonal matrix. This tridiagonal matrix can be rearranged as a block 
diagonal matrix with 2 x 2 matrices on the diagonal. Each 2 x 2 matrix is 
of the form: 

and can be diagonalized separately. The eigenvalues W,  of the transla- 
tionally bound states 4, are roots of 

Wf - (war + wql)Wl + wawql - H234 = 0, ( 184) 

where I = 2j - I and I = 2j. The translationally bound states are of the 
form: 
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Fig. 6. A correlation diagram showing the translationally bound-state eigenvalues W, , 
I = 1, . . . , 6, as a function of the coupling between closed channels. 

where the (normalized) eigenvector coefficients ayui and aZil are the non- 
zero solutions of 

Figure 6 shows a correlation diagram of the bound-state eigenvalues 
Wi as a function of H34 for 1 = I ,  2 ,  . . . , 6  (or j  = I ,  2 ,  3). Since only the 

j th  translationally bound state, &&, in the uncoupled channel 3 will “mix” 
with under the constant interaction H34, it is possible for the eigen- 
values Wl to cross at a particular coupling HS4 provided they do not both 
arise from the roots of Eq. (184) with the same index j .  This feature makes 
this particular model well suited for the study of overlapping resonances. 
Recall that for sufficiently small H,,, the eigenvalues Wl roughly corre- 
spond to the positions of the resonances. Thus we could make H, small 
and set H34 = 1.0 to observe isolated resonances. Then we could increase 
HS4 to a value near 1.8 and allow the resonances associated with W ,  and 
W3 to interfere and overlap. As H34 is increased further, other crossings 
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also occur. In Section II,C,S we shall compare the qualitative features of 
both isolated and overlapping resonances. 
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3. Resonance States and Siegert States 
Figure 7 shows both the real and imaginary parts of the channel-3 and 

channel-4 components of x3 for E = 4.0; H12 = H34 = I .O; and Hu = 0.4, 
i = I , ? ,  andj  = 3,4 .  It was calculated by diagonalizing the level operator 
in a basis of ZM = 20 translationally bound states. As one would expect 
from Eqs. (79) and (185), the shape of Re(fi) is the same as the zero-order 
contribution 43, which has the appearance -+sin(2rrR/L) in both chan- 
nels 3 and 4. Note that the amplitude of the real part of f i  is much larger 
than the amplitude of the imaginary part. This difference in amplitude 
arises since there is no zero-order contribution to the imaginary part of the 
resonance state [see Eq. (79)]. In addition, since Im(x3) also has the ap- 
pearance of sin(2 rrR/L), the most significant first-order contribution is the 
term Im(R43)44(W3 - WJ-'. Thus the imaginary part of the resonance 
state varies more rapidly than the real part with changes in energy or 
opedclosed channel coupling. 

CHANNEL 3 
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Im lx,) 

-0.015 

-0.010 
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R 

Fig. 7. Real and imaginary parts of the closed-channel resonance state b. 
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Fig. 8. Real part of the open-channel response function 4. 

The open-channel response function corresponding to ~3 is K ~ ,  whose 
real part is presented in Fig. 8. This function is antisymmetric about the 
center of the interaction region, R = L/2  = 1 .O. All K, for this model are 
either symmetric or antisymmetric with respect to R = L / 2 .  The type of 
symmetry or antisymmetry of K, is not a general feature of the open- 
channel response function but is only a reflection of the symmetric chan- 
nel potentials and the symmetry of the outgoing-only boundary conditions 
of Eq. (141). 

Figure 9 illustrates the real part of the energy-independent closed- 
channel Siegert state xi corresponding to the energy-dependent resonance 
state ~3 in Fig. 7. ~ was also calculated by diagonalizing the level 
operator (calculated at EJ”) in a basis of 20 translationally bound states 
using the same coupling parameters as in Fig. 7. The perturbative expan- 
sion of Eq. (79) is appropriate for as well as ; r (~ provided we evaluate the 
matrix elements RU at the complex eigenvalue energy E;. Thus we expect 
 re(^) = & for small coupling, which is verified by Fig. 9. 



Feshbach Resonances in Chemical Reactions 215 

0.048 

0.040 

0.032 

0.024 

0.016 

0.008 

O-?2.0 -1.0 0.0 1.0 2.0 3.0 4.0 
R 

0.06 

0.05 

0.04 

0 . 0 3 1  
-2.0 -1.0 0.0 1.0 2.0 3.0 4.( 

R 

Fig. 10. The magnitude square of both channel components of K Q  , demonstrating the 
exponentially increasing envelope of the open-channel Siegert states. 

The magnitude squares of the channel-I and channel-2 components of 
~i are shown in Fig. 10. Here we are showing the magnitude square since 
it clearly demonstrates the increasing envelope of the open-channel 
Siegert state. Recall from the discussion of Section II,B,S that the asymp- 
totic form of the channel4 component of ~f is -exp[+iRe(Xl)R] 
exp[+Im(Xl)R]. Then the asymptotic form of the magnitude square of 
each component is -exp[-t2 Im(Xl)R]. Since Im(YCJ < 0, this leads to the 
exponentially increasing density in the asymptotic regions, which is illus- 
trated in Fig. 10. This exponentially increasing density is, of course, 
“nonphysical” and reflects the fact that the eigenvalues .$ correspond to 
poles of the S-matrix in the complex energy plane. 

4. Resonance Parameters 
The convergence of the iterative technique of Section II,B,S for cal- 

culating Siegert eigenvalues is demonstrated in Table I. The fist  five 
iterations in calculating are shown for the following set of parameters: 
H12 = HS4 = 1 . O ;  HiJ = 0.4, i = I ,  2 ,  a n d j  = 3, 4. The rather rapid con- 
vergence of EZS is typical of the results that we have obtained in calculating 
other eigenvalues for small opedclosed channel coupling. As one would 
expect, convergence is most rapid for small coupling and inherently nar- 
row resonances. 

In addition to the Siegert eigenvalue, one can define an energy- 
independent eigenvalue EA by calculating &&) at the energy Re(Ek): 

Thus EA is simply the Feshbach eigenvalue calculated at a particular real 
energy. Table I1 compares E% and E{ for k = 1 ,  1, 3, and opedclosed 
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TABLE I 

CONVERGENCE OF A SIEGERT EIGENVALUE" 

Iteration Re(.& W d )  

0 5.0145 O.oo00 
1 5.2935 -0.1362 
2 5.2839 -0.1015 
3 5.2820 -0.1048 
4 5.2824 -0.1047 
5 5.2824 -0.1047 

' The convergence of EB is shown for H,Z = 

Ha, = 1.0; Hu = 0.4, i = I ,  2. and j = 3 ,  4. 

TABLE I1 

COMPAR~SON OF EL A N D  E;O 

4 4 
k HU Real Imaginary Real Imaginary 

1 0.2 
0.4 
0.6 
0.8 

0.2 
0.4 
0.6 
0.8 

0.2 
0.4 
0.6 
0.8 

2.9539 
2.9590 
2.%75 
2.9743 

5.0829 
5.2748 
5.5601 
5.9086 

6.6543 
6.6555 
6.6579 
6.6617 

-0.0030 
-0.0094 
-0.0124 
-0.0111 

-0.0321 
-0.1129 
-0.2110 
-0.3013 

-0.O009 
-0.0033 
-0.0064 
-0.0093 

2.9539 
2.9591 
2.%77 
2.9744 

5.0836 
5.2824 
5.5818 
5.9451 

6.6543 
6.6555 
6.6579 
6.6617 

- 0.0030 
-0.0094 
-0.0123 
-0.01 10 

-0.0315 
-0.1047 
-0.181 1 
-0.2384 

-0.OOO9 
-0.0033 
-0.0065 
-0.0093 

HIZ = Hw = 1.0; Hu represents all matrix elements coupling open and closed 
channels . 
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Fig. 1 1 .  Resonance parameters as a function of the coupling between open and closed 
channels: exact (solid line); first order (dashed line); Siegert (0). 

channel couplings of HU = 0.2, 0.4, 0.6, 0.8. EL and EL are essentially 
identical for all Ho for the inherently narrow resonances k = 1 and k = 3. 
This is to be expected since Im(&) is small for narrow resonances. How- 
ever, for the inherently broad resonance k = 2 ,  EL and EL differ somewhat, 
even for small coupling. From Table 11, it is apparent that Re(&%) > Re(.$) 
and Im(EE) > Im(.&. Note that the half-widths rL/2 and r&/2 correspond- 
ing to .$ and EL do not vary as the square of the coupling (as the energy- 
dependent half-widths), but increase much more slowly. In fact, T[/2 and 
r;/2 both decrease in increasing HU from 0.6 to 0.8. If HU is increased to 
1.0, this trend continues: r[/2 = 0.0089 and r;/2 = 0.0088. 

Figure 11 compares the energy-dependent resonance parameters .Rz 
and Tz/2 calculated for E = 4.0, Hlz = = 1.0 as a function of 
open/closed channel coupling. The solid lines represent the “exact” res- 
onance parameters, which were found by diagonalizing the representa- 
tion of the level operator in a basis of 20 translationally bound states. The 
dashed line represents the first-order resonance parameters, which agree 
quite well with the exact resonance parameters, even for larger coupling. 
As predicted by the perturbation theory of Section II,A,4, the energy- 
dependent Feshbach resonance parameters vary quadratically with the 
strength of the open/closed channel coupling. For comparison, a few of 
the Siegert resonance parameters have also been plotted. The Siegert 
resonance parameters are quite different from the energy-dependent 
Feshbach resonance parameters since the latter are calculated at E = 4.0 
(however, recall the close comparison of the self-consistent Feshbach 
eigenvalues and Siegert eigenvalues in Table 11). As noted in the discus- 
sion of Table 11, the Siegert resonance parameters do not show a quadratic 
dependence on the coupling strength. 
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The energy dependence of the Feshbach eigenvalue e2 is illustrated in 
Fig. 12. As before, HI, = = I .O, and e2(E) is shown forE = 4.0-8.0 in 
increments of 0.4 and for open/closed channel couplings of both HU = 0.4 
and 0.8. As the energy increases from 4.0 to 8.0, the real part of ez 
monotonically decreases and the imaginary part increases as the eigen- 
value moves closer to the real axis. As predicted in Section II,A,6, the 
energy dependence is strongest for the larger coupling, and the energy 
derivative is greatest at lower energies. Figure 12 also illustrates the per- 
turbation theory of Section II,A,4. Increasing the coupling by a factor of 2 
from 0.4 to 0.8 moves the eigenvalues approximately 4 times their original 
distance from the real axis. For comparison, 8: and e l  have been plotted 
for Hu = 0.8. Notice that e l  lies on a smooth curve passing through the 
points e2(E), whereas e: does not. The Feshbach resonance parameters 
q ( E )  lie on a smooth curve not containing I$ since q(E) is an analytic 
function evaluated at a real energy, while ef is the same function evaluated 
at a complex energy. 

5 .  Qualitative Features of Resonances 
In this section the qualitative features of both broad and narrow, and 

isolated and overlapping resonances are illustrated via the four-channel 
model. 

Figure 13 shows transition probabilities as a function of energy for the 
following parameters: HI2 = H34 = I .O;  HU = 0.4, i = I ,  2, andj  = 3 , 4 ;  
4.0 5 E 5 8.0. From Table I1 the resonance parameters for this case are 
8; = (5.2824, -0.1047) and el = (6.6555, -0.0033). These resonance pa- 
rameters suggest that we should observe a broad resonance around 
E = 5.28 and a narrow resonance centered at E = 6.65. In addition, ac- 

u, 
E 

E = 4.0 @ 

-1.5 ' 
Fig. 12. The Feshbach eigenvalue E* as a function of energy. (X)HIJ = 0.4; (@)& = 0.8. 
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4 0  50 60 70 f 
ENERGY 

Fig. 13. Transition probabilities for a range of energies encompassing both a broad and a 
narrow resonance. 

cording to the definition (51), the two resonances are isolated (not over- 
lapping). These resonance parameters accurately predict the positions of 
the resonance structures of the transition probabilities in Fig. 13. How- 
ever, the range of energies for which the resonances dominate the transi- 
tion probabilities is actually somewhat larger than r; and r:. In any case 
Q < ri predicts the third resonance to be more narrow than the second, 
which is qualitatively affirmed by Fig. 13. Of course, all transition prob- 
abilities change rapidly in the vicinity of each resonance, as is obvious 
from Eqs. (143). 

Argand diagrams of S-matrix elements for energies near the broad 
resonance centered at E = 5 .28  are shown in Fig. 14. The S-matrix ele- 
ments are plotted for energies in the range 5.0 5 E 5 5.5 in increments of 
0.02. The direction of increasing energy is indicated by the arrow in the 
figure. The increasing separation of the plotted symbols as E nears 5.28 
reflects the strong energy dependence of the S-matrix elements in the 
vicinity of the resonance. The nearly circular paths in the complex plane 
are characteristic of an isolated resonance. 

As discussed in Section II,A, 1, both P q  and QV change drastically for 
energies near a resonance. The rapid asymptotic variation of P q ,  of 
course, is reflected in the S-matrix elements and transition probabilities. 
The rapid variation of QV near a resonance is indicated in Fig. 15 by 
showing lf4I2 at E = 5.18, 5.28, and 5.38. As E nears the position of the 
resonance, E = 5.28, the density associated with channel 4, If4/', increases 
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substantially. Of course, a similar buildup of density occurs in channel 3 
also. 

By increasing H34, we can drive the broad and narrow resonances of 
Fig. 13 closer together so that they overlap and interfere (recall the corre- 
lation diagram in Fig. 6). Table I11 presents the resonance parameters for 
H34 = 1.6, 1.7, and 1.8. For H34 = 1.6, the narrow resonance occurs at 
higher energies than for the broad resonance. As H34 is increased to 1.7, 
the resonances overlap according to the definition (51). Upon increasing 
HS4 further to 1.8, the narrow resonance now occurs at lower energies 
than the broad resonance. Transition probabilities for these three cases 
are shown in Fig. 16. For H34 = 1.6 and 1.8, the narrow resonance intro- 

+Im 

+Re 

+I m 

I .o +Re 

+ Im +Irn 

1.0 +Re 

Fig. 14. Argand diagrams of S-matrix elements for a range of energies near an isolated 
resonance. 
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TABLE UI 

~ f :  AS A FUNCTION OF Haa 

2 1.6 5.8341 -0.0734 
(broad) 1.7 5.9275 -0.0692 

1.8 6.0212 -0.0652 
3 1.6 6.0658 -0.0015 

(narrow) 1.7 5.9998 -0.0014 
1.8 5 i 8677 -0.0012 

“ H I , =  I . O , H v = O . 4 , i =  1 , 2 , a n d j = 3 , 4 .  

duces an additional structure on curves that are otherwise qualitatively of 
the same shape as the isolated broad resonance of Fig. 13. For HS4 = 1.7, 
the transition probabilities are qualitatively similar in shape to those of the 
isolated resonance of Fig. 13 except for the tiny irregularities indicated by 
the arrows and by the sharpness of the second extrema in lSIllz and 
IS[llz. It is quite possible for one to mistake these strongly overlapping 
resonances for a single isolated resonance, based on the shape of these 
transition probabilities. However, if one looks at Argand diagrams of the 
S-matrix elements, it is clear that this resonance structure is due to over- 
lapping resonances. Figure 17 shows the S-matrix elements as a function 
of energy for 5.0 5 E 5 5.5 in increments of 0.02. The direction of in- 
creasing energy is indicated by the arrows. The interfering narrow reso- 

-20 w R m  4.0 

Fig. IS. The rapid variation of Q\u for energies near a resonance is demonstrated by Ihl* 
for energies below, on, and above resonance. 
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Fig. 16. Transition probabilities as a function of energy for Ha = 1.8 (a), 1.7 (b), and 1.6 (c). 
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nance introduces an additional structure (indicated by arrows in the 
figure), which distorts the large circular patterns that otherwise would be 
similar to those of Fig. 14. 

Instead of varying H34, we can also cause the resonances to overlap 
and interfere by increasing the length L of the interaction region. Increas- 
ing L causes the bound-state spectrum to become more dense. As the 
zigenvalues W ,  crowd closer together, so do the positions a, of the reso- 
nances since { w,} represent zero-order positions. Figure 18 compares S,",' 
for L = 2.0 and 8.0 (for HI, = = 1.0; Hu = 0.4, i = I ,  2 ,  and j = 3, 
4) for the same energies as Figs. 14 and 17. For L = 2.0 we get the usual 
circulation pattern characteristic of an isolated resonance. For L = 8.0, 

+ Im 

1.0 

+ Im 

I .o 

+ I m  

1.0 +Re +Re 

+ Im 

1.0 +h 

Fig. 17. Argand diagrams of S-matrix elements for a range of energies encompassing a 
pair of overlapping resonances. 
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+ Im + Im 

+Re I .o I .o +Re 

Fig. 18. Argand diagrams of Sil comparing L = 2.0 (a) and 8.0 (b) for energies in the 
range 5.0 5 E 5 5.5 .  

however, there appears to be a loss of correlation between neighboring 
points of an energy scan of increments of 0.02 for some energy ranges. 
The “loss of correlation” is only artificial in that by using a smaller incre- 
ment one would find the S-matrix elements to be continuous functions of 
E, but very strongly energy-dependent due to the overlapping and interfer- 
ing resonances. 

Figure 18 was not generated using the Feshbach theory, but rather was 
solved by a propagation technique similar to that discussed in Section 
II,B,2 and Appendix B. As L is increased beyond 2.0, the Feshbach 
method rapidly requires a much larger basis of translationally bound 
states in order to generate converged S-matrix elements and quickly be- 
comes unsuitable as a means of solving the stationary-state Schrodinger 
equation. As L increases, the eigenvalues W, become more dense, and 
those resonances that were far resonances for small L now become 
strongly energy-dependent and make significant contributions to Q q .  
Thus one needs to include additional “zero-order resonance states” 41 in 
the calculation in order to properly calculate both Q9 and S-matrix ele- 
ments (see Section lI,B,4). In addition, as the open/closed channel cou- 
pling is increased, a larger basis of translationally bound states is required. 
(See Table IV for a quantitative comparison.) However, the Feshbach 
technique is more sensitive to increasing L than to increasing the size of 
the opedclosed channel coupling. 
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TABLE IV 

S-MATRIX ELEMENTS AS A FUNCTION OF BASIS  SIZE^ 

Basis 
size, 

Hrl 2M SPI 

0.1 2 -0.058 -0.070 0.099 -0.036 
4 -0.058 -0.069 0.099 -0.034 

Exact -0.058 -0.069 0.099 -0.034 

0.4 2 -0.072 -0.103 0.155 -0.088 
4 -0.063 -0.086 0.143 -0.065 
6 -0.061 -0.088 0.144 -0.065 

Exact -0.061 -0.088 0.143 -0.064 

Basis 
size, 

Hi, 2M 
~ 

0.1 2 
4 

Exact 

0.4 2 
4 
6 

Exact 

~ 

-0.739 -0.110 0.508 0.405 
-0.740 -0.111 0.507 0.405 
-0.740 -0.111 0.507 0.405 

-0.769 -0.129 0.433 0.396 
-0.786 -0.137 0.407 0.402 
-0.786 -0.140 0.406 0.402 
-0.787 -0.140 0.405 0.402 

111. Time-Dependent Theory 

The time evolution of a quantum mechanical system can be described 

q ( x ,  t )  = e-iHA"*'4f(x 9 9  t ' )  ( 188) 

where At = t - t '  and x denotes the complete set of coordinates for the 
problem at hand. In describing the time development of a collinear chemi- 
cal reaction [of the form of Eq. (104)], let us form an initial wave packet at 
t = t ' ,  or At = 0: 

by the integrated form of the time-dependent Schrodinger equation: 

q(x ,  t ' )  = (27r)-"* jm a(?lt;).\Il(x, Yl) drtt;. (189) 



226 Curtis L. Shoemaker and Robert E. Wyatt 

The factor ( 2 ~ ) - ~ / ~  is inserted for convenience in normalizing the initial 
wave packet. In Eq. (189) we are using the asymptotic wave vector in 
vibrational channel 1, X, (E) ,  as the variable of integration in superimpos- 
ing the stationary solutions Wx, XJ ( E  could also be used.) Inserting Eq. 
(189) into Eq. (188) and using the eigenvalue property of T(x, Xi) gives 

q(x, t )  = (27r)-1/2 jm a(~~i )e-~E'A~/W(x,  2;) d ~ ; ,  (190) 

where E' = E(Xi ) .  Performing the integration over Xi for any given x and 
t (or A t )  gives the corresponding state of the collision system Wx, t). 

0 

A. Translational Wave Packets 
Since the experimentalist typically observes the product molecules or 

the unreacted molecules, we shall consider the form of Eq. (190) appro- 
priate in the asymptotic reactant region R > R+ and in the asymptotic 
product region R < R-. Projecting on the internal states (@,I, the asymp- 
totic form of Eq. (190) is 

j =  I , .  . . , n ,  (191a) 

A(R,t)=O, j = n +  I , .  . . , n + m ,  (191b) 

where fJ(R, t )  are the translational wave packets. Equations (191) deter- 
mine P"(t) in the asymptotic region (note that Eq. (191a) is valid for the 
truly collinear case K Z 0, as well as the one-dimensional case K = 0, 
since the discussion is based on the asymptotic form of the wave function. 
Of course, Eq. (191b) implies Q W )  = 0 in the asymptotic region. 

Suppose the initial wave packet is localized at A t  = 0 in channel 1. 
Then in the asymptotic reactant region R > R+, Eq. (191a) becomes 

h(R, t )  = 6 ~ ( 2 7 r ) - " ~  jOm [a(Xi)/(XI)1'21 

x exp{-i[Xi(R - R,) + E' Atlh]}  dXi 

- (2 7r) -ll2 lom [a( X i) /( X; ) 1/2]S jy( 2;) 

x exp{+i[X;R + XiRo - E' At lh ] }  d X ; ,  (192) 

where the asymptotic form of fJ(R, Xi) given by Eq. (142a) has been used 
and in which we have chosen c( Xi) = e+igiRdo set the initial conditions on 
the wave packet. In Eq. (192), Xj(E) is considered to be a function of 
X;(E) ,  and X1( t l )  denotes the threshold of channel 1 in terms of X1. The 
first term of Eq. (192) represents the incoming wave packet and the sec- 
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ond term is the reflected nonreactive wave packet. A corresponding equa- 
tion can be written for R < R- describing the reactive wave packet. 

Let us consider the kinematics of the incoming wave packet. The 
“position” of the incoming wave packet is taken to be the position at 
which the superposition of incoming waves constructively interferes. 
Constructive interference (superposition of waves of approximately the 
same wave number) occurs when the “phase” &(XJ of the exponential: 

&(Xi)  = Xi(R - Rd) + E A t / h ,  (193) 

is stationary as a function of Xl. Computing dt i t /dXl ,  we have 

Here we have used d5”tl/dX1 = Ytl/Xl and the definition (124). Let 
represent the value of Xl for which the spectral distributiona(Xl)Xi1/2 is 
a maximum. Then equating dat /dXl  to zero and evaluating at Xl = F1, 
we obtain 

R = R ,  - Vl A t ,  (195a) 

(195b) 

At At = 0 the wave packet is “located” near R,. As At increases, the 
wave packet moves toward the interaction region with “speed” vl. Of 
course, Eq. (195a) is valid only for R > R+, since we have based the 
discussion on the asymptotic form of the translational wave function. 
Equation (195a) is valid, therefore, for At < vl-’(R,, - R+). 

Of course, the initial wave packet must be normalized: 

(*(x, f ’ ) / * ( X ,  t ’ ) )  = 1. (196) 

Since the time evolution operator ciHAt’* is unitary, *(x, t )  remains nor- 
malized for all t .  Since the wave packet is localized in the entrance chan- 
nel 1 at t = t ’ ,  Eq. (196) becomes 

exp[-i(Xi - X ; ) ( R  - R,)] d ( R  - R,). (197) 

Since the initial wave packet is localized in the asymptotic region R+ < 
R < x ,  the lower limit of the integral, R + ,  may be formally extended 
to - -x .  Then this integral is just the Fourier representation of the 
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Dirac delta function, S(Xi  - X!). Substituting S(Xi  - X!) = ( X ! / X Y )  
a(%; - X:), the normalization condition is 

/x,(f,l I U ( X ; ) I ~ X ~ - ~  d X i  = 1. 

One possible choice of a(Xl) satisfying Eq. (198) is the Gaussian dis- 
tribution: 

u ( X J X ; ~ / ~  = (27r)-'/4(AXl)-1/2 exp[-(Xl - X92/4 AX!], 

m 

(198) 

X1 ' Xl(5J1 (199a) 

a(X1)X;"2 = 0 1 Xl 5 XASr). (199b) 

For this spectral distribution U ( X ~ ) X F ' / ~  is peaked about g1 = %Up with 
a width measured by AXl. Since a ( X J  = 0 for Xl < Xl(&), we must 
choose XUp % X1(t1) for Eq. (199a) to satisfy Eq. (198). 

The kinematics of the outgoing, nonreactive wave packet can be 
understood in a similar fashion. Substituting 

SF(%\) = ISF(Xi)leisJ"(x;) (200) 

in the second term of Eq. (192), the outgoing, nonreactive wave packet 
in vibrational channel j is 

(201a) 

where the phase of the outgoing wave, a,( Xi), is given by 

a,(.%!;) = X j R  + X i R o  + tip(.%;) - E' A t / h .  (201b) 

Computing the derivative of a,( Xi), we have 

Next we must equate dti,/dX; to zero and evaluate it at the maximum 
of the spectral distribution a(X;)lSF(r~;)lXj-l lz .  The effect of the factor 
ISpl is to shift the maximum away from the maximum of the original 
incoming spectral distribution U ( X ; ) X ; - ~ / ~  at .?ti = .%l to a different 
value, Xi = g1. In fact, if there are several resonances in the range of 
energies for which a(%!;) is of appreciable amplitude, there may be 
several maxima of U(X;)(SF~X~-"~. Thus each resonance can give 
rise to an outgoing wave packet, each moving with a different velocity. 
Let us suppose that a particular maximum of the spectral distribution 
occurs at Xi = 2,. Then setting Eq. (202) equal to zero and evaluating 
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at Xi = .%l yields 

(203a) 

vj = h3J.M. (203b) 

In Eq. (203a), .%j = Xj(.%). Likewise, d 8 y / d X ’ ;  is evaluated at 
X’; = g1. Thus an outgoing, nonreactive wave packet moves away 
from the interaction region with “velocity” Vj. 

Since the discussion above is based on the asymptotic form of the 
translational wave functions, R > R+,  Eq. (203a) is valid only for 
A t  > Atmi”, where 

The term in Eq. (204) not associated with the initial position (i.e., R d  
or the definition of the asymptotic region (i.e., R+)  must be the time 
delay T due to the excitation and subsequent decay of QW). Therefore, 
we define the time delay as 

(For other discussions of the time delay, see Bohm, 1951; Wigner, 1955; 
Smith, 1960.) Associated with each maximum of a(Xt;)lS,?rlXj-l’z there will 
be an outgoing wave packet whose kinematics is described by Eq. (203a) 
and suffering a time delay given by Eq. (205). Qualitatively, we know from 
the Feshbach formalism that the S-matrix is more strongly energy- 
dependent for energies in the vicinity of a narrow resonance than for 
energies near a broad resonance. Thus from Eq. (205) we see that a broad 
resonance is associated with a short time delay and a narrow resonance is 
associated with a long time delay. 

If the spectral distribution of the outgoing wave packet is rather broad, 
then the wave packet will be somewhat localized and the kinematics of 
Eq. (203a) will be convenient. However, if the spectral distribution is 
narrow, then the wave packet will be spread out and the “position” given 
by Eq. (203a) will not be distinct. Thus for a peak in the spectral distribu- 
tion due to abroad resonance we expect Eq. (203a) to be applicable. By 
the same token, Eq. (203a) is of little use for wave packets arising from 
narrow resonances. In addition, both the incoming wave packet and all 
outgoing wave packets continually spread at At increases. 
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B. Time-Dependent Theory and Resonance Parameters 
From the discussion of Feshbach resonance theory of Section 11, it 

would seem reasonable that an S-matrix element Sjl could be approxi- 
mately parameterized as 

= Sjl(background) + Sjl(res; E ' )  (206) 

for a range of energies near an isolated resonance centered at E' = &. 
Equation (206) is the well-known Breit-Wigner parameterization (e.g., see 
Taylor, 1971; Roman, 1965). Here ajl and Pjl are taken to be independent 
of E' for the range of energies in question: f i k  and r k  are taken to be 
energy-independent resonance parameters, such as the Siegert or self- 
consistent Feshbach resonance parameters. Naturally, ajl contains both 
the contribution of the open-channel-only S-matrix element and the con- 
tributions from far resonances. Upon substituting Eq. (206) into the outgo- 
ing wave packet of Eq. (192), we would obtain two integrals. The wave 
packet associated with ajl corresponds to a promptly scattered wave 
packet since ajt is approximately constant for the range of energies in ques- 
tion. The second term of Eq. (206) gives rise to the time-delayed wave 
packet. Defining Pjl = PR + iPI, we have for the phase and magnitude of 
Sjl(res; E'):  

(207a) 

(Sjl(res; E ' ) I  = Ipjll[(E' - &)' + r%/4]-1/2. (207b) 

From Eq. (207b) it is evident that the spectral distribution U ( X ~ ) I S ~ ) X ~ ' / ~  
is peaked at approximately E' = n k ,  or = xI(fll), provided a ( X i )  
is not strongly peaked. Computing the derivative of Eq. (207a) with 
respect to Xi, we have 

Evaluating Eq. (208) at E' = f l k  and substituting into Eq. (205) yields the 
connection between the time delay r and the resonance width parameter 
r k  : 

Tk 2h/rk .  (209) 

Here we have added the subscript k to the time delay to emphasize that it 
arises from the kth resonance. Thus a broad resonance gives rise to a short 
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time delay, and a narrow resonance gives rise to a lengthy time delay. It 
must be emphasized that Eq. (209) should be regarded only as a qualita- 
tive connection between r k  and Tk because it is based on a number of 
severe assumptions that may seldom be realized. Note that the factor pjl 
does not appear in Eq. (209). Thus T k  is the same for all exit channels. 

The resonance parameters f l k  and r k  determine the qualitative nature 
of the time-delayed wave packets. The resonance parameter f l k  deter- 
mines the “velocity” of the outgoing wave packet in each exit channelj, 
Vj = h%J& = h?Lj(flk)/A, since Eq. (207b) is peaked about E‘ = f l k .  

The resonance parameter r k  determines both the time delay for all exit 
channels and the “width” of the peak approximately centered at Xl(flk) 
in the spectral distribution a(?C1)lSjt(res; E‘)1Xj-’/’. Thus a narrow 
resonance is associated with a long time delay and a broad wave packet, 
whereas a broad resonance is associated with a short time delay and a 
somewhat more localized wave packet. 

C. The Time Evolution of the Model Problem 
In this section, we shall illustrate the discussion of the time-dependent 

theory using the model problem of Section I1,C. For the results presented 
below, the following coupling parameters were used: HIS = Ha4 = 1.0; 
Hu = 0.8, i = I ,  2, a n d j  = 3, 4. In addition, a(X1) is given the functional 
form in Eq. (199) with A?tl = 0.9 and 29 = 5.1 (corresponding to an 
average energy of 13.0). The initial wave packet is localized in channel 1 
at R, = 6.0. 

The initial incoming translational wave packet (magnitude-square) 
is illustrated in Fig. 19. Ifll’ has a maximum of 0.69 centered at 
R = ,Ro = 6.0. At At  = 0.6, the incoming wave packet has moved toward 
the interaction region and broadened somewhat. Even though the leading 
edge of the wave packet has entered the interaction region, all probability 
(on this scale) remains localized in the entrance channel. 

This distribution of probability at At  = I . ?  is shown in Fig. 20. The 
bulk of the incoming wave packet has plowed through the interaction 
region and is being promptly transmitted. In addition, considerable excita- 
tion of the closed channels has occurred and a promptly scattered reactive 
wave packet is leaving the interaction region in channel 2. The “bumps” 
of the reactant site of the channel-1 wave packet result from interference 
between the promptly scattered, nonreactive, elastic wave packet and the 
trailing portions of the incoming wave packet. 

Figure 21 illustrates the spectral distribution a(X1)lSPf( ?t;112 as a func- 
tion of Xl for the outgoing wave packets corresponding to the nonreac- 
tive, inelastic process of forming vibrationally excited reactants. The 
peaks corresponding to the inherently broad resonances 2,4,  6, and 8 are 
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1 I 
CHANNEL 3 

2 

I I I 

1 CHANNEL I 
0.69 If I* 

I R - 0  I L = 2  IRO.6 

Fig. 19. Magnitude square of the incoming wave packet at A t  = 0 and 0.6. 

labeled. The smaller structures are due to the inherently narrow reso- 
nances 1, 3, 5,  and 7 (in order of increasing position). The positions of 
these structures are accurately predicted by the Siegert positions flf. The 
amplitudes of peaks (4) and (6) are larger, in part, due to the maximum of 
a(X , )  near XI = 5.0. The outgoing wave packets corresponding to peaks 
(4) and (6) are indicated in Fig. 22 by the cross-hatched areas under the 
arrows. The positions of the arrows were calculated using Eqs. (203a) and 
(209). For resonances 4 and 6, the time delays calculated from the Siegert 
widths are 2.07 and 2.21, respectively. Note that the scale (0.034) used in 
plotting Fig. 22 is approximately 20 times smaller than that of Figs. 19 
and 20. 

CHANYL 4 At = 1.2 
If41 

I I 
CHANNEL 3 

If3 12 

. -  
I I I 

CHANNEL I 

I f1  l2  

iR=O i L = 2  IRO.6 

Fig. 20. Magnitude square of the translational wave packets at At = 1.2. 
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Fig. 22. Magnitude square of the outgoing wavelets corresponding to peaks (4) and (6) in 
Fig. 2 1. 
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At 

Fig. 23. Total probability in the closed channels as a function of At.  

the opedclosed channel coupling were increased, the maximum of this 
peak would increase and the peak would become more narrow, corre- 
sponding to broader resonances with shorter time delays. 

IV. Summary 
Feshbach theory has been reviewed and then developed for applica- 

tions to chemical reactions. The time-independent formulation was then 
applied to a model four-channel reaction involving two open channels 
interacting with two asymptotically closed channels. The generation of 
the multichannel Green function for the open channels and the solution of 
the bound-state problem for the interacting closed channels was discussed 
in detail. A perturbative analysis of two definitions of resonance param- 
eters was presented. The dependence of the complex eigenvalues of the 
level operator upon collision energy and upon the coupling strength be- 
tween the open and closed channels was numerically investigated. In 
addition, comparisons were made with energy-independent Siegert eigen- 
values. Plots were presented of typical resonance states and their open- 
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channel response functions. Finally, transition probabilities for isolated 
and overlapping resonances were analyzed in terms of Argand diagrams, 
which show the energy dependence of individual S-matrix elements. 
Then, in Section 111, a time-dependent study of the same four-channel 
reaction was presented. The time evolution of translational wave packets 
was discussed analytically and graphically. The growth and decay of 
probability in the closed channels was shown graphically. Also, the rela- 
tion between the evolution of the open-channel scattered wave packets 
and the time delay was discussed. All of this analysis clearly shows that 
resonances in chemical reactions are a beautiful class of phenomena that 
serve as a very sensitive probe of the dynamics and structure of the 
“collision complex.” 

Appendix A. Symmetry of the Matrix Representation of the 
Level Shift Operator 

Applying the identity (alAlb) = ( blAtla)* to the matrix representation 
of RQQ yields Rki = (+i(RhQ1+k)*, Or 

Rkl = (~lI(HQPGpP+HPO)*I6k)*. (A l l  

Using (Gj$)t = G$F, (HpQ)t = Hop, and (Hqp)t = HpQ, Eq. (Al) becomes 

Rkl = ((bllHQPG$FHPfJl(bk)* = [ 5 6; HQpG%HpQ& dx]*, (A2) 

Since the bound-state functions are real and (Gpi)* = G o +  $ P ,  E 9. (A21 
becomes 

or RkE = Rlk. Thus the matrix representation of the level shift operator is 
symmetric. Since the Hermitian operator HQQ is diagonal in the basis of 
translationally bound states, the matrix representation of the level 
operator L p Q  is also symmetric: Lkl = Llk. 

The symmetry of the matrix representation of the level shift operator 
can also be demonstrated using the matrix notation of Section II,B,l. 
Using this notation, we shall see that the symmetry of R is a direct conse- 
quence of the reciprocity condition (122) satisfied by the open-channel 
Green function matrix. In matrix notation: 

Rkl = &(R)Hco(R)Go(R, R’)Hoc(R’)dh(R’) dR dR’ .  (A3) 

Since the integrand in Eq. (A3) is simply a number (in contrast to a vector 
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etc.), it must equal its transpose: 

Rkz = I/ ~ z ( R ’ ) H , , ( R ’ ) ~ , ( R ,  R’)H,(R) &(R) dR dR‘. (A41 

Here we have made use of H,,  = Hot. Using the reciprocity condition 
(122), we obtain 

Rkl = cb,(R’)H,,(R’)G,(R’, R)H,(R) +K(R) dR‘ dR, (A5) 

so that R ~ I  = Rlk, with Rlk written explicitly in matrix notation. Since the 
orthogonality of the resonance states follows from the symmetry of L [see 
Eqs. (23)-(26)1, the orthogonality of the resonance states is also a direct 
consequence of the reciprocity condition (122). 

Appendix B. Generation of the Propagation Matrix 

In order to generate the n X n open-channel Green function matrix, 
one must generate a number of 2n X 2n propagation matrices 9, defined 
in Eq. (154). The purpose of Appendix B is to explain how these propaga- 
tion matrices may be calculated. 

Consider first the propagation of solutions in the uncoupled represen- 
tation within a given sector. Within that sector the uncoupled solutions 
GY.(R, R ‘ )  solve Eq. (153). Each element of G f  satisfies an equation of the 
form: 

where GU is theith element of G j .  From here on we shall drop superscripts 
and subscripts as well as the argument (R,  R ‘ )  with the understanding that 
we are interested in propagating a typical element of GP(R, R ’ )  within a 
given sector. Thus Eq. (Bl) becomes 

G”(R) = h2G. (B2) 

The eigenvalue of U, A’, is either negative or positive, corresponding to 
either a locally open or locally closed channel, respectively. 

Suppose we know G(Rd and G’(RJ and would like to find G(R)  and 
G’(R) .  Let us define the distance AR within the sector we wish to propa- 
gate the solutions: 

AR R - R,. (B3) 

Using Eq. (B3), we can expand G(R) in a Taylor series about R,: 
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where G'") denotes the n th derivative of G with respect to R .  The summa- 
tion in Eq. (B4) can be separated into terms containing even or odd pow- 
ers of AR: 

m 

G(R) = [l/(2n)!]G'*"'(RO) AR2" 
n=O 

+ [l/(2n + 1)!]G(2n+1)(Ra) ARZn+'. (B5) 
n=O 

The summations in Eq. (BS) can be simplified using the form of the differ- 
ential equation (B2) satisfied by G .  Differentiating Eq. (B2), we obtain 

G'3'(R) = A2G'(R). (B6) 

Equation (B6) can be differentiated to obtain 

G'4'(R) = A2G"(R) = A4G(R). (B7) 

Continuing this process of differentiation, the following pattern develops: 

G(ln)(R) = A2"G(R), W a )  

GcZn+l)(R) = AZnG'(R). (B8b) 

Using Eqs. (B8) in Eq. (BS), we obtain 

If A2 < 0 (locally open), then the terms in the infinite series alternate 
in sign and we obtain 

(B 1Oa) 

If A2 > 0 (locally closed), then the terms in the series do not alternate 
in sign: 

G(R) = G(RJ coshlhl AR + lAl-'G'(RJ sinh)AI AR.  (Blob) 

As in Eq. (B4), G'(R)  can be expanded in a Taylor series and Eqs. 
(B8) can be used in a similar fashion. For A2 < 0, we obtain 

(B 1Oc) 

G(R) = G(RJ coslAl AR + lAl-'G'(Ro) sinlAl AR. 

G' (R)  = -IAlG(R,) sinlhl AR + G'(R,) C O S ~ A (  AR. 

For A2 > 0: 

G'(R)  = IAlG(R,) sinhlAl AR + G'(R,) coshlAl AR. (B10d) 

If the eigenvalue A2 is complex, as in the technique for generating 
Siegert eigenvalues (Section II,B,S), then Eqs. (Blob) and (B10d) must 
be used with A replacing [ A (  (in this case, either complex square root of 
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A2 may be used for A). Equations (BlOa)-(BlOd) can be written more 
conveniently as a single matrix equation (see Light and Walker, 1976) 
using a 2n x 2n local propagation matrix: 

(B 11) 

The n X n matrices PI, Pz, P3, and P4 of the local propagation matrix are 
defined as 

Su coshlhl AR for A2 > 0, (B12a) 

S, j  C O S ~ A ~  AR for AZ < 0, 

SUIAl-' sinhlAl AR for h2 > 0, (B12b) 1 6ulhl-1 sinlhl AR for h2 < 0, 

SuIXI sinhlhl AR for h2 > 0, (B12c) 

-SUlhl sinlhl AR 

In Eqs. (B12), R is positive for propagation in the direction of increas- 
ing R or negative for propagation in the direction of decreasing R .  

Equation (B11) provides a prescription for the propagation of solu- 
tions within a sector. However, to propagate solutions from any Rz 
to any R1 as required by Eq. (154), we must also be able to cross 
boundaries between sectors. At the boundary R = Rb between sector i 
and sector i - 1 the solutions GAR, R ' )  (in the coupled representation) 
and their derivatives must be continuous. Using the local transformation 
given by Eq. (157), the conditions for continuity are 

Tf-lGU j(Rb - SR, R ' )  = TiGY(Rb + 6R, R ' ) ,  (B13a) 

T'-'Gr'(Rb - SR, R ' )  = T'GY'(Rb + SR, R ' ) .  (B13b) 

Here the superscripts i - I and i remind us that the eigenvectors of U 
differ from sector to sector. Equations (B13) can be combined as a 

(PZh = 

for h2 < 0. 
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Note that GY(R) isnot continuous across the boundaries between sectors in 
the interaction region since 

(B15) 

Equations (B11) and (B14) provide the means for both crossing a sec- 
tor and jumping the boundary between sectors, respectively, in the un- 
coupled representation. The Zn X 2n propagation matrix 9 ( R l ,  R2) in Eq. 
(154) is obtained by assembling the appropriate products of the matrices in 
Eqs. (B11) and (B14) for crossing the appropriate sectors and jumping the 
appropriate boundaries lying between R2 and R1. 

qi-lTi + 1 .  
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