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PREFACE

In investigating the highly different phenomena in nature, scientists have
always tried to find some fundamental principles that can explain the
variety from a basic unity. Today they have not only shown that all the
various kinds of matter are built up from a rather limited number of atoms,
but also that these atoms are constituted of a few basic elements of
building blocks. It seems possible to understand the innermost structure
of matter and its behavior in terms of a few elementary particles: electrons,
protons, neutrons, photons, etc., and their interactions. Since these particles
obey not the laws of classical physics but the rules of modern quantum
theory of wave mechanics established in 1925, there has developed a new
field of “quantum science” which deals with the explanation of nature on
this ground.

Quantum chemistry deals particularly with the electronic structure of
atoms, molecules, and crystalline matter and describes it in terms of
electronic wave patterns. It uses physical and chemical insight, sophisticated
mathematics, and high-speed computers to solve the wave equations and
achieve its results. Its goals are great, but perhaps the new field can
better boast of its conceptual framework than of its numerical accomplish-
ments. It provides a unification of the natural sciences that was previously
inconceivable, and the modern development of cellular biology shows that
the life sciences are now, in turn, using the same basis. “Quantum biology”
is a new field which describes the life processes and the functioning of the
cell on a molecular and submolecular level.

Quantum chemistry is hence a rapidly developing field which falls
between the historically established areas of mathematics, physics, chemistry,
and biology. As a result there is a wide diversity of backgrounds among
those interested in quantum chemistry. Since the results of the research are
reported in periodicals of many different types, it has become increasingly
difficult for both the expert and the nonexpert to follow the rapid
development in this new borderline area.

The purpose of this serial publication is to try to present a survey of
the current development of quantum chemistry as it is seen by a number of
the internationally leading research workers in various countries. The
authors have been invited to give their personal points of view of the
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subject freely and without severe space limitations. No attempts have
been made to avoid overlap—on the contrary, it has seemed desirable to
have certain important research areas reviewed from different points of
view. The response from the authors has been so encouraging that a
fifteenth volume is now being prepared.

The Editor would like to thank the authors for their contributions
which give an interesting picture of the current status of selected parts of
quantum chemistry. The topics in this volume cover studies of the con-
cept of atoms in molecules using modern catastrophe theory, over
treatments of symmetry properties of reduced density matrices, and
applications of group theoretical techniques to the many-electron prob-
lem, to the importance of Feshbach resonances in chemical reactions.
Some of the articles emphasize studies in fundamental quantum theory
and quantum statistics, and others applications to comparatively com-
plicated systems.

It is our hope that the collection of surveys of various parts of quantum
chemistry and its advances presented here will prove to be valuable and
stimulating, not only to the active research workers but also to the scien-
tists in neighboring fields of physics, chemistry, and biology who are
turning to the elementary particles and their behavior to explain the de-
tails and innermost structure of their experimental phenomena.

PER-OLOV LOWDIN
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I. Introduction

It is known (Coleman, 1963, 1965; Coulson, 1960; Davidson, 1976;
Mestechkin, 1977) that using the approach of reduced density matrices
(RDM) offers certain advantages over the usual language of wave func-
tions, at least in calculating the averages of the physical relevant operators
(see also Lowdin, 1955). First we define the transition RDM. Assume we
are given two functions ¥; = ¥ (x;,. . . ,xy)and ¥, = Wy(xy, . . ., xn)
normalized, e.g., to unity. Then the transition RDM of pth order (or
p matrix) is defined as an integral operation with the kernel

DY (X o o Xpl XY, o L, Xp)
= (Wit WK X K - )
X dxpyp . . . dxy. n

In particular, if ¥, = ¥, = ¥, Eq. (1) defines the RDM of pth or-
der D

In general, the wave function ¥ that describes the state of a certain
quantum mechanical system exactly or approximately possesses some
symmetry properties, i.e., there exists a set of operators {A;}7" in the case
of a continuous symmetry group and a set of elements {g,}} generating the
group G (a discrete case) such that

[Py, Ad=0, i=1,...,6m; [Py, &l =0, k=1,...:l

1
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2 Eugene S. Kryachko

where P, = |¥)(¥|. Then if {]\{")} is a complete orthonormalized set of
eigenfunctions of the operator A;, or {e%s; a;r, S = 1, . . . ,f}(f*is the
dimension of the irreducible representation a) is the basis of primitive
orthogonal idempotents of the group algebra of the group G, then the
projector P, is decomposed into a direct sum of matrices P$!™ or Py':

P, =P QP - - -; (2a)
o &
P,=> PY. (2b)
a r=]

In the case when there exists a subset {A;} = {A;} of mutually commuta-
tive operators, the structure of expansions (2a) and (2b) is markedly
simplified.

In the RDM approach there naturally arises the problem of finding the
integral of motion and discrete symmetries for the density matrix D% and
their relation with the motion integrals for the wave function ¥. This
problem up to now has not been solved completely, which is natural. This
problem is more general and profound than the so-called N-represent-
ability problem (Coleman, 1963), which consists of finding a complete
set of characteristics of RDM arising from the contraction of either anti-
symmetric or symmetric wave functions. A more complex problem is
to find the symmetry properties of the transition density matrices from
the known symmetry properties of the wave functions that determine
it. The RDM symmetry problems have been investigated in the articles
by Bingel, Klein, Kutzelnigg, Lowdin, McWeeny, Mestechkin, Harri-
man, and others.

The known RDM symmetry allows one to simplify the calculation of
matrix elements, to quasi-diagonalize a secular problem. Note that prob-
lems of the RDM symmetry properties were greatly simplified, since in
most cases of calculating the matrix elements of the density matrix only its
completely symmetric component. However, it is not always the case.
For example, according to Kutzelnigg (McWeeny, 1969) the above state-
ment depends also on the state and if the state is degenerated, then the
RDM have significantly lower symmetry than the operator. So in general,
the eigenfunctions of RDM possess mixed symmetry. It is important to
note that the symmetry can be recovered in two ways: either by assembly
averaging over all densities of a complete set of degenerated states or by
averaging the density for a certain state over the whole symmetry group of
a system. These procedures are absolutely equivalent and give the in-
variant part of RDM. It is only uncertain as to what procedure is the most
useful. As McWeeny remarks (1969), however, the assembly averaging is
more useful in applications and in proofs of general statements concerning
the RDM properties of the degenerated states.



Reduced Density Matrices 3

This review is devoted to the symmetry properties of RDM and their
eigenfunctions, and to obtaining RDM-1 and RDM-2 for the projected
wave functions. The main purpose of this article is to propose a unified
rigorous approach to the study of the symmetry properties of RDM.

II. Spin Symmetry of Reduced Fermion Density Matrices

1.1. We consider the spin symmetry of the 1-matrix. D!y, ,(xs; x1)
fx = (r, §)] can be formally represented as a matrix element of the
operator O; = O,(x;) acting only upon the variables x, = (r;, Sy):

DYy (x5 x1) = (¥5|04|¥y)
= f\P2(y;9 Y2, o . . ’yN)
X OWy(y1, . . ., y8) dyr - - - dyydyi. (N
The operator O,(x,) evidently replaces y; in ¥, by x, and y, in ¥, by x{,
removing simultaneously integration over y,. This operator can be for-

mally represented as an integral operator with the delta-functional kernal
(McWeeny, 1959, 1960; McWeeny and Mizuno, 1961)

01(X1;X;|}’1§}’i) = 8(x; — y) 8(x; — y1).

Then
0¥y, Yar - - - 290 = [ Osrss xilyis YW, Yoo - - - 2 Y)Y
=801 — yDW¥lrs, yao . - - 5 W)
The operator O, is factorized by the space and spin components
0, = 0%0j. ()

Accordingly the kernel of this integral operator is also factorized:
Oi(x15 xily1; y1) = OF(Ry; Rylry; r)O5(Sy; SilSy5 S,
OX(Ry; Ri|ry; r) = 8(R; — ry) 8(R} — 1),

O%(Sy; Silsy; sp) = 8(8; — sy) 881 — s1);
X (R, ), y = (r, s).

We express the spin operator Of through the spin functions. Since any
function of N independent variables can be represented in the form

Yo, . o xw) = Wulry, X, . L xn)al(Sy) + Wy, xg, . .., x)B(SY)

and
(ad)‘]f = a[‘l’u(ala) + \I,B(alﬁ)] = ‘Puaa

BRYY = BI¥.(Bla) + ¥ (BIR] = Y8,
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it follows that
8(S — 5) = a(S)a(s) + B(S)B(s),

since aa and 8B are the projection operators on the spin space formally
written as the integral operators. Thus, the spin operator Of can be written
in the form

O5(Sy; Silsy; s9) = a(SPa(SDalsalsy) + a(SYB(SPals)B(sy)
+ B(SDa(SVA(salsy) + BSHASVA(sIB(sD.  (3)
Taking into account (2) and substituting (3) into (1), we obtain finally
Dy (Xi; X)) = 1PlywRy; RDAS)HSY)
+ 2Py 0. (Ry; RDa(S)B(SY)
+ aP'y0.(Ry; RYB(SPa(S Y

+ 4Py e (Ry; II)B(SI)B(S’I)’ “4)

where
1P1\|’N’2(R1; R;) = f‘p2(xi’ Xgo o v 0y xN)O}]za(Si)&(Sl)\Pl

X (xl, Xoy o v 0y xN) dxi dx, cee de;
Py R R = [ Wty o, . . ., x)ORBISHES)Y,

X Xy Xgy o« . 5 Xy) dxy dxy ... dxy;
aPly wARy; Ry = f‘r’z(xi» Xgs o o oy XN)Ofa(Si)B(SO‘I-’l

X (xl9 Xzy v o 0 XN) dx; dx, e de;
PR RY = [Wolxt, xa. . . L ) ORBISDES)Y,

X (X, Xgy o« ., Xy) dxy dxy ... dxy.

The functions P'y,4,(R; R3) and 4Py, 4, (R ; R}) withR; = R, have a
simple physical interpretation, e.g.,

1Py w.(R) dRy = Py 4, (Ry; Ry) dR,
is a probability of finding a particle in the volume dR; near the point R,

with the spin a. 4Py, (R) has a similar meaning (McWeeny and Sutcliffe,
1969).

1.2.1. We now turn to considering the spin operators. Obviously the
unit operator / has the form



Reduced Density Matrices 5

1= aa + BB.
We define the following spin operators
SO = %(ad - BB): S+ = aB! S_= Bd'

These operators are irreducible tensor operators of the Ith rank
(McWeeny, 1955, 1959; McWeeny and Mizuno, 1961). Then

1Py (Ri; RY) = 30V 0, (Ri; RY) + oV 0, (Ry; Ry),
2Py w.(Ri; RY) = (V% . (Ry; RY,
3Py (R RY) = VP 4, (Ry; RY),
Py Ri; R = 30V 0. (R Ry) — oV v.(Ry; R
where
oV Puw, = (W|OFI W),
kv(l)‘]’ﬂl’z = (‘l’2|0’1'S}¢|‘I’1),
k=0=1.

1.2.2. Assume ¥, and ¥, are the eigenfunctions of the operators §*
and §,, i.e.,

ST, = §,(8, + )Yy,
S2W, = 8u(S, + 1) Vs,
SV = MY,
SV, = M, ¥,

Then, according to the Wigner—Eckart theorem (Kaplan, 1969; War-
shalovich et al., 1975) we have

S, 0§
Vs = (-5 (55 00 ) (wlorelw,  (w)

Vo, = (e (2t LW ) (OIS (sb)

Taking into account that

(S,OSI

M2 0 Ml) = (zsl + l)_uzasxSaalll—Mz’

we obtain

Vg, = (=1)S74(28, + 1)7V285, 5,60, e, ( Wl OFIV||1) .
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From the triangle rule for 3j-symbols it follows that at the given S,, S,
takes values S; = S;, §; = 1. Let us consider each of these cases
(McWeeny, 1955, 1959, 1960)

@H S, =28,=38.

We first introduce the following notations:

YwRi; RY) = [

Sy=S4 Dll’l\l'z(Xl; Xi)dsl = IPIVI‘I’! + 4P}l’1‘l'z = V‘l»’l\lfz

is the spinless transition density matrix;

Qba®Ri; R) = [ Sy(DY,,(Xy; XDdS,
= 1Py, — LPov] = Vi,

is the spin transition density matrix.

_ 1 M
1PYyy, = (—1)5 {m Py, + [ST?ZT]W Q‘wm} Sats—ut;

S+ M)S - M, + 1)] ve o
285 + 1) ive

(S —M —1)S+ M, + 1)]”2
288 +1)

2P¥l’x‘l’z = (—I)S_Maallu—"s'*l [

1 .
Y1ve s

|

e I M,
Py, = (—1)5 M8y, {w PYy, — m in.wg} ;
(@) S, =85, +1.

1P}¥’1‘l’2 = (_I)Sz—Mzauh_"’

1 (S, — M, + 1)(S, + M, + 1)]1/2 }
% {2(2S + 1)v2 Pyv, + [ @S, + DS, + 1) Qv [ >

- (S; + My(Sy + M, + 1)] vz
1 = (= 1)S2—M2 1 1
2P\|I|\Pz ( 1) 8M1.—Mz+l [ (2Sl + ])(zsl + 2) Q‘l’x‘l"u

(S; — M)(S; — M, + 1)] vz o
(251 + l)(ZSl + 2) Wiy

Py, = (m1)5™™:8y 4,y [

4P£l»'1‘~l/z = (_])Sz_Mzaul—Mz

x{ép, _ [(sl - M+ 1S, + M, + 1)]"2 o1 }
2028, + pyz T Q28 + 1)X(S; + 1) e [
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@iy §,=8,—-1.

1P}l’1‘l’2 = (_ 1)52_M26M1 —-M:

1 1 _ (Sl _ Ml)(sl + Ml)] vz }
X {z(zsl T P [ 5,28, + 1) Quve | »

2 — My (Sl — Ml)(sl - M, + 1)] vz
1 = (— 1)52—M: 1
2P‘I’1‘I’z ( ]) 6Ml"‘M2+1 [ zsl(zsl + l) Vs s

- (S: + M, + 1)(S, + Mx)] vz
1 = (—1)S2—M: 1
3P‘l’1‘l'z ( 1) 8M1.—Mz+l [ 2s1(2sl + 1) Vi¥as

4P£|’1 ¥ = (— I)Sz—Mz&Ml —M:

s P + [S 2T M)
2028, + Nuz 7 e 528, + 1) 1
1.2.3. LetV¥, = ¥, = ¥,i.e., weinvestigate the spin symmetry of the
I-matrix. Then

_ 1 M
14PY = (1M {2(25 + )12 P, * [S(S + 172 Qll'}

and
/ - 1 N
Dy(K; XD = (14 { st PRy R [(Sa(sh
+ BSIB(S) + gy O4(Rs; RY)
x [ atspatsy - psopsy |} ™
If M = 0, then

—1)s
DYXis X)) = 375 PUR,; RO[a(S)a(S) + BSIBSD] ®)

Following McWeeny (1960) we rewrite (5b) in the form

S: 1§

WV lhodalRa R = (-1 (S

) VAS(S15 SRy RY,
©)

where we introduce an explicit dependence V), on k; = (S;, M,) and
ky = (Sy, M,). In order to determine the function in the right-hand side of
the relation (9) we define ‘‘standard’’ state with k, = (S,, S;) and k, =
(S2, Sg),and m = S, — §,.
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Then
wV 8. (kiko|Ry; RY) = Cy(8:My; S:My) VISD (kiky|Ry; RY).
So, the expression (9) can be rewritten in the form
nV P uakike|Ry; RY) = C(SiMy; SeMo) VIS (kiks[Ry; RY), (10)

where C, is a ‘‘normalized’’ 3j-symbol

. S 1 S S, 1 S
. = (—1)82—M: 2 1 2 1),
CusiMy; Sy = (s (e 1o ) [ L)

All nonvanishing coefficients C,(S;M,; S.M,) are given in Table 1.
From (5a) it follows that the transition spinless density matrix P, =
85.5.9m . P %, PYY,, is independent of the spin projections M, and M,.

1A.3. We consider the spin density matrix Q%,.., in more detail (6). In
essence, it determines the density excess of electrons with upward spin as
compared with the density of electrons with downward spin. The average
value of the z-component of the spin moment in the state k; = k, = (S, M)
is equal to

(kiSalky) = [ QL(Ry; R dR, = M.

Therefore the term *‘spin density’’ is justified.
The function

Q‘Pl(Rl) = M_IQ‘EI’I.\III(RI; R2)

is called a normalized spin density. A normalized spin density was first
introduced by McConnell (1958). He obtained a general formula connect-
ing the proton hyperfine splitting with the spin density and showed that
the observed splittings depend mostly on diagonal elements of the spin
density matrix and these splittings, in fact, can be used for the evaluation
of the diagonal elements.

2.1. By analogy with the previous case we consider the second-order
density matrix. The spin expansion of the density matrix is performed by
means of the operator represented as a product of two multipliers, each of
which is taken from the following sets: (i) I(1), S.(1), S_(1), Si(1); (i) I(2),
S$42), $(2), S4(2).

Since in the following we shall use the Wigner—Eckart theorem, we
express these pair spin operators through the irreducible tensors. From
nine components of the second-rank tensor S,(1)54(2) (d, 8 = %=, 0) we
obtain the irreducible tensors of 0, 1, 2, ranks, namely, by analogy with
(McWeeny, 1965):



TABLE 1

COEFFICIENTS C,

m=M, - M,
S, 1 0 -1
s _ [(Sz - M)(S, - M, + ])] | M2 [(Sz + M, + IXS, — Mz)] vz |
1 2 S2 S2 2 S2
S+ 1 [(Sz + M, - (S, + Mz)]”2 [(Sz + My)(S, — Mz)]”2 [(Sz - M, — IXS, — Mz)] vz
’ 25,25, - 1 5:25, - ) 25,25, - 1
S -1 [(S, -~ My + 1)(S, -~ M, + 2)]”2 _ [(S, + My + 1)(S; — M, + l)] vz [(Sz + My + 2)(S; + M, + 4)] vz

(25, + 1)(28, + 2)

(S; + DS, + 1

20285, + 1S, + 1)
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TP = (1/V3SU1)S(2) + S(1)5,(2) — So(DS(2)},

TH = (1/V{S4(1)Se(2) — Sf(1)S4(2)},

TP = (1/VD{S(1)Sy2) — S(1)S,(2)},
T4 = (1/VD{So(1)S_(2) — S-(1)So(2)},

TE = S{1SL2),

TEH = (1/V2HSA1S(2) + Se(1)S.(2)},

T = (1/V2{SA1)SL2) + 25:(1)Se(2) + S_(1)S,(2)},
T® = (1/V2{S_(1)S«(2) + S(1)S_(2)},

T% = S(1)S_(2).

Then the spin decomposition of the transition reduced density matrix
of second order corresponding to the functions ¥, and ¥, takes the form:

D?l-’l‘llz(rb Ty, Sb S2‘rll, rIZ9 Slla S2)
= + Pi(¥,, \p2lrl, rp; ri, ra)a(S)a(SDa(S)alS?)

+ PY(¥,, Wolry, ra; ), rp)al(S)al(S)a(S )RSy

+ Py(¥y,
+ PY¥,,
+ P}(¥,,
+ P}(¥,,
+ PY(¥,,
+ P{(¥,,
+ P§(¥,,

‘I’2|r,, ra; Iy,
‘Pdrls Fa, r,ls
‘I'zlrl, ry; Iy,
‘I’2|l‘1, r3; Iy,
Wlry, ra; 1Y,
q’2|rla ra; Iy,
‘pzll'n ry; Iy,

ra)a(S)a(S)B(SDa(S )
raa(S)a(S)B(SDB(SY)
r)al(S)B(S)a(SDaS )
ry)a(S)B(S)a(SHB(SH)
ry)a(S)B(S)B(S VS )
ra)e(S)B(SHA(SVA(SY)
r2)B(S)a(S,)al(S)a(Sy)

+ Piy(V¥,, ‘I'2|l'1, ra; I, l'z)B(Sl)a(Sz)a(Sl ﬁ(Sz)

+ P3(¥,, ‘I’2|l'1, rz; ry
+ PH(¥y, Wylry,

+ P}V, ‘Pz|l'1,
+ Pis(¥,, \I’zll'l,

ry; Iy,
+ Pi(¥,, Wylry, 1o 1l
re; Iy,
rg; Iy,
+ Pg(¥y, Wolry, vy 1,

, T)B(S)a(S,)B(S DSy

rp)B(S)a(S)B(SDB(S )
ry)B(S)B(S)a(SDa(Sy)
rp)B(S)B(SHHSHA(SH
ry)B(S)B(S2)B(SDa(Sy)
ro)B(S)B(S)B(SVB(SY),
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where
1=1Uo + HXoy + Xo] + (1/VI(V2WP - Y,
i= oo + (1/VDWEH - V),
3= X + (1/VUWE + V), P =W,
P= X o + (1/V2WE + VY,
P} = 1Uy + Xoa) — Xow] — (1/VIHV2WE - Y,
3= (1/VI)YY + (1/VOW? + (1/V)VE,
2=t — (1/V2AWE + V),
3= 4X_o) + (1I/V(WE - VY,
P = (1/V)YP + (1/VOWP — (1/V2)VE,
P34 = $Up + HXow — Xow) — (1/VIV2ZWY — YY),
Ph=ie — (I/VDWH - V), PL=W%,
Pl =3X_o — (1/VY(WE - V),
P3y= X _g, — (1/VY(WE + V),
Pls = $Us — HXow + Xew] + (1/VH(V2WE - 1),
with the following notations
Uy = (‘I’2|0§I(])I(2)|‘l'1);
Y = (V,|08TP|V,);
Xy = (VolOFSiol¥1); &
VY = (V,|08TY|V,), m==1,0;
W@ = (V,|05TE\V,), n==2, =

The functions U,, . . ., W'3 are not independent. They satisfy certain
relations that follow from the antisymmetry of the 2-matrix on each pair
of variables, namely'

P{2,1;1',2)y= - P§(1,2; 1, 2") = Pi(1,2;2', 1),
P3(1,2;2',1)=- P3(1,2;1',2)),
Pi2,1;1,2)=- P5(1,2;1',2") = P{(1,2; 2", 1'),
P{(2,1;1',2)= - P§(1,2;,1', 2",

! For brevity, owing to uniqueness the coordinate vectors are omitted and only the
corresponding indices are given.
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P32, 1; 1", 2') = — PH(1, 2; 1, 27),
P%(l, 2; 21’ 1) = - Pg(ly 2; 1') 2'),
P32, 1;1,2)=- P}(1,2;1', 27,
P%(ly 2; 2” l) = - P%(ls 2; 1" 2')’
P2, 1;1,2) = - P%(1,2; 1, 2),
P3(1,2;2', 1) = - P§(1,2; 1', 27,
P§(1,2;2', 1" = - P§(1,2; 1', 2),
P{(1,2;2', 1) = - P},(1,2; 1, 2Y),
P%2(19 2; 2’1 1) = - %2(1! 2; 1,! 2');
P32, 1;1,2) = - PH(1, 2; 1, 2) = PR(1, 2;2', 1),
PLE, 1;1,2)=- P{,(1,2;1', 2),
P§4(1, 2’ 2" 1) = - P%S(ly 2; lls 2,),
P42, 1;1',2') = — P11, 2; 17, 2),
Pi(2, 15 1',2') = — Pie(1, 2; 1', 2') = Pie(1, 2; 1", 2').

The 2-matrix diagonal elements have a simple physical meaning. The
term P3(1, 2; 1, 2) contributes to the function D? from two electrons
at the points r; and r, when both of them have the spin «; similarly
P§(1, 2; 1, 2) contributes from electrons at the points r; and r; with the
spin « and B, respectively. Hence, the components P3(1,2; 1, 2),
P3(1,2;1,2), P4(1,2;1,2) and Pie(l, 2; 1, 2) have a probable char-
acter, namely, they determine the probability of simultaneously finding

the electrons with the spins aa, a8, Ba, BB, respectively, at the two
points r; and r,.

2.2.1.  Assume the functions ¥, and ¥, are eigenfunctions of the total
spin operator S? and the spin projection S, with the eigenvalues S,, M,,
S2, M,, respectively.

Then, according to the Wigner-Eckart theorem we have

Us = (= 1528, + 1)71285,5,8u,—u( V|| OF|1¥,),

Y = (= 15728, + 1)7'%85,5,8m,-m. (Vo OFTOW,),

Sa

X = (—I)S*'Mz( _M,

I S
L e ) (WlOES ),
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S 1 S
) = (_1)S2-M2 2 1 (1)
Vm ( l) ("'Mz m Ml)(\l’2”0gT ”‘Itl),
S 2 8
2) — (_[)S2—M:2 2 1 (2)
W’l ( l) (__Mz n Ml) <\p2”0§T ”‘I,l)’

2.2.2. Consider some components of the 2-matrix D% In calculating
the matrix elements of two-electron operators whose spin part depends
only on the spin of one electron there appears the so-called *‘spin—orbital
coupling function,’”’ which is defined as follows (McWeeny and Sutcliffe,
1969):

DY(Ys, Walry, 15 v, 1 = [ Sm(DD%y g (51, X2 %3, x3) S, dSs.
§3=5,

(12)

If ¥, and W, are the eigenfunctions $? and S, with the corresponding
values (§;, M,) and (S;, M,), then introducing a ‘‘standard state’’ similar
to that in Section II.I we have

D& (S, S2;5 My, M2lrl’ r2; T To)m
= Cy(Sy, My; Sz M3)D%.(S,, S2; S1s Sz)lrn r2; Iy, Faam

The reason for this name of the term D%, will be explained in what
follows (Section III). The function D% has a very interesting physical
interpretation. Substituting m = 0 into (12) and taking into account (II)
we easily obtain?

DY (¥, Walry, ro; 11, 13) = Y PYaa) + PiaB) — Pi(Ba) — PL(BR)]

i.e., D§_ (its diagonal element) determines the abundance of the prob-
ability of finding the electron with the spin « at the point r, as compared
with the same probability for the spin 8 for the second electron at the
point r,. Therefore, this component is just called ‘‘conditional’’ function
also (McWeeny and Sutcliffe, 1969).

Similarly in calculating the matrix elements of two-particle operators
with a spin—-spin interaction, a ‘‘spin—spin function’’ appears:

D3V, Walry, rp; 1, rp) = fs, TR'D% (X1, X3 X1, x3) dS; dS,.  (13)

1591

§3=5,

? In the argument P7 the spin variables o(S,)5(S,)a(S1)o(S3) are indicated by (o). With
the above variables P} enters (11) as a multiplier.
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Then in the standard notation
D%(85:S2; M1M2|r2~ Iy I, Do)
= Co(SiMy; SeM3)D3g(S,83, §18sry, ras 1y, ra)m,
where the values of Cy(S,M,; S;M,) are given in Table II. The physical
interpretation of this function is of some interest. The irreducible tensor

operator T§ of the zeroth rank has the form T = (1/A/3)[S(1)S2) -
35,(1)S(2)]. Then in the case ¥, = ¥, = [SM) we have

(SM|S SWISM) = —V3 [ DiISMIre)Pdry dro. (14)
i

where S(i) = S8 — 38()S().

The left-hand side of formula (14) is the average of the operator of an
anisotropy of the electron spin pair, which is summarized over all differ-
ent pairs in the state [SM) and, consequently, is equal to 3[{M? —
4S(S + 1)]. The right-hand side represents a diagonal element of the
spin-spin coupling function, which is integrated over all positions of
two elements of the volume and, thereby, defines the density of the
anisotropy of the spin—spin coupling (McWeeny, 1961).

2.3. Consider the case ¥ = ¥, = ¥, = |SM) in detail. Since ¥ is
the eigenfunction of §,, because of the orthogonality of the spin functions
with different projections on the axis z we have

X =0,i=%,k=1,23VP=0,m==1; W@ =0,n= =2, =1.

Therefore, P} = P3 = P% = = Pi=Pi= P} = Pl3=P} = Pl,., 0in
the expansion (11) D% only 6 components with spins acaa, aafBB, afBa,
BaaB, BBad, and BBBB out of 16 do not vanish. Since the density matrix
is antisymmetric, all the coordinate parts with the spin components aafp,
ofiBa, Baa, and BBaa can be expressed by one of them, say, P3. Thus,
we finally obtain

D?-l'(rl’ Iy} Sl’ S2|ri’ l'é; S;» Sé)
= + P}(¥|ry, ry; i, rp)a(S))olSy)a(Sp)a(sS;)
+ (1 = Pp)PY¥|ry, ry; rf, rpa(S)B(S)a(SPAS(I — Pyy)

+ P(¥ry, ro; ri, r)B(S)B(S)BSHAS) (15)
or

D3(ry, a3 S1, Solry, r3; 81, S3) = R(ry, rz; vy, r)I(1D)I(2)
+ 04(ry, a3 h FIDSH2) + Qa(ry, 12 1), 1) So(DIQ2)
+ 30(ry, g5 1y, 12)So(1)S6(2)
+ $0P(ry, ry; ry, r)[SH(1S(2) + S(1)54(2)]
+ O(ry, rg; 1y, r)[SLDS_(2) — S(1S,(2)], (16)
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COEFFICIENTS (,

S m=M, - M, Ca(S$:M,y; SsMy)
S, +2 *2 [(S; = My — 3)(S; = My — 2U(S; = My — 1)(S: = Mp)]'2
+| [2(Sy =M, — 2)(S, =M, — 1)(S; = My)(S,  Mp)]'2 X [(2S; — 3)(28; — 2)(25, — 1)28,]'2
0 [3(Sz + My — 1Sy + Mg}(Se — My — 1)(S, — M)}'"
Sy + 1 +2 T[Sz = My = 28, = My = 1S = My)(S; * M, + ]2
=1 F(Sy ¥ 2M, + D[S, = My — 1)(S, = Mp)]'"” x 2528, = DI
0 MLI6(S, + Mo)(S, — Mp)]7
s, 49 [3(5, = Mp)(S, = My — 1)(S; T My + 1)(S; T M, + 2)]'2
«1 (1 % 2M[3(S, = Mo)S; & My + D] x [V25,25, - DI
0 V2[3ME — S8, + 1]
§ -1 +3 T[Sy = My)S; T My — 1)(S; 7 My + 2)(S, & My + 32
=1 £ (82 = MY[(S, My + 1)(S: ¥ My + 2] x [2(S, + D2S, + D]
0 ~ M,[6(S; + My + 1)(S; — My + DI2
P +2 [(S2 F My + 1XS; My + 2)(S; T My + 3)(S, M, + 4)]'”
+1 —[2Ss £ My + (S, T My + 1)(S; T My + 215y T My + 3] b x [(25, + D25, + 2)(2S; + 3)2S; + 4)]'2
0 (652 + My + 1)Sy + My + 2)(Sy ~ My + 1)(S; — My + )]
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where
R = }(P} + Pls) — (P§Pys + PpuaP?),
0, = ¥(Pi - Pla) — HP — PypPiPig),
Q. = 3(P3 — P3g) + HPE — PpPiPi), 7
Q(al)=P%+P%6_P%’P12P%Pvzu
szm = —P%Pry — PpPj§, Qs = — PPy + PP3).

The above formulas give a complete solution of the 2-matrix spin
decomposition problem. The following should be noted. Sometimes it is
convenient to choose spin functions in another way, i.e., to pass to an
equivalent set of irreducible tensor operators. In particular, one such way
was proposed by Kutzelnigg. Let us introduce four possible types of
spin functions (Kutzelnigg, 1963, 1964):

a(1, 2) = a(Dea(2), c(1, 2) = (1/V2[a(1)BR) + B(D(2)], (18)
b(1,2) = BBD),  d(1,2) = (1/VD[a(1)B2) - B1)al(2)].
Then formula (15) for D% will be rewritten as follows:
D% = Pgia(l, Da(l’, 2') + PEb(1, 2)b(1’, 2)
+ Pgie(l, 2)e(1’, 2') + P#id(1, 2)d(1’, 2')
+ Pghe(l. 2d(1', 2) + Pgsd(1, 2)6(1", 2. (19)
with
P§ = {P% — PiPuy — PuP3 + PyuP3iPual,
P§d = Y P3 + PiPyy + PP} + PypPiPral.
Ps? = §P3 + P3Pyy — PP} — PyupP3Piyl,
P = P} + PiPyy + PP} — PuP3iPuy).

At M = 0, P = P%, and Pi = P}, i.e., P§$ = P§5 = 0 and P = P%,.
Note that the interesting applications of the factorization of D3
with M = 0 were obtained by Wienhold and Wilson (1967).

Finally, if § = M = 0, then because of the triangle rule for 3j-symbols
W@ =Y® = 0and

2 = p = Py, D% = Plaa + bb + cé) + Pdd.  (21)

(20)

Kutzelnigg’s choice (21) is of interest. The coordinate parts of the 2-
matrix D% are the singlet P? and the triplet P? spinless density matrices:

st(lv 2; 11, 2') = i{ﬁo(l, 2; 1'9 21) + U0(2’ 1; llv 2,)]v
Pi(1,2;1'2) = U1, 2;1',2) = Uy2, 1; 1, 2],
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where
Uo = P26 + PwP%Pllz'.

Hence there directly follows the symmetry of PZ and the antisymmetry
of P?% relative to the permutations Py, and Py5.

We have considered the spin symmetry of RDM. The applications of
the spin symmetry in calculating the matrix elements of the physical
operators will be given in Section III. The spin decomposition of the
2-matrix is used for an investigation of the Fermi and Coulomb correla-
tions (McWeeny, 1961; McWeeny and Sutcliffe, 1969), the intermolecu-
lar interactions (Dacre and McWeeny, 1970), in constructing the chemical
bonding theory (Davidson, 1972, 1976), etc. The 1-matrix or any of its spin
component, e.g., the spin density, can be considered as a kernel of a
certain integral operator and, therefore, it can be expanded in a complete
set of orbitals, e.g., atomic ones. The diagonal and nondiagonal elements
of coefficient matrix are called orbital and overlap populations for the
whole 1-matrix (McWeeny and Sutcliffe, 1969) and orbital and overlap
spin populations (McWeeny, 1960; McWeeny and Sutcliffe, 1969) for the
spin density, which allows one to construct the chemical bonding theory
although these populations in a general case depend on a chosen orbital
basis, and only a complete set of the coefficient matrices for all possible
choices of one-particle basis of functions is meaningful (see also Bingel,
1961).

III. Orbital Symmetry

1. It is known that when considering many electron systems and
neglecting spin—orbital interaction and other higher relativistic corrections
in the Schrodinger equation, a complete orbital moment L of the system
and its projection M, are the good quantum numbers. Therefore the study
of the RDM orbital symmetry (Garrod, 1968) seems to be necessary.

As in the previous part we consider subsequently the orbital symmetry
of the 1- and 2-matrices.

2.1. In order to study the orbital dependence of RDM, we consider
the angular component of the spatial 8-operator whose matrix elements
are just the transition RDM

Of(R;; Rilry; 1) = 8(R; — ry) 3R] — ry).
Introducing the spherical coordinates, we have

_ Ry — ) &(R;

—ry b
(RlR ;)2 1 8((ll - wl) 6(()l - wl)a

8(R; — ry) 8(R; — 1)

where
R = (R, Q), r =(r, w.
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Let us define dipolar spherical harmonics (Warshalovich et al., 1975)
as an irreducible tensor product of two spherical functions of different
arguments:

{Y4,(Q) ® Y,(Qu)}iy
= Z (= 1)h-b+MQL + [)V2 (

mims

[ L

’n1 mz _M) )’hﬂu(ﬂl) lemz(ng).

Then the completeness condition for dipolar spherical harmonics takes
the form

8(Qy — wy) 8(Q) — wyp) = z {Yz.(Ql) ® ng(ﬂi)}ul{ Yt,(wl) ® Yzz(wi)}z.u,

hi LM

Thus, the orbital expansion of the 1-matrix is defined by the formula

DYy, (X1 X)) = X, Dy, (RiSy; RISHLLLM{Y,(Q,) @ Vi ( QD). (1)
L LM
where
D v (RySy; RiS{|LILLM)
, SRy, —r) 8(Ry — r))
= J’dxl dx, LR de ‘I’l(xl e xN) ( 1 (R}lRi)zl 1
X {Y (@) ® YD }huDi¥s(xixs -+ - xp).

So in (1) we expressed the angular part of the 1-matrix by irreducible
two-particle angular tensor operators. This allows one to simplify the
calculation of the matrix elements via the Wigner—Eckart theorem.

The diagonal part of the 1-matrix DY,,, has the form

Dyyu(X) = Y, DYy, (RS|LLLM)(—1)b

Lz LM

QL+ DRL+ DIV (L I, L
g I I P TINE

2.2. Let ¥, and ¥, be eigenfunctions L2 and L ,:
¥, = |L1M1>, v, = |L2M2>- 3
Then according to the Wigner-Eckart theorem

L L
Dhuu(RiSis RISHLLLM) = (=1)yesa (32 4 M) (LILIL ),

and
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Dy, ,(X1; X1)

= (=Dl ( L, L Ll)
L My M, - M, M,

X (Lo L|Ly ) 1,,{ Y1,(Q0) @ Yi,()} 10,11, )

Up to now we have assumed that the Hamiltonian H of the electron
system commutes with L? and L,. Moreover, H is known to be invariant
with respect to the inversion i of all electron coordinates. Therefore the
solution ¥ of the Schrodinger equation with the Hamiltonian H should
possess a certain parity p (= *) depending on the change of sign of ¥ for
the inversioni. It is not difficult to show (Bingel, 1962) that the application
of i to (2) leads to the relation

pw: = (=D (5)
where p, and p, are the parities ¥, and ¥,, respectively. Under the condi-
tion (3) the summation over L in (4) contains a finite number of terms and
obeys the triangle condition |L, — L,| = L < L, + L,. Moreover, from (5) it
follows that possible values of L are limited by the series L = L, + Ly, L,
+L,—2,. .. ,if ¥;and ¥, have identical parities, and by the series L =
L+ Ls—1,Ly + Ly, —3,. . . ,ifthe parities of ¥, and ¥, are different.

As in the case of spin symmetry of the transition RDM we may define

the standard states with M, = L, and M, = L, and introduce the coupling
coefficients that are the relation of the 3j-symbol (Bingel, 1962).

2.3 LetV¥ =W, =¥, = |LM,). Then
DlowXis; X3)
i Lo L Ly
=3 i (g o ) (Lol

izl

X {Y,(Qy) @ Y, ()},

From the triangle law it follows that L = 0 and consequently /; = /.
Thus,

Dl X5 X1
= 3 (DD RS RASHD(= )P + 1125, (0 Ty,
Im
(6)

So we have considered the orbital expansion of the 1-matrix. In the
same way one may study, if necessary, the orbital symmetry of a spinless
matrix and a matrix of spin density.

3. Inthe case of the 2-matrices we act similarly. Firstly we introduce
the four-polar spherical harmonics
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{Y,(Q) ® Y,(QD}, ® {¥y(29) ® Y, (D)}, }in-
The angular part of the 3-operator

Og(Rl’ R21 R;.! Rélrl’ ra; r'ls l';)
= 3R, — ry) 3(R; — ry) 8(R, — 1) SRz — r3)

is represented as
8 — wy) 8(Q — w)) 8(Q; — wy) 8} — wd)
=33 3 Y {1@)® 1@}

Ll bl Aiha LM
® {Y1,(Q) @ Y, (Q2)} }ewe
X {Y, (1) ® Y (wdh, @ {Vi(ws) ® Yy (w2l toas

the condition of the completeness of these spherical harmonics.
Then

D?lfl‘l'z(Xl’ X2a X'l’ Xé)
= 2 2 D%, v,(R1Sy, RySs; R3S, Risillllzlah)\n)\zllm

bbbl MM
X {{Y,(Q) ® Y,(QD},, ® {¥,(Q,) ® Y, ()} ia, )]
where
D%y, (R:S1, RSy RiS1, R3S3|hblslMALM)
= fdx; dxydx, - - dxy®y(xy - - - x)
5 SRy — 1) B(Ry — ry) 8(R} — ry) 8(Ry — r3) 05
(RiR:R R )?
X { Yy, (w1) ® Yilwdh, ® {Yi(ws) ® Yy (wp)hbin Walxixsxg - - - xp).
The diagonal component D%, has the form
D3, u,(X1; Xo)

1
= 4_— E E D?p,%(RISI; R2S2‘111213’4)\1)\2LM)
™ bbbl \a2LM
X (= 1)i+b=t-t[(2, + 1)(2ly + D2 + D@, + D7 (8 b 31)

X (g 8 ();2> {YM(QI)® Yhz(ﬂz)}LM'

If ¥, and V¥, are the eigenfunctions of L? and L, then

D% 4.(Ri81, RSz R3S, Réséllﬂzlslah)\zLM)

L, L L
= i (02 b ) (LI
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Assume ¥, = ¥, = |L,M,). Then
DioMo(Xlxz; X1X3)

=222

Iilalaly x\m mimg
mgmy

X Diouo(RiS1, RySz; R1S 1, RiSallilolyl M)(— 1)1 tetta-taramm
x (Il [ A ) (13 1y )\)
m, mp; —m ms my m
X (26 + V2 Yllml(nl) i’lzm(ﬂ’l) Ylama(n'z) Yl4m4(ﬂé)- 8

Thus we have examined the orbital symmetry of the 1- and 2-matrices
corresponding to arbitrary wave functions both exact and approximated.
Therefore in Section III,4 we use the above formulas, as an illustration,
for the approximated Slater wave functions of atomic systems.

4.1. It is known (see, e.g., Kaplan, 1969), that in the LS-coupling
approximation an antisymmetric function may be represented in the
form of a linear combination of products of a coordinate part by a spin

one
A

WhYlon - xy) = ()12 S O, - - - QRS - Sy, 9)
r=1
where
DN = eND, = (fIN/N )2 (10)
Dy = oi(ry) @alry) - - - oMry). (11)

Since in what follows we shall use the theory of nonstandard represen-
tation of a symmetric group (Kaplan, 1969), to simplify the notation we
define RDM in a form somewhat different from the traditional one:

Dy v (X« Xm3 X1 "t Xm)
= dem-{-] - dxy ‘I’[ll[[:]](xm C e s Xay Xy) ‘I’g‘[i’]]
= X (XNs o+ oy Xmats Xy = =« 5 X1
Ml plrg) -
= (fIuIftrely-1iz rzl 2" Dm(q,lkl ['\-z])Dm(Q”‘l . Q[.:‘_?] ), (12)
where
DR(®5" s @' vy -+ - Emiry - T
= fdrm+l cdry ‘bwl(rN Ttry) d-)[,?](rN SRR %) SRR ¢} H

DE(QE ;1S - Smi Sy - Sh)
= [ OB (Sy - 50 O (Sw - SmaSin - + SD dSpas - - dSw.
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TABLE III

PERMITTED TERMS OF CONFIGURATION OF EQUIVALENT ELECTRONS

Young Orbital Multiplicity

Stp™ scheme moment Spin § M Term

A\ [2] 0 0 1 'S

P [12] 1 1 3 3p
[2] 0,2 0 1 'S, 'D

P [17] 0 i 4 )
[21] 1,2 3 2 :p 2D

p [212] 1 1 3 ap
[22] 0,2 0 1 1S, 'D

P 221 1 3 2 p

P [29] 0 0 1 K

Sp [12] 1 1 3 ap
[2] 1 0 1 p

Sp? [21] 0,1,2 4 2 2§ 2P, 2D
[1°] 1 3 4 ‘P

Sp? [22] 0,1,2 0 | 'S, 'P,'D
[257] 0,1,2 1 3 38,*P,3D
[24} 0 2 5 )

Spt [21] 0,1,2 3 2 28,2P, 2D
[219] 1 i 4 P

sp® 24 | 0 1 p
[2212] 1 1 3 3P

Sp [231] 0 3 2 28

S%p [21] 1 3 2 p

Sp? [22] 0,1,2 0 1 1S, 1P, 1D
[212) 1 1 3 P

sp° [221] 0,1,2 3 2 2§, 2P, 2D
[219] 0 3 4 )

spt 2% 0,1,2 0 1 'S,'P,'D
[2212] 1 1 3 ap

S$2p° [221] 1 ) 2 P

S2pt [24] 0 0 1 'S

Then taking into account formulas (10)-(11) we have
D,R”(CD[M] . ¢Uuz])
[AIFIN Y 12
S ALLOES S PR D Sea  PIP);
PESy P'ESy 13)

D Gpop[PIP'I(ry = - - Ppiry - - - T)

= fdrm+l c e dry epay(TN) 0 @pan(ry) J’P'(n(rN)

© PrmTmer) Vparn®m) © * ° Ypwm(rl), n+m=N
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4.2. In Section IV we shall find the expression for D;’,’(CD?,’] ; cp%zl)
through the transformation matrices and coefficients of outer products of
a symmetric group (Kaplan, 1969). But now following W. A. Bingel
(1962), in Table III we write down, using the reduction (Kaplan, 1969,
p. 176)

Ul o U
U U
S0,(3) & S043)
the permitted terms of the configuration of equivalent electrons S"p ™.

4.3. Since we need at least the 2-matrices, we consider the reduction
Sy = Sy—2 X §; for the configuration S"p™ using the Littlewood rule
(Littlewood, 1958, p. 128):

() (&[] =121+ [21]. [17]1@[1] =[1°] +[21]
RI®M]I=[211+[3), [N®[2]=(21] +[3];

(i) [21]®[1]=[31] + [22]) + [212], [13]1Q®[1]=[212] +[14],
[2]®[1%]=[21%] + [31], [2]®[2] = [22] + [4] + [31],
[1F®R2]=0B1]+[212],  [12]®[1f]=[2%] +[21°] + [1"];

i) [2A®[]=[221]14(32]. [213®[1]=[312] + [213] +[221],
(14 @[1]=[212]+ [13], [21]®[12] = [32] + [31%] + [2*1] + [21°],
RI}®[2)=[41]+ [32] + [221], [13]®[12]=[13]+ [21°] + [221],
[(1P]1®[2)=[31%] + [21°];

Gv)  [2211Q[1]=[23]+[2212], [213]1[1]=[313] + [2212] + [21+),
(1)) =[1%]+ [21%],  [22]®[12]=[32] + [2212] + [321],
[212)®[12) = [23]+ [214] + [321] + [317],
[212]®[2] = [412]+ [321] + [317],
[1]®[12] = [1%] + [2212] + [217];

(v) [23]@[1]=[322]+ [231]; [2212)0@[1] =[3212] + [231] + [2217],
[221]®[12]) = [321] + [322] + [3212]) +[221].

[221] @ [2] = [421] + [322] + [3212] + [2%1],
(2121 ®[12] = [3212] 4 [314] + [2%1] + [215] + [2213],
(2131 ®[2] = [413) + [3212] 4 [314] + [2213];

(o) [2°1]®[1]=[24]+ [2%12] + [3221].

[2212) @[12] = [3222] + [24] + [3212] + [3221] + [2217].
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4.4. As an example, the nonzero coordinate densities of a diagonal

part of the 1-matrix of possible values of the orbital moment L for the
configurations p and p? are the following:

()) p(10) e = 5/(6V7),  ay = ¥(5/m)'"
(i) pA[12)(10, 11)
ag = S/(12Vm), ag = ¥(S5/m)2, ay = —3(5/3m)'2, az = $(10/37)12;
(iii) p2)(10, 10)  aw = S/(3V7@),  az = #5/m)';
(iv) p[2](10, 11)
ap = 5/(12V7), ag = $(5/m)'2, ay = #5/37)'2, ayp = §(10/37)'?;

(v) pP[2)(11, 11) gy = 5(10/3m)'2,
20 + DQ2L + DRL + 1) ]2
|‘P(r)|aLM = % ]‘I'(rlIIIZLM)(_I)l'_l2 [ (2 X 2477‘ X )]

X(Il ly L)(Il ly L)_
m, my —M 0 0 O

5.1. Inthis paragraph we consider some applications the LS-symmetry
of RDM in the calculations of the matrix elements of effective operators.
When considering electron-spin and nuclear-magnetic resonances, an
effective spin Hamiltonian is usually introduced. Thus a difficult (some-
times analytically unsolvable), multiparticle problem is replaced by a
rather simple equivalent spin problem.

We shall discuss briefly how the spin Hamiltonian (Bethe and
Salpeter, 1957; Lowdin, 1964) is obtained via the perturbation theory.
LetH=Hy,+ H',H = H,,, + Hy, + Hys + H, + Hy,, where H, is the
molecular Hamiltonian without spin and field variables, H' is the pertur-
bation that involves the medium effect (H.,), the spin—-orbital coupling
(Hg,), the electron spin—spin interaction (H gs), the electron-Zeeman term
(H,), and different nuclear bonds. Notice that a detailed discussion of

these terms was given by McWeeny (1965). .
Let ®, be the electron and &, the spin-nuclear wave functions.

Then the total wave function of electrons and nuclear spins may be
written in the form ¥ = Z;, ci @9, = 2k Cia|k\), the eigenvalues and
the coefficients c;, resulting from the Schrodinger equation written in the
matrix form?®:

H.=E. where H = |(k\|H|k'\)|. (14)

We divide all the energy levels into two types. The unperturbed
states |k,A) with the energy E, form the group A. The remaining one

3 The ket-vectors |k\) are assumed to form a complete set.
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form the group B. This induces the following partition of the matrices H :
HA = (koM HIKGA M, HA® = HP* = (koA HIGA ), HE® = (kN HIKGA')].
Then the secular problem (14) is reduced to the following one:
Hi{tA = EA, (15)
where a4 = HAA + HAB(E — HBB)-1[BA (16)
which refers to a less set of states belonging to the set A. Let us denote

the matrix elements (16) through (k \'|H2#lk,A) and according to the
perturbation theory (up to the second order) we have

<k N IHefflk A) = Eaaku,k,',‘sn' + (k:z)‘IIH'Ika)\)
‘ ChgN'{H'kGN") CkyN'|H'[kg\) |
+ 2 E, - E

(17)

Putting E, = 0, we define the effective spin operators H'}),, and H2),,
containing the operators of nuclear and electron spins as follows:

(kaN'|H'lkah) = (MoN|H GulMaN),  (18)

3 {KaN [N (KEN'IH kD)
Ea_Eb

= (MN|H in|Ma)). (19)

kp\

Then a total spin Hamiltonian in this approach is the following

Hspin = H(Slp)in + H(s2p)ln (20)
and the secular problem (15) is rewritten as
HsplnA = EA. (2])

Thus, the problem of finding the eigenvectors and eigenvalues (14)
is reduced (in the present approximation) to a completely equivalent
spin secular problem (21). Thus the problem is reduced to the con-
struction of an equivalent spin operator for any term of the perturbation
Hamiltonian H’ using the formulas (18) and (19).

5.2. Consider the electron-nuclear contraction Hamiltonian
(McWeeny, 1965):

H§™ = $7,8 2 gnﬁnz (= 1D)"8(ra)S—_m(DIa(n). 22)
n im

Then (kN |HE™k \)
= 4B 3 guBa S (-D" [ 8D v

X drl <Ma|S—m|M )(7\ llml)\>
= (MN 87,8 D g.BaDu(r)SIn)|M,\),
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Diry) = [ 8(ra)Di(rs; ¥ dr.

n=r

Hence
Hn(cont) = 2 hACOE(n)S,

where

Aleond = S—W%E&D}z(rn)

is the contract coupling constant. It depends, obviously, on the spin
density calculated in the kernel n. It is clear that A" is isotropic
since it does not depend on the molecule orientation.

5.3. The dipole-dipole term of the nuclear Hamiltonian is defined
as follows (McWeeny, 1965):

HY® =3gB 2 8nPBn 2 (= 1)rflrn X rad 2 [SG) X 12, (23)

It is not difficult to show that

@
ratlPa X ra]2

2
—32‘"2—&)2 DIREC 2( ])m( :1/ m)

=0 m=-{

x (r'flﬂ) YL Q) Y i) Yiu(), (ra<r);

so x 13 = om (L1 2 ) vasuonm.
By

Then
HY,(dip) = 3 hA 'SP (r)(n)S,,

npy
where

agp - BB S S 5 S WTV (1120 AL @)

H1 v

1=0 my=—1 vy mm=—2

YL (@)Y Q) Vo (Qy) /1 1 2
« [ POV e V@) (110 2) )

(rl) —_ l'?,( )r2!+l v
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Thus H'%),(dip) is reduced to the consideration of orbital symmetry
of the component V!’ of the I-matrix D}.

5.4. Consider the Hamiltonian of the electron spin-spin coupling
(McWeeny, 1965):

Hes = —32282 2 X (1™ glry X ryl%alSG) X S(HIZ.  (24)
iy m
Then

Hpin(spin-spin) = Y, hDusSo(1)S4(2), (25)
af

V() V() YLy (Q12) Y, (D)
x f e e riDYslalr, ) dr, drs

In a general case this coupling is anisotropic. Then we may define the
principal axes (X, Y, Z) of the tensor D.; and the expressions (25) take
the following form:

H(spin—spin) = h{D[S§ — 3S(S + 1)] + E(S% — $S¥)},
D = $D,,, E = ¥{Dxx — Dyy).

Hence, the Hamiltonian of the electron spin—spin coupling responsible
for the decomposition (in the zero approximation over a field) of Zeeman
levels is expressed by the coupling anisotropy or of the ‘‘spin—spin
coupling’’ introduced in Section II.

Thus concerning the applications of RDM to the effective Hamiltonian
theory, we have considered only the Hamiltonians of electron-nuclear
contact coupling, electron-nuclear dipole coupling, and electron spin-
spin coupling. In general, we would like to note the following: All the
system characteristics appearing in the writing of the spin Hamiltonian
can be evidently expressed by no less than 2-matrices and are reduced
to the LS-expansion of the 1- and 2-matrices and to the quantum theory
method of the angular momentum (Warshalovich ef al., 1975; Yucis and
Savukinas, 1972).
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6. The orthonormalized N-electron spin functions transformed
according to the Young scheme [\] = [2°1"2°)(S = N — p, M =
N — 2p + 1) are known to be constructed from the spin (N — 1)-electron
functions according to the following branching rule (Bingel, 1960; Kotani
et al., 1955):

S—M+17
Qi yr = - [T(SW] Qi m-12:6a(N)
S+ M+ 17"
+ [-Z(STI)] Q¥zme12B(N)
k=1,2,. .., f%;

S+ M7

Qmk = [ 35 ] Q¥ L2 m-12:n(N) (26)
S _ M 1/2
+ [ 35 ] Q¥ lz.m+12:08(N)
(k=fg;lll2+ho h= ], 23- L) ’f.[SY:IIZL

Y=(N2¥+8) — (N2¥ + § + 1).

We shall not give the 2-matrices D3(Q8, 4, .1, ; O,.0m,.x,) in full, since
this is a rather trivial procedure. Here are some examples for the case
ki, ke € {1, . . ., f¥1HS = 8, = Sy):

) M=M =M,

(S-"M+1)}S-M+2)
(28 + 2)(28 +3)

X Byt A Sn—1) a(Sn) a(S y—1) a(S¥)

S-M+DS+M+ ')5
(2S + 2)(2S + 3) kiks
X [B(Sy-1) a(Sy) + a(Sy—1) BSHIBS h-r) &(S})

+ a(Si-1) B(SH)]

S+M+DS+M+2
28 + 2)(28 +3)

X Bkyiy B(Sn-1) B(SW) B(S -1 B(SH);

D} =

+

+
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() My — 1 =My =M — 1
S—-M+2
T 25+ 228 + 3) s -

X By U Sy-1) (S B(Sy-1) &(S )

+d“#“m“”‘a;:£é;iw

X [(§— M+ 1)(S + M)~
X Sklkg[B(SN—l)a(SN)
+ o Sn-1) BSWIB(S -1 B(S )
(i) My =M, My=M -2
D3 = (S -—M+D)S-—M+2D(S+M-—1)S + M)~
(2§ + 2)25 +3)
X Sk, 0(Snoy) a(SN)B(S;v—l)B(S;v)Q
(iv)y My =M, My=M+1
S -M+1 [
(25 + 2)(2§8 + 3)
X Bpeqkal B(Sn—1) (Sy) + a(Sy_y) B(SK)]
S+M+2
(28 + 2)(2§ + 3)
X[(S+ M+ IXS — M)]'" 8k, B(Sn-1) B(SK)
X [B(Sy-1)a(Sy) + a(Sy-)BSW];
(W My=M, My=M+2

[(S-M-DS-MES +M+ 1)S+ M+ 2)]'"
(28 + 2)(28 + 3)

X Bjeykey B(Sn-1) B(SN) &S 1) (S x).

The branching rules (26) allow one to solve completely the problem of
spin-orbital expansion of wave functions of the type (9) in the LS-
coupling.

Thus, we have considered the LS-symmetry of the 1- and 2-matrices.
The J-synmimetry of RDM may be considered in a similar way though it had
been little investigated to date (Hunter, 1971), but the J-expansions of 1-
and 2-matrices would allow one to simplify considerably the calculations

D} =

M + 1)(S§ + M)~

D% =

(S + M+ 1)(S — M)]"

X a(Sy-1)al(Sy) —

D} =
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of the matrix elements of the operators and to construct the theory of
effective operators in the jj-coupling.

IV. Permutational Symmetry Properties

1. As we have already emphasized, the RDM offer considerable ad-
vantages in considering the quantum mechanical systems. The 1- and
2-matrices, e.g., contain complete information concerning calculations of
matrix elements of one- and two-particle operators. So called ‘‘spinfree’’
RDM (Kaplan, 1963; Poshusta and Matsen, 1966; Poshusta, 1967; Klein,
1969, 1970, 1974a) offer an additional economy in calculations of spinless
operators. The spinfree RDM are the generalization of the common boson
and fermion RDM from the viewpoint of permutational symmetry. Con-
sequently, the variety of problems arising in the theory of the usual RDM
is extended; in particular, this concerns the variety of the transition RDM,
the transition not only between different wave functions, but also between
different Young schemes, as well as the N-representability problem whose
solution for spinfree RDM is especially far from being the final one.

2. Let U be the Hilbert space over the field of complex numbers C.
The elements U will be called the ket-vectors or simply kets. In essence,
U represents the space of all one-particle states. Assume Uy = ®"U is
the N-multiple tensor product of U-space. If U™ is a dual space to U, i.e.,
the set of all linear mappings of in U, then similarly UY = @ U™,

Let UY = Uy ® UY be the space of tensors of the type (N, N), i.e., the
tensors that transform covariantly and contravariantly in N indices rela-
tive to the transformations of U-space. If {|i;)}: is the basis of U-space
then {|I(N) ) (¥(N)|}y5, where [IIN)) = |ip)|ia) - - - lin), GV = Ul Unal
<+« (Jy| is the natural basis of UY.

It is obvious that any element |U){U|EUY may be expanded in this

basis
UV =3 3 [IN) GIVATN|U ) (VIN).
IN) JN)
Let [U){V| and |W){X| be the elements of U}. Then the composition
law is naturally given on

(UVAW) (XD = [UNVIW)(X] = [UYX|(VIW).

It is clear |U)(V| is the idempotent provided that (U|U) = 1. It is
obvious that the N-particle density matrices are the (N, N)-type tensors.
Furthermore, the set of all N-particle density matrices that correspond
to pure and mixed states form a convex subset in U¥. And finally, the
transition density matrices are also the tensors of (N, N)-type.

Let us define the reduction of tensors of the (N, N)-type (Poshusta
and Matsen, 1966), which is a particular case of contraction. Let
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HNY) = [D)lig) - -+ lin) = [i(n))]i(m)),
FNYY = 1idle) - -+ L) =+ Liw) = i) im)) — (n + m = N).

Then according to the definition
Tr[I(N) ) G(N)| = Jitn) ) ()| (j(m)itm) ).

Then for any X € UY

TEmy = E 2 Tr™(I(N) ) (KN X F(NY Y GN))

I(n) j(n)

= > > [im)) AN)X]j(n)j(m) ) Gm)itm) ) (i(n)].

I(n) ¥n)
It is obvious that Tr'": U¥ — U3,

3. Let Sy be the symmetric group, i.e., the group of all N! permuta-
tions of N symbols.

Let us consider now the group algebra Ry. The algebra is semi-
simple and there is an expansion Ry = &, Ryet*! in the direct sum of in-
variant subalgebras of the algebra Ry and

(Al
e =11r—VT 2 x”‘](P_‘)P,

C PESK

where fM is the dimension of the irreducible representation (irr) cor-
responding to the Young scheme [A] (which equals the number of
standard Young tableau for the given scheme {\]), x"*(P) is the character
of the element P € Sy in [A].

The metric basis Ry forms the primitive orthogonal idempotents
{ely} satisfying the relation: el ell2] = M2l § ¢ M1 In particular, as a
basis Ry we may take the complete set of semi-normal idempotents.

There is a connection between the given basis of the group algebra
and its regular basis

fl Al

(Al
ew =tG Y e P=3 3 ey,

PES, [A] rs=1

where [P} is the (r, s)th matrix element of P € Sy in irr [A].
The expansion of Ry in a direct sum of invariant subalgebras induces
the expansion of U¥:

= ® U N = pINITN NI
U% B E UD"]D‘ZJ where U[)\ e =€ ! UNe
[A1)A 2]



32 Eugene S. Kryachko

or the subexpansion over
Uﬁllr.uzu = el Uelp2)!
due toell) Ry = ¢!} Ry.
Fmally, we introduce two more notations:
Ua’\-l*]f'“] = Tr(m)(e[M]Uv (Az)’f)
N— — [A4] (A2t
Uprna = Tr™(en" Ufen™ ).
4.1. Let |U) and |V) be arbitrary elements of Uy. Then the RDM

of the nth order (n < N) corresponding to the kets |U) and |V) is
defined as

Dy = Te™(U) (V) (n+m=N)

Let us consider the kets |U) = |u;)|us) * - - |uy) and |V) = |v,)|vy)
* |vy). Then according to the definition

AN s [AJtu = Trm™ (el |UY(V]eda)
f[)\l]f[)\z] [P-1]iAs [P1]22) Dy [ P|P']
UVl s
(N)? PZQN pgs,v
where D},[P|P'] = Tr"™(P|U){V|P') are primitive RDM. They satisfy
the following relation (Poshusta and Matsen, 1966):
WPIP’] = DiplmPIP'm™'] 7

for any = € S, of the group of permutations of n + [, n +2,. .. , N
particles.

In what follows in order to use this property we expand Sy in left
cosets on the subgroup S,.: Sy = U P.Sn.

Then
SRt Y (PIR DYIPIP]
PES, P'ES,
= UU > X Poa N PLml Dyl aPlPer]
I TES, ™ ESH
f[ il "HI (A] [N]
= U U S Y (palipele 3 3 a5 = T
¢’ s=1 W 1 TES, 7" ESp
X DUV{"TPL‘IP(:'

By means of substitution #' = r#~! and taking into account (7)
we have
S Y [Nl D nPlP L]
TES, mMES,
fu;)

=3 3 [(%DpIPIPL] X [r L e e

2=1 7E€S, TESH
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To calculate the last sum we consider the reduction Sy 2 S, X S,.

Then
[A] = [% ] ([(A1] @ [Az] = [ADIA] ® [Ae],
AsliAe
where [A], [A;), [Az] are the Young schemes corresponding to the
symmetry groups Sy, S,, Sn. respectively; & denotes an outer direct
product of groups.

The possible Young schemes [A\,] and [A\;] into which the scheme
[A] breaks in reduction Sy D S, X S,, are usually found by means of
the Littlewood theorem (Littlewood, 1958). Next, we shall denote by
A a nonstandard representation based on this reduction. Let (r|(r)*)™
be the element of the transformation matrix (Kaplan, 1974) that connects
the standard and nonstandard representation for the given Young scheme
[A]. Then

[ﬂ_]m = 2 (rl(r)A>[“<(r)A|7T|(t)A)D‘]((I)AII)D‘Jo

(MA(r

Taking into account = € §, we obtain

[ = 3 )™ty Ao,

(r)Ant

since for the reduction A(r)* = (r,, ry). Thus
3 [ e
TES,
=> > (olM]ofATJo )0

Yo (AN
x 3 (M Iralr) ™ 2 [.2” (z[[A3]zi[Ag)ze )

x 3 (NI 8,2, 850 (M) ® [Af] = [MD
X ((A] ® [A3] = [A:] 2 (Uz|77'|"2>m]<22|77|12>m]-

TES,

Taking into account the orthogonality relations for the real irr and
for the elements of the transformation matrix (Kaplan, 1974), we obtain
the following expression (Kryachko, 1976):

or([Adrs; [N]0)
[)\l]f[/\z] jl il ’l Al

- (N2 UUEZ [P:']5

, m!
x [Py 5},,2,]2 2 > 2 g (WIMIAIWy)0
Wy vz (MM 1A%

X ([AS]za[N2Trale Y [N 0y [N2 ]l Y00
X (ol[A]od [N ]og YA ® [A2] — [A, (A ® [Ae] = [AZ))
X 2 (Walr|og )2 D[P Pl1]. ®

TES,
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Thus, from (8) it follows that the reduced transition density matrices

exist not only between various kets but also between different Young
schemes.

4.2. To consider the RDM in some particular cases it is convenient
to use the following formula (Kryachko, 1976):

tv[Ailrs; [Ao]tu)

() fial 88
- f(Nf!;2 us s 2 [P;1]AY

¢ PESy v=I
m!
< P iP5 Y > 7
viZy ey (AIIMD {A%)
(v][AJod[Ag]vg YA
X ([MJoa[A2Drofr) M0 z| [N ]za[A%]g )24
X ([AL]zs[AZ]rafe )t
X ([A] ® [A%] = [N D] ® [A%] = [ALD. )

Because of the factors ([A}] ® [A2] = [AD((AL] ® [A2] = [A;]) in
the formulas (8), (9) there follow selection rules for the RDM of transi-
tions between kets that are transformed on irr’s [A,] and [A;]. For
example, DE([1¥]; IND =0for n=N-2, N-3, ..., 1 (for any
|U) and |V) from Uy), i.e., the mixture of boson and fermion Nth
kets (N = 4) does not make the contribution to the 2-matrix.

In particular, if |U) = |V) and |U) does not contain repetitive
one-particle kets, i.e., invariant (Poshusta, 1967) (see §2.5) |U) is equal
to{k} = {1, 1, . . . , 1}, then the formula (8) is simplified:

Dy((Mrs; [Ag]tu)
f[m]f[le Lo

UZ 2 (P21 [P

X 2 > fT; (WIAIz (2], )20
vizy [M]M) [A%]

X ([N ]zi[AgJoaft )4 ([A{To[A*Jople )2
X (v|[A{Joy[A%]vp )1A
X (IM] ® [M*] = [AD(IM] ® [M*] = MDD PIP].  (10)
Now we consider the following example. Let
[U) = |V) = luy g Yuz )|ug)

and the invariant is equal to {1, 1, 1, 1}, We assume also that [\,] = [2%]
and [\,] = [212],and r = s = t = u = | in the formula (10). Then
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Sq =52 U (13)S, U (23)S, U (14)5, U (24)S, U (12)S, U
(123)S; U (124)S; U (132)8, U (142)8, U (1324)S, U (1423)S,.
In this case the transformation matrices have the form (Kaplan, 1974):

(MI: 2] 125 IM): [2) %)

12732 = 11 0 -1
oy = 19 =gl
[(As): [2] (1?1 [12]
[A8]: (171 [21 [?]

rp |

(rlIMIASDYE = ry O

“lSelSe
“Selse

rg 0

Thus we have

D%u([2%)115 (212}
= +£{|“1)|“2>(u21<141| + |“2>|”1><u1|<u2|

+ Hlug)lus) CulCts| + uea)uz) (sl (] + ety )uag) (gl ]
+ {ug) lug) (sl Cuta] + g} uag) Cugl Cutgl + Juay)uag) Caagl Cuty]
+ Juadug) (g Cuy| + g} iy ) (ot Cusl]}.

From this there follows

eIDE (221115 [212]1) et
=+ 3‘8{'”1”“2)(“2'(“1] - '“2)]”1)(”2““1] - I“x)l”z)(ull(uzl

+ ) [ey) CunlCuta| + H(uis)ug) (uealCuts| — Juz)us) (gl (s
— |ug)luz) (us|Cuta| + [un) |tag) (uslCuts)) + (luy)uas) (us| (s
= luag) |oay) CaslCuan| = [uan) g} Qg Cutg] + |eag)|uay) (o] ()
+ (lua)uag) (gl Cual = Juag) |uaa) CaalCaag] — Jua) fuag) CatalCuto]
+ lug)ug) Cua (o)) + (un)|uag) CuralCtaa] = uaa) |1ay) Cual ety

- |“1)|“4><“1|<“4l + l“4>|“1)<“1|<u4l)]},
ie.,

2
Ugsers N Upayy # 04

4 This relation proves that the illustration of Theorem 1 of Klein and Kramling (1970),
via contraction of Ujy, . .., omits the term Ul .. Which can also be seen by correctly

applying the theorem.
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4.3. Let us consider the case [A] =[] and r = t. We define
the ‘‘completely averaged’ (in irr [\]) RDM (Poshusta and Matsen,
1966):

le

Diwl[AJs: [\w) = 75 2 2 Dyy([hrs: [\ ]rw).
Then (Kryachko, 1977)

DuADs; Wy = B ) S [PLPLDAPPY

PES,

or (Poshusta and Matsen, 1966)
Diy([A]s; [N ]u)) = 2 2 Dﬁv[i(”)U(n)]suWun))<Uj(n)|,

#n) i
where each index of a summation iy, j, takes the values from 1 to N
and i # ik # 1),
f™Mm! iln)  i(m)

[A)
wlili ol =L S [ (S0 ) ] Coscmtam,

i(m)

and two indices from i(m) in the sum are not equal to each other and
are not equal to any index from i(n).

Now we assume |(U) = |V) = |uy)u,) . . . |uy) and the kets [u;)
are orthonormalized. Then it is easily seen that

£ N
Din((NIs: (NI)) =Ry 37 35 b
l

[A}
Dl N0 =55 =y 2 U)ol

i

" [(; Jt)] loag) loag) Caagf Caagf},
Dy, |

(Z [P] |“i(n)><upi(n)l

N, 4

Dyy([AF; M) =

The first formula shows that the ‘‘averaged’ 1-matrix for the function
e!N|u(N)) has the same (with an accuracy of a multiplier) form as for
the Slater determinant. Finally, it is obvious that

f[AI

Bul(AD = fm 2 (Dyul[A]s; [M]))
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is the nth-order immanent corresponding to the Young scheme [A] of
the first-order density matrix D}, ([A]), namely (in notations of Little-
wood, 1958):

bullA) = KD bl (ND Y™

i.e., gives the generalization of the formula for the nth-order density
matrix by the first-order density matrix for the Fock-Dirack density
matrix, providing the usual multiplication of the immanent elements
should be considered as a tensor product.

4.4. Let us consider again the structure on UY induced by the
expansion of U in irreducible tensor components, each of which is
transformed according to a certain irr of Sy.

We define the superoperation (Klein and Kramling, 1970) on U¥ for
each element a = Zres,ap, P € Ry

aoX=>Y a,PXP', XEUJ.
PESy
Then (Klein and Kramling, 1970) the set {TM; s =1, . . ., fP} s

an irreducible tensor set that is transformed on irr [A] of Sy if and
only if for any P € Sy

f[l)
PoTY = 3 [PRITH.
=1
The superoperation induces the expansion of U¥ in a direct sum
of irreducible tensor algebras:

Uy = 2 ® UM where U%\]; e™Mo UY,
7y]

Let X € UY. Then

el o e‘,’;I]Xe[';ﬂ
f[A“] fIAnI flkd
=N 2 2 AL Ddurldalowde B! Xey!,

where
Aol [AfJur, [Xo]ow) = XA P HPINPL

PES)
characterizes the multiplicity of irr [A,] entering the inner direct product
of irr’s [A;] and [\,]. Notice that so far there is no sufficiently simple
method to define the expansion on irreducible components of the inner
direct product of two Young schemes. Thus we have proved the fol-
lowing theorem.
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THEOREM I
e[}w] © Uﬁ 1A 2) g 6([Al] X [)\2]’ [)\0]) U[A}’\ 1iazls

where 8([A;] x [Az2], [Ao] is distinct from zero if [Ao] enters (with the
nonzeroth multiplicity) in the inner direct product [A;] X [A;]. In par-
ticular, for any X € U}
flkl
e™M 0 o) XN = b ]z e Xel,

S*
X = A
elMo ew XelMl = f[ ]2 e[:;] Xe[ 1’

where [A] is the Young scheme conjugated to [A].
THEOREM II. Forany U € Uy
D[N € Uty N URR) -

Proof. 1t is obvious that
1 FIAY g[A}
DR = (7)" 2 3 DulAFss [\r)
=1 r=1
g fIN) £IA)

= (f%) 2 z Tr‘""(e“‘]|U)(U|e[3W

8=1 r=1
Then for any P € §;
fFIA] fIN]
PeR|U) (UleWP~' = 3 3 [PIRIP1eRU) (Uleld.

=1 y=1

So we have

Dy )P = (

Fina
7i0) 3 (PP TEU) (Ve
8,t,u=1

1S
= () > TEmeRIU) (Ul = DEIND.
8,t=1
Q.E.D.

5. In this section we consider some necessary conditions of the
N, [\1], [Az]-derivability problem, which is a natural generalization of the
N-representability problem (Coleman, 1963) on more general Young
schemes.

1y G
f_) 2 [PIR[P T Te™(eM|U)Y (UlelN)
1
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Assume that X € U”* - X is said to be derivable if there is an ele-
ment Y € UY (n < N) such that

X = Tr""’(eﬁ’;‘]Yeﬁi‘“ )

It is obvious that X is N, [A)r, [A;]t-derivable if
X € Ulihnar

5.1. Considering the N, [A;], [A;]-derivability problem, we restrict
ourselves to the Young schemes of the form [27**2#], which corresponds
to the spin-free formulation of quantum mechanics of molecules and is
of special interest for finding the eigenvalues of spinless electronic
operators. The most convenient representation for considering the
N, [A4). [As]-derivability problem is the seminormal representation of
the symmetric group Sy (Rutherford, 1948). Let r be the standard Young
tableau, and P, and N, be the permutation sets in the rows and columns
of this Young tableau. Then E, = P.N, is the Young idempotent of the
tableau r. Now we define a set of seminormal idempotents. Let E{® be
the Young idempotent that corresponds to the standard Young tableau of
n squares obtained by separating the squares with the symbols n + 1,
n+ 2, ..., N from the tableau. Then the seminormal idempotents
e\ are defined recurrently:

e, = eW-VE, WD

n
6,

elll = g,

where ¢ is the unit of the algebra Ry. We have found the necessary con-
ditions for the N, [A,], [A;)-derivability problem in the work of Kryachko
(1976). They have been proved on the basis of the properties of the semi-
normal idempotents of algebra Ry (Young, 1900, 1902, 1927; Yamanouchi,
1937; Thrall, 1941; Rutherford, 1948). There follows

THEOREM II1
Tr(m)(eg_)\lluxe[s)\z]f) C e(rN-m)[)\|]U}‘V1e(sN—m)[)\z]*'

6. Now we turn to the consideration of sufficient conditions of the
N, [A). [A:]-derivability problem using primitive orthogonal minimal
idempotents:

EWM = PMNLAL
We are interested in the Young schemes of the form [27"2*] as in

the previous section and divide, as before, our proof into four points
depending on the place of symbol N in the Young tableau |[A,]r) and

[[A2]S).
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6.1. Assume that
Eg‘AI] _ P(TN—I)(M]N(’N—I)[M][I — (Nal) . (Nak)].

E&)\zl = P(’N—I)(M]N;N—I)()\z)[l —_ (NCI) e e e — (NCm)]
Then

P(rN—l)[M]N(rN—l)[Allli(N — l)) (j(N - l)lN(sN—l)[MngN—l)[Az]
TrO{ERIN) ) GINEPY

iTril){P(rN—l )[M] N(,‘N_])D‘l](Nau)li(N) ) (j(N)'N(sN—l)Ua]P(sN—I )[)\21}

u=1

+ i Tr(l){P(rN—l)[M]N(rN—l)[/\llll'(N)) <j(M|(Ncr)MN—1)[Az]P(sN—l)[Azl}

v=1
m k
_ Tr(l){P(rN—l)[M]N('_N—l)Mll(Nau)|,‘(N))
r=1 u=1
% <j(N)|(NCr)N§N—1)[Az]P:}N—I)[)\2]}. (1
The ket [i(N)) contains one-particle kets |iy), |iz), . . . , |ir) each
ki, . . . , ki time. Then it indicates (Poshusta and Matsen, 1966) that the
ket [i(N)) has the invariant {k}; = {k{, ks, . . . ., kx} (numbers k; are

situated in nonincreasing order). Then EM|i(N)) # 0 if [A] = [k}, in the
sense of usual ordering of the Young schemes (Rutherford, 1948). ‘

Let us consider the ket [i(N — 1)) and |i(N)) = |i(N — 1)) |h). Then
{k}; and {k}, are invariants of |i(N — 1)), i(N), respectively. In this case®
(A1) = {K}y-1. For [Ay], = {k}y (similarly to [A;], = {k};») we can choose
an & that is not equal to any one-particle ket from [i(N — 1)) and
|/(N = 1)). Then in (11) the second and the third right-hand terms vanish.
Further expanding (Na,) in the Young idempotents and taking into
account the left EW¥V-V* = EM| expanding only in the Young idem-
potents E* where [A\¢] € {{A.]}. we obtain the sum only on those Young
schemes [A] for which [A\,] € {[A,]}—the corrollary of Theorem 10b
(Rutherford, 1948); similarly to [A;].

Using the same considerations for all the possible positions of the
symbol N in the Young schemes [A;] and [A;], and Theorem 10b (Ruther-
ford, 1948), we have finally:

THEOREM IV
N—1 & N—N—1
Ubiha © O 27 Uit
[nt] [Ast]

3 [A_], denotes the Young tableau obtained by separation of symbol N from the Young
tableau |(A],). Similarly, [A,] denotes all the standard Young schemes obtained by an
addition in any way of one square to the standard scheme [A_].



Reduced Density Matrices 41

Consequently, by induction it is easy to derive a general statement.
Thus, we have found the sufficient condition for the N, [A;], [Az)-
derivability problem for any Pauli-allowed Young schemes [A;] and [A;].

7. In this section we shall, in principle, follow the paper by
Poshusta and Matsen (1966). This section deals with the correlation.
However, we will not dwell upon this matter in detail, moreover, we
will try to give a strong mathematical definition (and it obviously exists)
of the correlation notation. It is clear intuitively what this term means.
It roughly means the consideration of corrections, the introduction of
some specifications arising when comparing the results of the model
under study and the properties that the system should possess but are
not taken into account by the present model, with the experimental data.

We discuss the permutation correlation, i.e., we restrict ourselves
to the consideration of the probability of coinciding pairs of particles.
Further, we find that the coincidence probability of two particles depends
on the permutation symmetry, namely: when [A] changes from [1"] to
[N]¢ the coincidence probability increases from zero to the maximal
value. Just this effect is called the permutation correlation.

Let us consider the two-particle operator

p =2 py
i<j

where py is the operator of the coincidence of the ith and jth particles
[in the Schrodinger representation py = 8(ry)]. Now we calculate the
average value of this operator in the averaged state |[A]s)

(Yo = =L Ten oy (DR(INIs; )

(a1
2N! 2 { Paltas)|uag) sl (e

i#j

(4 )] i}

<“t|<“JIP12|”t>|”J> = <“J|<U1|P12|”4>l“1> = Ry.

o =173 (1[G 1)) o
I (I

N!
5 The possible Young schemes have no more than two columns.

Tr(2)

Assume that

Then
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Now we calculate
1@ 1 -
(P)n Ef[_ng—l (Pos = N1 (1 + xR,

where

R = Ry, Y = m((’: J))
zu us X5 EH X joi .
So we have (Klein, 1974a) in the case [A] = [271¥-27]

X = f (1;/)—1 [p2 —p(N+ 1)+ N(N—z_l—)]

In particular, for [A] = [1¥}{(p)um = 0 and [A] = [27]

1 —
(p>[2P] = [V_! (] + meR.

Thus, for the antisymmetric state the coincidence probability of
pairs of particles is equal to zero and for the Young scheme [27] it takes
the largest (with a given N = 2p) value.

V. G-Symmetry

1. In this section we consider the G-symmetry of RDM. Under G
we mean any discrete group, in particular, a point one. A point sym-
metry appears in the problems in which a given effective Hamiltonian
suggesting a rigid nuclear frame commutes with a point group.

Let U} be the space of tensors of the type (N, N). Assume that
[G]" is the N-multiple inner direct product (Klein, 1974b):

[G]NEGIZJG[ZJ"'[Z] G=K"G,

i.e., the set of elements of the form (g, g, . . . , g) with the product rule
of corresponding components (g € G). As a basis of the group algebra
R([G]") we may take a set of primitive orthogonal idempotents

fee™:a;r,s=1,...,f%,

where
oN) — —_fa -1 .
€rs [Gl l] ;G [g ]ar(gs 8« - -, g),

f® is the dimension of the ath irr of G, [G:1] is the order of G. The
action of G is given a priori on the space U of one-particle kets. Hence
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we know how [G]¥ and also by a linearity R((G]Y) act on UY. Then
U¥ is expanded into a direct sum of subspaces

i

UL =3° 37 S° evuie.

off r=1 t=1
Now we introduce the following notation

UNan = Tr(m)(ea(N)UNeB(N)f)

where {¢*V'} are the principal idempotents of the group algebra R([G]")

oM = [G 3 2 x*(gVg.

2€G
2.1. Let us consider the kets |U) = |u;)|us) . . . |uy) and
V) = |vy)|ve) . . . lvn). Then by definition

Diylars; Bru) = Tr™(e @MUY V]es™)

[Gt:tflli]2 E [g~l]ar 2 [n g X e X g)n|U(N))

REG neG
X (V(N)I(h X e h)n X <vn+1|hg|un+l> e <UN|thuN>
X (n + m = N).

We assume now that in U there is a one-particle basis {{x{):a;
=1,...,f° that is adapted on G. It is clear that this assumption
is not essential when the RDM-symmetry is discussed but the calcula-
tions are simplified. Next we consider in more detail the concept of
adaptation on symmetry (Klein and Cantu, 1974; Klein, 1974a). Then

|uk> — 2 E U(a) |x(a)\

o =1

Ivk) = 2 2 V(a)lx(a) :

a =t
where |x§®) is transformed under the action of G as follows

[100
gl@y = > [ehinlx®), g E€G.
m=1
Introducing the idempotent basis for the group algebra R([(G]")
according to the formula
fo

X " X@h=2 > [glhwes”

a vw=l
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we finally obtain
N fom
> X X vimhooouw

m=n+) ap Inkpng=1

I

X 2 g1 E Z [elbwilelgnss- - - [glaty

blars; Btu) = [{;f: T

9€G y VW=t
f‘l
X D h D > [ am Pttt - - - (Alkny
heG 8 VaWa=1
X YW, |U(n)) (V(n)|e%i, - 6}
Thus the following theorem is proved:
THEOREM 1
U¥yr = 263[ E My Ru M- K pm; @)
Y8 Hyseeosthm

B8y B B o )] Ut @
Introducing the notation
p R X N = M, 3)

we have in a briefer form
Ut e 2° [2’ Sy M i @)8(8 ® p; B) ] Ut
bz I

where the prime in the sum over u denotes the summation only over u
from (3). Hence by analogy with the previous part the selection rules
follow. However they cannot be formulated in a general form for an
arbitrary group G since up to now the problem of the decomposition of
the inner group products has not been solved. By analogy with the
N, [A1), [Az]-derivability we may introduce the N, a, 8-derivability for G.
Then Theorem I represents the necessary condition of the N, «, 8-
derivability.

2.2, Equation (1) represents the nth matrix of the transition density
for arbitrary kets |U) and |V). Since the kets adapted on symmetry
play an essential role in the solution of the Schrodinger equation with
the Hamiltonian that commutes with G, it is interesting to consider
special cases of G-adaptation of the kets |U) and |V'). And now we intro-
duce the following definitions (Klein and Cantu, 1974; Klein, 1974a):

Definition I. The ket |U) is called strongly adapted on symmetry if
it is transformed over the rth line of the ath irr of the group G.
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Definition II.  The ket |U ) is called a weakly adapted on G-symmetry
if it is not strongly adapted but is transformed only over the ath irr of G.

In a general case we may introduce either the notation of the degree of
the G-adaptation or consider a maximal Abelian subgroup such that the
given representation «, in general reducible, is induced by a one-dimen-
sional representation of the group G,.

Let
|X) = 'x(al . |x§&v)>,
V) = g - ).
Then
Diylars; Btu) = (G: ]]22 [g_l]:r S [g]g‘l"l

r=1 ny=1

X [g)n -+ [&1%ama D, [7'14 i E (Al - LAl

heeG =1 mg=1
fan+1 foN

X X > [nkalg)im, -
m=1

Pm=1

X (1%, X (gl

% 80n+1'3n-1 RN Sun.Ble}canl» . | )(x“’n’l x}f"].

3. As in the previous part we may introduce a superoperation
(Klein and Kramling, 1970; Klein, 1970). Namely,

g X = gXg™', g€G, XE€EUj.

Then a notion of an irreducible tensor operator with respect to G

is introduced analogously to the superoperation for Sy and the following
expansion takes place:

EE Zee%OUﬁ= zr Uien-
o

a r=1
Since
eZwoe‘r"lUMVle“
fo o
ZM]ZE@M%MWM,
[G 1] e
THEOREM II

U C 3% 8(a BB; y)UY.
¥
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Using successively Theorems I and II we have
v € 3° 3 sy B w186 B 9]
8 "
C> Y'Y sy Bu; )86 Bu; ps(y ®3; 2)Us.

Y8 M E3

So the following statement is valid:

THEOREM III

U €3 [S S by Bas 0156 8 u; Bty BB w) | UL,
z Y8 M
4. Let X be the operator that commutes with the group G, and D
be the density matrix. Then

(X)p = Sp(XD) = [G‘—l] 2, SpleXs D)
- 60 E Sp(Xg™'Dg) = Sp(XDy).

where
1
Dy = 5= gDg™' =e"0 D,
oS

7 is a single representation of the group G.

Thus the calculation of averages of operators commuting with the
group G is reduced to taking the trace of not all of the density matrix D
but only its symmetric components D,. Hence only the last component
in similar calculations is physically meaningful. Following the articles
by Klein and Cantu (1974), we may introduce the equivalence equation
on a set of density matrices:

Dl ""’Dz @eTODl =€TOD2.
Then all the set of density matrices is partitioned into the equivalence
classes. The density matrix is not likely to be reduced uniquely in its

symmetric component. This follows from the fact that 8(a K 8;7) # 0
only at 8 = a, i.e.,

> usncur

Finally, one may see the behavior of the equivalence classes in
reduction from the following formulas:

(@) 22 U‘/.ualvuﬂ Cc Uy
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i)y uwcy [2 S8y Bu; a)d(d Mu; a)dly X3; ae)] Us.

Ed Y8

V1. Symmetry Properties of Natural Orbitals and Geminals

Up to now we have considered the RDM symmetry. In this part we
investigate the symmetry of eigenfunctions of 1- and 2-matrices. This
problem is far from being solved completely.

1. First, we consider the spin symmetry of natural orbital (norbs)
and geminals (nags). From Section II it follows that the 1-matrix for
the wave function ¥ = |SM) has the following form:

1
225 + )"

Dunnmm&ﬁwn—mxﬁmm}

DM&XW=PM”M{ PL(ry; E)[a(S)a(S) + BSYBS)]

M
"5+ D"

“Free’’ spin functions of the form seem to be eigenfunctions of the
1-matrix DY, . However this set of natural spin orbitals is not the com-
plete set adapted with respect to the group of spin rotations since with
the reflection « = 8 ¢, — ¢;8, which in a general case is not a
natural spin orbital of D}, (Kutzelnigg and Smith, 1964a,b, 1968; Bingel
and Kutzelnigg, 1968, 1970). This is due to the fact that ¢, are the
eigenfunctions of ; P} and ¢; are the eigenfunctions of 4P} . For the
natural spin orbitals to be symmetrically adapted to rotations in the
spin space we introduce a 1-matrix D), that is invariant with respect to
spin rotations and is the ‘‘best’’ in the trace or Frobenius metric:

Tr(Dy DY) = max.
Then

Di(x; x') = (=1)5¥ mﬂﬂ,(r,; r)]a(Spal(S) + BSVBES VI
i.e., DL is simply an invariant part of the matrix D} relative to rota-
tions in the spin space. We shall call the eigenfunctions of D) spin-
adapted natural spin orbitals that are norbs of the spinless operator
P!, with a- or B-factors. In the case of the degeneracy (M # 0) the
usual natural spin orbitals have different orbital factors for the states
with different M. The last remark is not physically satisfied due to the
arbitrariness of the quantization direction and therefore is not a de-
pendence of the space component on the choice of the quantization axis.
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2. Now we turn to the consideration of the spin symmetry of
natural spin geminals. If ¥ = |[SM), then D% has the following form
[Section II, Eq. (19)):

D% = Pgaa + PPbb + P§S,.cc + Pdldd + P§ed + PEdc.

So the natural spin geminals are not necessarily eigenfunctions of
S? since spin functions ¢ and d in D% are mixed. However, a has
M,=+1, b—M,= -1, and ¢, d—M, = 0. Therefore natural spin
geminals are eigenfunctions of S,. Moreover, the last statement proves
to be valid even if ¥ is only the eigenfunction of S,. If M = 0 then
Pt = Pg = 0 and natural spin geminals are ‘‘free’’ spin functions,
i.e., they are equal to the space component by any spin functions a,
b, c, and d. Moreover, in this case (due to P§? = P§) the spin functions
a and b have the same space multiplier and, hence, the corresponding
natural spin geminals have the same eigenvalue. However, the space
components of natural spin geminals do not coincide in a general case
with nags. In the case S = M = 0 the natural spin geminals equal the
nags multiplied by the spin functions a, b, ¢, and d. Three triplet
functions a, b, ¢, and d have the same space multiplier [Section II,
Eq. (21)] and, hence, the corresponding eigenvalue is three times
degenerated. Besides, the nags should be symmetric or antisymmetric
depending upon whether they are triplet or singlet spin functions.
Namely, since

& = S(S + DV,
then
S(S + 1) = TrSDY,
where
s = 218t + 8§+ 2V - DS,SA)
or
s =S 1N - Dot - (N - 2088 + 53]

(0> =85 + 83 +28,°S, is the operator of the spin square of two
particles). Then eigenvalues of 8% are 4N either 4N(—4N + 3) for singlets
or $N@N + 1) for triplets. If we denote the eigenvalues for the singlet
spin geminals by A{" and for triplet ones, A{”, respectively, from the
set of equations
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S(S+1) = i{N(N +2) 3 M +3NQ2 - N) Z, )\,‘“’}
i

1 = 2 Mt) + 2 )\j(S)
[] 3

we have T = NN+ 2 —a8(S + 1)
- 4N(N - 1) ’
T oap = NN +2) 4 4SS+ 1),
, 4NN =D

In order to find a spin-adapted basis of natural spin geminals we
should, as before, find D%, which is the ‘‘best’’ in the Frobenius metric
and is invariant relative to spin rotations. It is not difficult to show
that for an arbitrary ¥, D has the following form (Kutzelnigg, 1963):

D% = P(aa + bb + ¢¢) + Pydd.

3. In the case of the orbital symmetry of norbs and nags we may
say the following. From Section III [Eq. (16)] it follows that natural
spin orbitals when ¥ is the eigenfunction of L? and L,, are also the
eigenfunctions of I* and /,. It is true also for the natural spin geminals
atL=M=0.

4. Now we consider the symmetry properties of the RDM-eigen-
functions in the general case corresponding to the wave functions that
are the eigenfunctions of the so-called multiplicative operators of the form

AN = AjAg - - Ay, 1

where A; acts only on the coordinates of the ith particle, {A;} being
unitary operators. Then

D}y = Trov-p([¥) (¥]) = Tra-n(AV[¥) (W]AN)
= Trov-n(ArAg - - - ANWY(WIARAR- - - - AD)
= A Try-n(Ag - - - AN (WIAY - - - ADA]
= AlTr(N—l)(l‘p><‘P|)A; = AiD§ AL,

i.e., we have proved the following theorem.

THEOREM I (Micha, 1963, 1964). If ¥ is the eigenfunction of the
multiplicative operator A"’ of the form (1), then

[Dy, Al = 0.

Then, naturally, D}, D%, . . . have the quasidiagonal form and their
eigenfunctions are symmetry A adapted. In the general case, i.e., in
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the case of an arbitrary integral of motion for ¥, we cannot say if its
one-particle analog is the motion integral for DY . In particular, for

atom systems when ¥ is the eigenfunction of the rotation operator
around the z axis (Smith, 1964)

N
R{(8¢) = e~1041: = ¢~15 3 j¥ = Ri8p) - - - R(Bp)
k=1

of the inversion operator of the spatial coordinates

I™M=1p- I
and the time reversal operator
KN = k- ky
(ky = —ioykes, kos is the operator of complex conjugation, o, is the
Pauli matrix), then
[Dy.J.] = [Dy, I] = [DYy, k] = 0. 2

In (Smith, 1964) the configuration p? is considered to illustrate the
formula (2).

5. In the case of G-symmetry of the wave functions ¥ the natural
spin orbitals and spin geminals are transformed, in general, over the irr
of this group G. There holds the following:

THEOREM II (Kutzelnigg and Smith, 1964, 1968; Bingel and
Kutzelnigg, 1968, 1970). If ¥ belongs completely to a symmetric,
one-dimensional irr of G then the natural spin orbitals of ¥ are adapted
onG.

Proof. We assume that

V(xy, . .., xn) =2 el V(xg, . .., xy)
i

and

s
o= Y Tk,

a k=1
fﬂ
A =T S St
A m=1
where {¢f} and {¢%"-V} are transformed over irr « and 8 of G, re-
spectively. Then



Reduced Density Matrices 51

1
\Pz[G:l]zgq’

LEG

=3 Y aT8SEh D, exr) et V(xy, . . ., xp)

iak Bm rs
1
= 2, [elkleln
Gl & :

1
= 2 Iz T%S & E eHx) @I Vxg, . . ., Xyoy)
r

iak
fa

1
= 2 f—az (2 CiTé’kS?k) XD PF¥ N xay L, XNoy)
o ik

r=1

Corollary. The multiplicity of eigenfunctions of D, isf * for all the irT «
entering in Eq. (3).

In the general case if V¥ is transformed over the kth line of the irr a of G
there are two solutions of the dilemma of the construction of the
G-adapted one-particle basis. The first way is connected with the notion of
the ‘‘effective symmetry group” (Kutzelnigg and Smith, 1964, 1968;
Smith and Kutzelnigg, 1968; Bingel and Kutzelnigg, 1968, 1970; Kryachko
and Kruglyak, 1975).7 The effective symmetry group relative to the irr «
of the group G is called the maximal subgroup H, of the group G such that
« is induced by the one-dimensional representation of the group H,,. It is
clear that the group H, is not determined unambiguously. We find effec-
tive groups of the point symmetry group. It is sufficient to consider non-
Abelian point groups (Kryachko and Kruglyak, 1975):

(/) The dihedral group D,, (m=1,2, .. ):a™ =1, b7'ab = a™,
b%* = 1. As is known (Curtis and Reiner, 1962) all non-one-dimensional
irr’s of D,, are monomial and generated by a cyclic group {a} of the order
m, which in this case is an effective symmetry group of D,,.

(i)) T is the tetrahedral group. It is isomorphic to the alternation
group A, of the permutational group S,, which has only one degenerate irr
that is the monomial representation induced by the maximal subgroup

H = {(1), (12)(34), (13)(24), (14)(23)}.

(iii) O is the octahedral group. It is isomorphic to the symmetric
group S4, which has one two-dimensional and two three-dimensional irr’s.
The two-dimensional irr, as in the case (ii), is induced by the one-
dimensional representation of the subgroup H of the index 6. It is easy to

" See also McWeeny and Kutzelnigg (1968) and Morrison et al. (1973).
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show that S, does not contain subgroups of the index 3. There are the
following classes of conjugate elements of this group:

% = {(1)}, % = {2-cycles}, % = {3-cycles},
%, = {4-cycles}, % = {(12)(34), (13)(24), (14)(23)}.
It is evident that
6, % N 6 # 0, b6 N6 + 9.

This would lead to the existence of elements of the third order in the
group of the order 8 and would contradict the Lagrange theorem (Curtis
and Reiner, 1962). So the effective symmetry groups with respect to
three-dimensional irr’s of S, are the subgroups isomorphic to A,.

Another way of solving this dilemma is to construct a totally symmet-
ric component of D}, and to find its eigenfunctions, so-called symmetry-
adapted norbs (SANO). In the general case the relation between nobs and
SANO has not been studied (Kutzelnigg and Smith, 1964, 1968; Smith
and Kutzelnigg, 1968; Bingel, 1970; Bingel and Kutzelnigg, 1968, 1970;
McWeeny and Kutzelnigg, 1968).

6. Thus in this section we have considered the problems concerning
the symmetry of 1- and 2-matrix eigenfunctions. The symmetry properties
of norbs in the general case were studied by Kutzelnigg (1963) and Low-
din (1963) independently in the case of systems with the Abelian sym-
metry groups.

Norbs and nags, in general, possess a sufficiently complex symmetry
and are not symmetry-adapted if even the corresponding wave functions
have a high symmetry.® Therefore norbs and nags are a very nonconve-
nient basis for quantum chemical calculations. Hence it is desirable to fine
somewhat modified orbitals and geminals that should be symmetry-
adapted (SANO and SANG). Consequently SANO is used for the model
description of systems with open and closed shells. Unfortunately, in the
general case SANG are delocalized, which complicates the description of
electron pairs in the theory of chemical valency in terms of SANG.

VII. Calculations of 1- and 2-Matrices of
Projected Wave Functions

1.1. One of the possibilities of including correlation in the frame of
the so-called ‘‘independent particle model’’ is realized in the ‘‘different

¥ See also Davidson (1972, 1976) and Kutzelnigg (1964, 1969).
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orbitals for different spins’’ (DODS) method. The inner pair correlation of
particles with opposite spins is taken into account just in this approxima-
tion since there they are allowed to be in different spatial regions. The
DODS method was firstly introduced by Lowdin (1957) and is based on
the approximated description of the system by the Slater-type deter-
minant

P = [pragea - - - oeayiBgB - - - Bl (k+ 1= N), )

where ¢;, @3, . . . , ¢, are the orbitals with the « spin and ¢, . . . , {
are the orbitals with 8 spin.

In general, the determinant ® does not satisfy the symmetry conditions
of the system considered, and, first of all, is not the eigenfunction of S2.
The latter may be considered to be a lack of the DODS method since this
method is usually used to describe different spin effects. One of the ways
to adequately describe the system is the spin projection of @, i.e., the
isolation of the component with an expectation symmetry.

It is necessary to notice that without the generalization boundedness,
{¢;} and {y;} may be considered to satisfy the following orthogonality
conditions (Amos and Hall, 1961):

(eiles) = 8y, (Yilgy) = By,

2
(o) = ady, 0=<|ay =<1

The matrix approach to the DODS method, in principle, consists in the
spin projection of ® and obtaining closed expressions for the spin-
projected functions of 1- and 2-matrices (Hardisson and Harriman, 1967;
Harriman, 1963, 1964, 1966, 1968, 1971, 1973; Mestechkin, 1966, 1967,
1968, 1973, 1975, 1977; Mestechkin and Whyman, 1974, 1975). In this case
one uses either the Sasaki-Ohno technique (Sasaki and Ohno, 1963) based
on the application of Sanibel coefficients (Smith and Harris, 1969) or the
Fock-Dirac formula for the operator 82 (Mestechkin, 1977). In this sec-
tion to find 1- and 2-matrices for the spin-projected determinant we use
the symmetric group technique, namely, the generalization of the Fock-
Dirac formula (Lowdin and Goscinski, 1969, 1970):

£ e S -+ _
NTPEESN x PP =1l vty —+ = O 3

where

(Nl=[m. 8, w=N/2+k v=N/2—k
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1.2. We define, as previously, the 1-matrix in a form slightly different
from the traditional one:

D}, (x;x') = aj! j‘l-'k(xl,. e Xyos X'
X Welxy, o o . Xyop, X) dXy . . . dXy_y, 4)
where
‘I’k(xl, [ XN) = qu), ag = <‘Pk"l,k>

It is known (Lowdin and Goscinski, 1969, 1970) that the antisym-
metrizator Ay(=e"")) is the sum of products of the conjugate primitive
orthogonal idempotents for r- and S-spaces, respectively:

(A
2 N S ekl(r)eii(s).
f
7y Ki=1
Then
0
: [ [\
OrAy = eMe!™ = - el (r)e(s).
Kil=1

Thus D}, can be rewritten in the following form:

I 2 [a}
DY xix) = ai' (74g) p)

f ei(ry) - d’N(l'N)ekl(l‘ )

ki.mn=1 r=r'
X efa(r)ery) -+ Yylry) dry - dry, 4)
x f oS} - B(smeﬁs’(s')em(S)a(sl)
5i=S, <o B(SH) dS, - dSy-y,
1= Syar
Sy=
Sy=S’

and the problem is reduced to the calculation of space and spin integrals.
It is obvious that to simplify the calculations, it is necessary to consider
the following reduction of the symmetric group:

Sy D Syt X 8y DSk X 8-y X 8y &)
and the expansion (see, e.g., Kruglyak and Kryachko, 1974)
= U P, U Pe(Si X Si-1),
¢ f
= (¢N), c=1,2,...,N;

Pr = (uy, 0;:)(Ug, v3) -+ (g, vy

takes place.
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So, the finding of D), by the formula (4) is reduced to the calculation
of matrix elements of the elements of the symmetric group of the form
P.P;PTP;P, (P € S, T € S;_,) in r- and S-spaces, taking into account
the orthogonality relations (2). There are the following:

k;

(i) spin part:
® (Sy)a(Sy) | = =k
a a . =r ==K,
(SN RNIS) = {50 LT
BSNyBSA), k+1=<r, re < N;
(b)
Sy a(Sy), | <r = Plr) <k
(SN PNILS ) = {a( Wasy non .
BSYB(SH), k+1=r. re =< N;
(© )
(S|P Pr|S) = B(SWB(SH). Pp = (Pp)7t
(if) spatial part:
(a)
@rz(rllv)‘Pn(rN), l = rl =rg = k’
By O W —i(ty), A+ 1 =1 =r=N;
N’ =
(rl(ryN")rsN)|r) G (), I —
Jlr:—k(ril\’)‘prl—k(rN)a /‘ + I = r = N* rg = ry —
(b) ]
dJN(rI,V)‘bN(rN)aulauz s aun;
P, = (uy, . ol vy) F 1
(rlpjry = {7 7 i oot bl -
v; = wi{mod k), i=1,2.....n;
D ey )y (r), Pi=1;
(c)
((QyQyy « - Ayl Qry < Agp.
Py =] (uw vy, v; = u; (mod k),
i=1
Py = H {x1, vi, v; = x; (mod 4);
i=1
Py = (Pp)™";
(IPFPYIEY = Dy (ridy(ra) { us -+ Gunllay - A
Pi=Pi0.  P;=QP}
PiP} = P}Py,
Py =1] xi v vi = x; {mod k),
i=1
Py = H (4, vy, v; = u; (mod k).
L i=1
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(d)
8rlal¢lslrllv)d’l(rN)aulau2 Cee Gy,
(FlrNOPry = Pp=T] (wv),  wi= Vimod k),
r9’=u:,=lvi; i=1,2,....,n

Using the theory of nonstandard representations of the symmetric
groups we may represent the spin part of 1-matrix in the compact form:

(Slemelds) = N, 2SS (mimama)y (gl )

Y mymg kikg
mng ly,

X (Kl (W A S S S S (P,

ujuy Py PESETE S,

k
x [T-1]0el {a(sN)a(s;,) N (mama|(rw) Phksky )

=1

N N
X (ulrN)PPTI )N + BSYASY 2, X
r=k+1 t=k+1

X <m1m2|(rN)P/|klk2>[M <u1ugl(tN)PfPTllllz>[M} .

where (m|m,m, )™ are the transformation matrices of the reduction (5).

We shall not study in detail the 1-matrix—the calculation technique
is described at length in the articles of Harriman and Mestechkin. The
closed expressions for the 1-matrix and its spinless and spin parts are
given in the same works. It is worth noting that Harriman’s theorem
stating that norbs of a spinless matrix do not change under projection
(Bingel and Kutzelnigg, 1968, 1970) is the well-known result.

1.3. The 2-matrix of the determinant & projected on the spin
is considered analogously. It is necessary to consider the following
reduction:

Sy D (S X §15) X S,

and using the orthogonality conditions (2) to calculate the space and
spin parts separately.

2. In this subpart we consider the G-projection of the determinant ¥
of the form

Wixs. . oo oxw) = AMdn(x) - galay)] (6)

where ¢, . . . , Yy are arbitrary orthonormalized spin orbitals.
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Then the wave function W4 (k = 1, 2, . . . ,f% normalized to unit
transforming with respect to the kth line of the irr o of the group G is
isolated from ¥ by means of the projector eg, (Simons, 1970; Simons
and Harriman, 1969; Kruglyak and Kryachko, 1974).

Vi = agtrepV,

@)
a, = f (e,‘zk‘lf)(egk‘lf) dx, e dXN.
We assume the existence of M (M = N) spin orbitals ¢, . . . , Yy,
Wyt - - - - Uy, and the following relation takes place:
M
gl = 2, gt ®
i=k

Then the 1- and 2-matrices corresponding to the function ¥i® have
the following form:

M
Diy@(xy 5 xy) = Do) i(xy) n(x 1), )
n,l=1
Dlwly) =aiN™ (_ﬁ__)z z 2 [g~ el
N
M — -
X i hinst E ( 2 (-n* ﬁ mhp,,.k,,,)
g=1 kiooky_1=1  PESY, m—1
N=1
X ( 2 (_”Q U)gom'k”‘);
sy, m=1 (10)

M - -
Doy, xpixhx) = > Dae(pg. rs) b bl Dds(xd). (1)

p>q=1
r>g=1

D3(pg, rs) = a' ([_;/) B (r%‘])l 2 Z PR

9€G heG

N M
x z 8 ipg' Jah nrh is Z

inl=1 ks sky—2=1

N=2
(S o T e

res$?, m=1

N=2

X ( 2 (_l)(} H ("l)th.km) A(ZI.Z)A(ZI',2’)_

eesit, m=1 (12)
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The formulas (9)-(12) are the closed expressions for the 1- and
2-matrices. In particular, for calculations using these equations one should
know only the matrices ||g; for all the elements of the group G.

3. It is clear that in the two paragraphs above we touch upon the
projection on the spin and point symmetry.? The L- and j-projection also
would be considered (Hunter, 1971; Garrod, 1968). The essence of these
methods is the same. We first approximate the true wave function ¥ by
the determinant ® and next we isolate the component of the considered
symmetry from the solution of ® corresponding to the absolute minimum
using the projection operators. So the Hartree-Fock scheme has the
symmetry properties of the above system according to Lowdin (1963)
and the assumption concerning the symmetry adaptation of ® leads to the
energy that exceeds the absolute minimum. This is the so-called sym-
metry dilemma (Lowdin, 1963).

VIII. Discussion

We have thus considered all the usual types of RDM symmetry, namely,
spin, orbital, permutational, and point symmetries. Our point of view is
slightly different from an official one concerning the permutational sym-
metry problem. By the permutational symmetry is usually meant the
Bose- or Fermi-statistics, which, though being trivial, just involves the
essence of the N-representability problem. We have considered the per-
mutational symmetry of more general spin-free RDM. In the RDM ap-
proach to find averages it is necessary to vary an operator on the class of
N-representable RDM and besides to consider the symmetry properties of
the system considered, i.e., there appears the problem of the contraction
of the RDM to the class of symmetry-adapted N-representable RDM. It is
evident that this problem of symmetry-adapted N-representable RDM is
more complex than the N-representability problem. This problem is asso-
ciated with the problems concerning the influence of the system symmetry
on possible eigenvalues of RDM, the study of the symmetry properties of
RDM corresponding to special types of functions; first of all, it concerns
the so-called AGP-functions (Coleman, 1963; 1965, 1972; Peat, 1975).
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I. Introduction

A. The Atomic Hypothesis

Chemistry is the study of the properties of substances and their trans-
formation. Since substances are identified and distinguished one from
another by the elements they contain, and since the properties of each
element are determined by the atoms unique to that element, chemistry is
the study of matter at the atomic level. The realization of this fact by
Dalton in 1807 marked the birth of chemistry as a branch of science—as a
set of observations (the relative combining weights of the elements) to-
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gether with a theory that made these observations understandable and
that predicted new relationships among them (the law of multiple propor-
tions). Dalton was chemistry’s first theoretician and his contribution has
never been surpassed. Before the close of Dalton’s century, there had
evolved from his atomic hypothesis the concept of molecular structure —
the notion that a molecule consists of a collection of atoms linked by a
network of bonds, the bonds imparting the structure. This concept brings
us directly to what is a presently acceptable definition of chemistry: the
determination of molecular structure and the study of the change of one
structure into another. With the knowledge of the molecular structure of a
system, a chemist is able to bring to bear all the knowledge of modern
chemistry, for he understands the properties of a substance in terms of the
properties of its constituent atoms and of the bonds that link them, Dal-
ton’s theory has survived and has evolved into the conceptual basis of
modern chemistry.

One might imagine that with the advent of quantum mechanics and its
application to chemistry, Dalton’s atomic theory as applied to chemistry
would have been reinforced. This has not happened. Quantum mechanics
has been shown to account for the properties of isolated atoms and for the
total properties of a molecular system. The increased understanding that
would result from the discovery of a firm theoretical basis for Dalton’s
theory has not been obtained because of a lack of a quantum definition of
an atom in a molecule. This is not to say that the concepts of atoms and
bonds do not appear in the quantum mechanical treatments of chemical
systems. They do, but in the reverse manner to that described above.
Rather than finding its quantum basis, the atomic concept is built into an
approximate theory to model a real system. Thus in valence bond theory a
molecular wave function is approximated in terms of products of atomic
wave functions in appropriate valence states. Moffitt’s ‘‘atoms in mole-
cules approach’ to the calculation of molecular binding energies is a
further example (Moffitt, 1951; Moffitt and Scanlan, 1953a,b), as is the
success of using atomic functions as a basis for the expansion of molecular
orbitals. The properties of an ionic crystal strongly suggest that it is best
regarded as a collection of interacting ions. Hence, one may successfully
approximate the wave functions for such systems using free ion wave
functions with adjustments for the overlap of nonorthogonal functions.
This approach is elegantly illustrated by the work of Lowdin (1948, 1956)
in an early theoretical calculation of the properties of ionic crystals.

The success of these and other models serve to demonstrate the fun-
damental nature and physical soundness of the atomic concept, but by
building in the idea of atoms, they do not further the theory of atoms in
molecules. Indeed, the modern consensus is to regard atoms and bonds,
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and thus structure itself, as useful, but undefinable concepts. It is the
purpose of the present article to demonstrate the existence of a physical
basis for the definition of an atom in a molecule and for the development
of a complete theory of molecular structure.

B. Necessary Criteria for an Acceptable Theory of Molecular Structure

The concept of molecular structure as it has evolved from the applica-
tion of the atomic theory to the organization and understanding of the
observations of experimental chemistry embodies a number of essential
features that a proposed theory of molecular structure must both predict
and account for.

(1) The primary purpose in postulating the existence of atoms in
molecules is to assign characteristic sets of properties (static, reactive, or
spectroscopic) to a bound atom or to some functional grouping of atoms.
One then identifies the presence of a given atom or functional group by the
observation of these properties. Dalton defined the first of these atomic
properties by assigning to each elemental atom a relative combining
weight. As the body of descriptive chemistry grew, it was realized that the
chemistry of some total system could be rationalized by assigning sepa-
rate chemical properties to each type of atom or functional group in the
system. Therefore:

(a) The definition of a bound atom must be such that it enables one to
define all of its average properties. These definitions of atomic properties
must, for reasons of physical continuity, reduce to the quantum mechan-
ical definitions of the corresponding properties for an isolated atom.

(b) The atomic values for a given property should, when summed
over all the atoms in a molecule, yield the average value of that property
for the molecule.

(c) Atomic properties must be additive in the above sense to account
for the observation that in certain series of molecules the atoms and their
properties are transferable between molecules, leading to what are known
as additivity schemes. An additivity scheme requires both that the prop-
erty be additive over the atoms in a molecule and that the atoms be essen-
tially transferable between different molecules. The theory must predict
that atoms may in general exhibit characteristic properties that vary be-
tween relatively narrow limits and that may, in certain series of molecules,
approach the limit of perfect transferability between systems. The theory
should define the physical requirements for transferability of an atom and
its properties.

(2) Chemical observations are made on systems at finite tempera-
tures and in general, the times required for making the observations are
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such that one obtains values that are averages over the nuclear motions of
the system. Thus the definition of atomic properties must proceed from
the general formulation of time-dependent quantum mechanics. The same
considerations show that a definition of molecular structure must be inde-
pendent of and sharply distinguished from molecular geometry. A defini-
tion of structure must be such that in general (for stable structures) a given
structure is associated with an open neighborhood of the most probable
nuclear geometry; i.e., the network of chemical bonds is invariant to the
nuclear motions of a stable system. The theory of atoms and, in particu-
lar, structure must be independent of all models, including, for example,
the Born—-Oppenheimer approximation. Thus the theory should be formu-
lated in terms of observable physical properties of the system.

(3) Matter occupies space and is made up of atoms. Hence atoms
occupy real space and should be defined in real space. If an atom is
identical in two different systems or at different sites within a given system
(e.g., a solid), then it must contribute identical amounts to the total prop-
erties, including the energy, of the systems in which it occurs. The justifi-
cation of this apparently elementary supposition of atomic theory requires
a definition of an atom and its properties.

C. Quantum Topology—A Theory of Molecular Structure

We have developed a theory of molecular structure based on the prop-
erties of the observable distribution of charge of a molecular system in
real space (Bader and Beddall, 1972; Bader et al., 1979a,b). This theory
results from the unfolding of a single assumption: that of identifying an
atom with a particular region of real space as determined by the topologi-
cal properties of a molecular charge distribution. By appealing to quantum
mechanics, one finds that the atom so defined possesses a unique set of
mechanical properties as determined by the variational principle. The
above topological properties of the charge density also yield a definition of
a chemical bond. The network of such bonds defines a molecular graph of
a chemical system, which leads one to the definition of molecular structure
as an equivalence class of molecular graphs. This definition of molecular
structure leads in turn to a partitioning of the total nuclear configuration
space of a chemical system into a finite number of structural regions, each
region denoting a possible stable structure of the system. The boundary of
a structural region denotes the configurations of the transitional or unsta-
ble structures that separate the associated stable structure from neighbor-
ing ones. This structural information constitutes a system’s structure dia-
gram, which, determining as it does all possible structures and all mecha-
nisms of change of any one structure into another, is the culmination of
this theory of atoms in molecules. Thus quantum topology is but an exten-
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sion of Dalton’s atomic theory, derived as it is from a single definition—
that of an atom in a molecule.

This article is primarily concerned with the quantum mechanical defi-
nition of the average properties of an atom. It is demonstrated that the
topological property that defines the atom determines the definition of its
average properties. We will briefly review only the basic topological prop-
erties of a charge distribution in this article. Their role in the definition of
molecular structure and its change has been recently reviewed in detail
(Bader et al., 1980).

A bound atom is an example of an open quantum system. Thus one
must develop a quantum description of subsystems, free to exchange
charge and momentum with their environment across boundaries that are
defined in real space and that in general change with time. Inasmuch as its
boundary is determined by a physical property, the atom defined here
belongs to a class of open systems with particular variational properties.
The development applies equally to a collection of atoms within some
total system, e.g., to a molecule in a molecular crystal or to a substrate
molecule adsorbed on an active site.

II. The Topological Atom

A. Definition

The definition of an atom given here is based on a partitioning of real
space, whereby one assigns an open region of R3 to a subsystem. A sub-
system is thus not defined by an a priori partitioning of the Hamiltonian in
the vector space of linear Hermitian operators acting on the abstract
Hilbert space of the total system. Such a partitioning of the Hamiltonian
would violate the indistinguishability of the electrons at the outset, and
moreover, is arbitrary. Any attempt to overcome this arbitrariness would
amount to building in the physics that is to be discovered. Instead, a
subsystem is defined in terms of a property of the charge distribution p,
which represents the distribution of any one of the electrons as determined
by an average over the motions of the remaining electrons.

The charge distribution for a system containing N electrons and for a
fixed configuration of the nuclei is defined by

p(r,X,t) =N z f {H dr,} V#(x, X, H)¥(x, X, 1), (1)
spins J*1

where ¥ is a properly antisymmetrized solution to the general time-
dependent Schrodinger equation, X denotes the collection of the nuclear
coordinates, x the collection of electronic space and spin coordinates, and
r the space coordinates of one electron. This form of integration will be
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employed throughout this article and will be designated in an abbreviated
manner as

p(e, X, 1) = N [ dowx, X, D¥(x, X, 1), @)

where 7 denotes the spin coordinates of all the electrons and the Carte-
sian coordinates of all the electrons but one. The topological analysis
leading to the definition of atoms and structure can also be applied to the
distribution that results from averaging p over the nuclear motion,

pr, 1) = [ dX p(r, X, 1)

The central observation in the topological study of a molecular charge
distribution is that the only local maxima of the distribution occur at the
positions of the nuclei. Elsewhere (Bader et al., 1980) we have shown that
for a given nuclear configuration X the topological properties of p are
faithfully mapped out in the associated gradient vector field Vp, where
V = V.. This vector field is exhibited via its trajectories in real space,
which are called gradient paths. They are the parametrized integral curves
of the differential equation

dr(s)/ds = Vp(x(s), X, t) 3

for all possible initial conditions r(0) = r,, € R%. A gradient path g,
through a given point r, is thus defined by

gm = {r()|(dr(s)/ds) = Vp(r(s), X,t), sER, r(0) =ry} 4

and is orthogonal to a contour of p(r, X, ¢) at any of its points. The a-limit
set of g, is the origin of the path, mathematically defined as (Thom, 1975)

algn) = lim r(s), r(s) € gn, (5a)
§—>—
while the w-limit set of g, is its terminus, defined by
w(gy) = lim r(s), r(s) € gn. (5b)

8>+

The notions of a- and w-limit sets are introduced in the description of
general vector fields. In our application, where the vector field is the field
of Vp, these limit sets are generally found to be coincident with the single-
tons of the critical points in p, points in real space where Vp = 0. By
virtue of Eq. (3), no path of nonzero length can contain such a critical
point, r.. On the other hand, the points of a gradient path can come in-
finitesimally close to some critical point r., as s — —, in which case, r,
constitutes the a-limit set of the path. Likewise, as s — +%, the points of
the path approach another critical point r;, which is the w-limit set of the
path.

Of particular interest in the present approach are those critical points
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that are identified as attractors of the gradient vector field of the charge
distribution. An attractor of a vector field v over R3 is, by definition
(Thom, 1975), a closed subset (which can be a singleton) G C R3, which

(1) is invariant with respect to the flow of v; i.e., any trajectory of v
that contains a point of G is wholly contained in G;

(2) contains all trajectories originating (more precisely, having a-limit
set) in G,

(3) is contained in some open subset B C R®, such that any trajectory
originating in B has its terminus (w-limit set) in G. The maximal neigh-
borhood B . of G satisfying requirement (3) is called the basin of the
attractor.

(4) G is indecomposable, in the sense that any trajectory in G is dense
in G (i.e., the closure of the trajectory equals G itself).

The only closed subsets of R® exhibiting the properties (1)~(4) with
respect to Vp are the singletons determined by the local maxima in the
charge distribution. Thus the nuclei act as the attractors of the gradient
vector field derived from the charge distribution. The result of this iden-
tification is that the space of the molecular charge distribution, real space,
is partitioned into disjoint regions, the basins, each of which contains one
and only one point attractor or nucleus. This fundamental topological
property of a charge distribution is illustrated in Fig. 1a, which depicts
only those gradient paths of the charge density that terminate at each of
the nuclear attractors in the molecule. An atom, free or bound, is defined as
the union of an attractor and its associated basin. This definition results in a
partitioning of a molecular system into a collection of nonoverlapping
atomic regions.

Alternatively, the atom can be defined in terms of its boundary. Gen-
erally, this boundary comprises the union of a number of interatomic
surfaces, separating two neighboring basins, and some portions that may
be infinitely distant from the attractor. The interatomic surfaces as well as
the surfaces found at infinity are the only closed surfaces S of R® that
satisfy the equation

Vo(r)-n(r) = 0, YV res, 6)

where n is the unit vector normal to the surface at r.

A surface that satisfies Eq. (6) is called a zero-flux surface. Thus, an
atom is a region of real space that contains a single nuclear attractor and is
bounded by a zero-flux surface. Figure 1b illustrates the gradient paths for
the same molecule as shown in Fig. 1a but now including those paths that
terminate at the bond critical points (which are saddle points) and define
the atomic surfaces, and those that originate at such critical points and
define the bond paths. Clearly the space occupied by an atom is defined by
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Fig. 1. A representation of the gradient vector field Vo(r, X) in terms of its gradient paths
for the plane containing the nuclei of the molecule FHC=CH, . (a) This diagram shows only
those gradient paths that terminate at the various nuclei, thereby illustrating the definition of
an atom as the union of an attractor and its basin. (b) Same as a, but now including those
trajectories that both terminate and originate at the (3, — 1) or bond critical points (as denoted
by the solid circles) in the charge distribution. These trajectories define the interatomic
surfaces of zero flux in Vpo(r, X) and the bond paths. The union of the closure of the bond
paths defines the molecular graph. (c) Contour map of the molecular charge distribution
illustrating the partitioning (in this plane) of R® by the interatomic surfaces and the assign-
ment of a structure by the bond paths. The gradient paths in a and b have been arbitrarily
terminated at the surface of a small circle encompassing each nucleus whose position is
denoted by a cross. The values of the contours in this figure and in Figs. 2 and 4-6 increase
from the outermost contour inwards in steps of 2 x 10", 4 x 10", and 8 x 10" withn increas-
ing by unity and beginning with n = —3.
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the union of a given attractor and its associated basin (Fig. 1a) or by its
atomic surface (Fig. 1b).

The union of two or more adjacent atoms is again a connected region
bounded by a zero-flux surface. Such a union may represent a functional
group and therefore is also of interest to a chemist. We thus consider
generally a connected region 0 C R? that is bounded by a zero-flux surface
as representing a subsystem of the molecular system.

B. Observational Basis for the Definition of an Atom

It is the nuclear charge that determines an atom’s identity. The
nuclear-electron force is the dominant force in a molecular system. In-
deed, the nuclear potential field plays the dominant role in the determina-
tion of the topological properties of the charge density (Tal et al., 1980).
The definition of an atom as the union of an attractor and its basin is to be
understood as the topological expression of the idea that the atomic sur-
face should define a volume of space whose properties are determined
primarily by the force exerted by the contained nucleus, thereby impart-
ing to the atom a set of properties characteristic of a given element. The
observation of this behavior for the topologically defined atoms forms the
basis for their identification with the chemical atoms of a molecular sys-
tem (Bader and Beddall, 1972). Since we wish to stress the observational
basis of this theory, we briefly summarize this original set of observations.

Figure 2 shows contour plots of the ground-state charge distributions
of LiF, LiO, and LiH, each at its equilibrium nuclear separation in a plane
containing the nuclei. Superimposed on each of these plots is the intersec-
tion of the zero-flux interatomic surface with this plane. The distribution
of charge within the Li atom so defined is seen to be remarkably similar in
all three of these molecules in spite of the very different natures of the
neighboring atom to which it is bonded. The net charge of the Li atom (as
determined by an integration of p(r) over the atomic volume and the
subtraction of this number from the nuclear charge) is nearly identical in
all three molecules (see Table I), the observed variation following the
trend anticipated on the basis of a decreasing electronegativity
F > O > H. This near constancy in the charge distribution of the Li
correctly reflects the properties assigned to Li on the basis of the chemis-
try observed for compounds in which Li is bonded to a more electronega-
tive element—those corresponding to a relatively small, tightly bound,
singly charged positive ion. If anything, the properties of the Li atoms so
defined exhibit less variation than a chemist might have hoped for.

Figure 2 illustrates an elementary but important observation: the
choice of the zero-flux surface for defining an atom maximizes the possi-
bility of assigning an atomic identity to a given mononuclear region of a



LiO

LiH

Fig. 2. Contour plots of the ground-state molecular charge distributions of LiF, LiO, and
LiH. A dashed line indicates the intersection of the interatomic surface with the plane
shown in the diagram.
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TABLE 1

SOME PROPERTIES OF BOUND Li ATOMS*

Average kinetic

Net charge energy of Li

Molecule of Li atom atom in a.u.
LiF(X'Z*) +0.937 7.354
LiO(X2I1) +0.932 7.356
LiH(X'Z") +0.913 7.368

% From Bader and Beddall, 1972; calculated from
state functions close to the Hartree~Fock limit.

charge distribution. It is clear that any other choice of partitioning surface
would either include a portion of the neighboring atom that is very differ-
ent in all three cases, or omit a portion of the Li charge density that
changes by only small amounts through the series of molecules.

Coupled with the observation of near constancy in the charge distribu-
tions of the Li atoms in this series of molecules was the further observa-
tion that the kinetic energy density distributions exhibited a corresponding
degree of constancy. Thus it is an observation of this and, subsequently,
in other systems that a constancy in the distribution of charge for such a
topologically defined atom leads to a corresponding degree of constancy
in the average kinetic energy of the atom (see Table I). If one now postu-
lates the existence of an atomic virial theorem (Bader and Beddall, 1972)
that would equate minus the average kinetic energy to the total average
energy of the atom, then the above observation predicts that when the
charge distribution of an atom is identical in two different systems, the
atom will contribute identical amounts to the total energies of both sys-
tems. Equally important is the more general conclusion that the properties
of such a topologically defined atom are directly determined by its charge
distribution, the properties changing in direct response to changes in the
density. Further studies (Bader and Beddall, 1973; Bader ¢t al., 1973a;
Bader and Messer, 1974; Runtz and Bader, 1975; Bader and Runtz, 1975;
Bader, 1975a; Curtiss et al., 1975) have shown that the properties of such
atoms, particularly their populations and energies and the changes in
these properties, faithfully reflect those anticipated on chemical grounds.
Thus the concept of an atom with a characteristic set of properties ap-
pears to be a consequence of the manner in which the total charge of a
molecular system is distributed in real space.!

' By characteristic properties we do not mean to imply that each atom’s properties are
as constant as those found above for the Li atom. The lithium atom possesses a relatively
low ionization potential and hence much of its chemistry is understandable by assigning to it
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The postulation of an atomic virial theorem for the topologically de-
fined atoms leads to a number of important conclusions (Bader and Bed-
dall, 1972):

(1) The total energy of a molecule is expressible as a sum of atomic
energies.

(2) The average potential energy of an atom is defined as the average
of the virial of the forces exerted on it.

(3) A relationship must exist between the distribution of charge and
the virial of all the forces exerted on each element of the charge density,
the virial field.

(4) The virial field-charge density relationship is the basis of the
essential observation that if the distribution of charge for an atom is iden-
tical in two systems, then the atom will contribute identical amounts to the
total energy in both systems.

(5) It is found that the atomic energies defined by the atomic virial
theorem are physically meaningful. Thus, for example, the energies of the
Li atoms in the molecules reported in Table I are greater than those of a Li
atom because of the almost complete transfer of its valence charge density
to its bonded neighbor, but less than (more stable than) the energy of a
free Li* ion because the bound Li is in the presence of the stabilizing
negative field exerted by its bonded neighbor.

It is upon the strength of these observations that the theory of quantum
topology rests, for they form the basis for the identification of the topolog-
ical atom with the chemical atom of a molecular system. In this article we
show that these observations and the hypothesis of an atomic virial
theorem are confirmed by quantum mechanics.

III. Variational Properties of Open Systems

A. Quantum Open Systems

In general, an open system, i.e., some subsystem of a total system that
exchanges momentum and matter with the remainder of the system, can
be formally described only by a density matrix, and not by a state function

the properties of a ‘*hard’’ ionic distribution of charge. The chemistry of hydrogen, on the
other hand, depends very much on the immediate atomic environment. When bonded to a
lithium atom it is hydridic in its behavior, when bonded to a saturated carbon atom it is
assumed to be essentially electrically neutral, while when bonded to a fluorine atom it
appears to bear a substantial net positive charge. These are the properties exhibited by the
topologically defined hydrogen atom (Bader and Beddall, 1973; Bader and Messer, 1974).
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(Davies, 1976). The quantum theory of open systems is still in its early
stages of development. An alternative to this formal approach and the one
followed here is provided by the specification of the average values of the
subsystem properties.

The properties of an open system are derived from a single variational
principle—the principle of stationary action for an atom. In particular, this
principle yields an equation of motion, i.e., a force law, for an atom in a
molecule and an atomic virial theorem. The open nature of the atom is
reflected in the appearance, in each of the above relations, of the inte-
grated flux of a corresponding vector current density across the atomic
surface. A single stress tensor determines both the flux of the force per
unit area of the atomic surface and the virial of this force, which is the
surface energy of the atom (Bader, 1980). The atomic equation of motion
and its differential expression are identical in form and physical content
with the corresponding relationships of classical continuum mechanics
(Malvern, 1969; Landau and Lifshitz, 1959).

B. Some Mechanical Consequences of the Zero-Flux Surface Condition

The principle of stationary action upon which our development of the
quantum mechanics of open systems is based concerns the variation of the
action integral. The quantum action integral for a total system is defined as
follows (Srebrenik ez al., 1978; Srebrenik and Bader, 1975; Bader et al.,
1978):

W [¥] = f" drfL(w, v, ¥, 1) dr = f:dt AV, D), %)

where the Lagrangian integral £V, ¢) is defined in terms of the many-
particle Lagrangian density

LOv, W, ¥, 1) = 2 g — ey - "—22 V- V¥ — V¥ (8)
B 2 2m & ! !

and where V is the potential energy operator for the total system.

By requiring that W;,[\¥] be stationary with respect to variations in
V¥ and ¥* under the constraint that these variations vanish at the time
endpoints, one obtains the Euler equations

WV = %V  and  —ihW* = FY, 9)

which are Schrodinger’s equations for a time-dependent system. When
Eqgs. (9) are satisfied, the Lagrangian density reduces to
hz

L=- 4—,;2 VHI*D), (10)
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Equation (10) is a consequence of the identity

—}E (U* V3 + (V3U*)W) = & 2 V¥* e VU — }2 VHP*¥P). (11)
i i i

Because the many-particle Lagrangian density may be expressed in

terms of a sum of single-particle operators, one may define an effective

single-particle Lagrangian density #(r) [by the same mode of integration
as used to define p(r, 1), Eq. (2)],

L(r, 1) = 4mN f dr' L = (~h2/4mN) Vip(r, 1). (12)

Correspondingly the Lagrangian integral of a many-particle system is
given by

LY, 1) = 4mN [ dr 2(r, 1) = (-8/4mN) [ dr V%@ 0. (13)

Since
f dr V2p(r, 1) = § dS(r, t) Vp(r, 1) * n(r, 1) (14)

and since the flux in Vp vanishes at the boundary of a total system
(where p and Vp are zero), the Lagrangian integral is zero for a total
system. Thus, the Lagrangian integral #(V¥, ) for a closed quantum
mechanical system is zero at each time ¢ and correspondingly the action
integral vanishes for any time interval A¢.

The atomic Lagrangian integral is defined to be

AV, Q, 1] = fﬂ drf dr'L(¥, V¥, ¥, 1). (15)

where  denotes the atomic region. Correspondingly, the atomic action
integral is

WV, Q] = J':dt A, Q, 1]. (16)

When ¥ and ¥* satisfy Eqgs. (9), the atomic Lagrangian reduces to

Z[Y, Q, 1] = (-h*/4mN) o dr Vip(r, o)

= (—#2/4mN) § ds(r, 1) Vo(r, 1) + n(r, 1). a7

Because of the zero-flux surface condition [Eq. (6)], the atomic action
and Lagrangian integrals also vanish, and one may view the vanishing
of the action over some total system as being the result of the action
vanishing separately over the space of each atom in the system.
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As a system in a given quantum state changes and evolves with
time, the atomic surfaces evolve in a continuous manner and the
property of exhibiting a zero flux in Vp(r) is continuously maintained.
Thus the atomic action integral will always vanish,

Wl ¥, Q] = (—#2/4mN) [* dt [ arvip@. =0 (9

for any time interval, finite or infinitesimal. One may imagine an open
system with an arbitrarily defined surface whose Lagrangian integral
might vanish at some time 7z because of the vanishing in the ner flux of
Vp(r, t) across its surface in Eq. (17). However, in general, as the system
changes with time, a net flux in Vp(r, t) through the surface would arise
and the action integral for some time interval would not vanish. Thus the
satisfaction of Eq. (18) for all time intervals demands that the open system
be defined by a surface that itself evolves with time in a manner deter-
mined by a property of the open system, this property being one of a zero
flux in Vp at every point on its surface [Eq. (6)].

The condition stated in Eq. (18), that the atomic action integral vanish
for all time intervals, may be taken as the quantum definition of an atom.
It is a direct consequence of the topological definition of an atom as
the union of an attractor and its basin, and it is the basis for the par-
ticular variational properties possessed by an atom considered as an open
system.

The kinetic energy operator, as it appears in the Hamiltonian operator
or in the expression for the Lagrangian density, is a sum of single-particle
operators. Thus Eq. (11) may be partially integrated to yield the following
relationship between the single-particle kinetic energy densities:

(=h%/4m){V? + V'HTY(r, r')}, -,
= (A*/2m){V- V' T(r, r')},_ — (h%/4m) V?p(r) (19)
or in abbreviated notation as
K@) = G@r) + £ (). (20)

Anticipating to some degree the definition of the average value of the
kinetic energy of an atom in a molecule, 7({2), one finds upon integration
of Eq. (20) over an atomic volume

Hm=LMKm=men @

Thus one finds, again as a consequence of the zero-flux condition of the
atomic surface, that the average kinetic energy of an atom is uniquely



78 R. F. W. Bader and T. T. Nguyen-Dang

defined. Other physical properties of atoms, as exemplified later, also
exhibit particular values because of the vanishing of a surface contri-
bution.

C. Variation of Atomic Action Integral?

We shall be considering the change in the atomic action integral W,[¥,
Q] of Eq. (16) ensuing from variations 8¥ of ¥ such that the following
conditions are fulfilled:

(1) =¥ +8¥ and its first and second derivatives vanish
whenever an electronic position vector is of infinite length.

(2) Interms of ®, a region (P, ¢) can be defined that is bounded by a
zero-flux surface in Vp,, where

polt, 1) = N [ d7 &*@, 7,0) O(r, 7, 1). 22)

Moreover, it is required that, as ® tends to ¥ at any time ¢, P, ¢) is
continuously deformable into the region Q(r) = Q(¥, t) associated with
the atom. The region (®, r) thus represents the atom in the varied total
system, which is described by the trial function ®(r, 7, ¢), just as Q
represents the atom when the total system is in the state described by ¥(r,
7,1).

Requiring the fulfillment of condition (2) amounts to imposing the vari-
ational constraint that the divergence of Vp, integrates to zero at all stages
of the variation, i.e., that

14, = V"’pd,dr =0 (238)

(e,0

for all admissible & and for all 7, which implies

8l, = 8 { dr V2p(r, t)} =0. (23b)

[$1¢5]
The expression for the first-order change in Wy,{¥, Q] in the limit 6% — 0
and when ¥ satisfies the time-dependent Schrodinger equation, Eq. (9), is
the atomic variational principle. As will be discussed later, this principle
requires that the atomic action integral W,[®, ()] be stationary, in a broad
sense, at @ = ¥, We shall also derive statements of this principle in terms

2 Some of the mathematical detail has been suppressed in this section. A full account can
be found in the thesis of Nguyen-Dang (1980).
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of the Lagrangian AV, (1, 7] and, for a conservative total system in a
stationary state, in terms of the energy functional E[{, (}] where

Ely, Q] = (fn drf dr {%2{ Vot e Vg + Vw*ll’})/('l/*w)n, (24

(W W) = fn drf 7y = len drp().

Rather than the functionals W[V, Q] and E[y, 1] based on the Lagran-
gian LY, Q, 1] of Eq. (15), one could consider the variations of the
corresponding functionals Wi, and E' constructed from the Hamiltonian-
based Lagrangian £'[V¥, 1, t], where

PV, Q1] = fn dr f A {(ih)2) (WY — W) — KWW + (0*)T)}

=4 fn dr f d7{U*(ik 0¥ /ot — HW) + c.cl. (25)
Thus,
Wi, Q) = f’”dz:f’[qf, Q,1), (26a)
E'Y, Q] = (¥, V), [~ L1V, Q,1]
+ fn dr f d7[(ih/2) (WP — \I'*\If)]}
= HH[V, Q] + H* [V, O]}, (26b)
where
= ' * —h? * 7\
H[\F,Q]—fn drf dr {\I’ o iz VY + V¥ \y}/w,\p)n.

(26¢)

Henceforth, we shall call the primed functionals of Egs. (26) the
Hamiltonian-based action integral and energy functionals, respectively.
Likewise, the unprimed functionals of Eqs. (16) and (24) will be called
the Lagrangian-based action integral and energy functionals, respec-
tively. When no confusion is possible, these will also be referred to as
the atomic action integral and energy functionals, respectively.

The relationship between the Hamiltonian- and Lagrangian-based
functionals is as follows:

- _ kR 2
AY, Q, 1] = L[V, Q, 1] ImN fn dr Vip(r, 1), (27a)
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, ﬁ2 t2 .
Wl Q] = Wil¥, Q] - 70 f‘ S fn dr V(. ),  (27b)

2
E[y. Q] = E'[y, O] + mhn_N fn dr V2p(r). @7c)

The restriction of Egs. (23), which demands that the atomic volume be
bounded by a zero-flux surface at any stage of the variation, ensures the
following:

(1) At any stage of the variation, the Hamiltonian-based functionals
are equal to the corresponding Lagrangian-based functionals. In particu-
lar, at the point of variation [® = ¥, ¥ satisfies Eq. (9)] one has

LIV, Q,1]= LY, Q,t] =0, Ve, (28a)
which implies
WiV, Q] = W[V, Q] = 0. (28b)
When V¥ represents a stationary state with energy E, we further have
E(y, Q1 =E'[Y, Q] = E. (28¢)

(2) The variations of the Hamiltonian-based functionals are identical
in form and in value to those of the Lagrangian-based functionals. The
equivalence of the Hamiltonian- and Lagrangian-based functionals at all
stages of the variation characterizes a total molecular system. It is only
because the atomic surface is one of zero flux in the charge distribution,
that this equivalence is maintained between the corresponding atomic
functionals. Indeed, it is apparent from Eqs. (27) that if the volume () was
arbitrary, not only would the primed and unprimed functionals differ in
value, they would also lead to different variational results.

Without advancing any argument as to why the aforementioned
equivalence should be maintained, there remains the philosophy underly-
ing the present approach—that one’s criterion for defining an open system
with maximum physical significance be dictated by the requirement that it
possess the same variational properties as does a total system and that its
physics be governed by the same dynamical laws as for a total system.

We now derive the variational equations that characterize on an equal
footing a subsystem and a total system. To impose the variational con-
straint given in Egs. (23) and thereby define a particular class of open
system, one must vary the surface of the subsystem. This requirement
necessarily leads to a relaxation of the usual variational constraint that 5%
vanish at all boundaries of the system, or at the time end points in the
variation of the action integral. The generalization of the variation of the
action integral obtained by the removal of the constraints that 5¥ and 6¥*
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vanish at the time end points, and by the additional variation of the time
end points leads to the principle of stationary action (Schwinger, 1951).
The additional terms obtained at the time end points, terms that necessarily
appear in the variation of the atomic action integral, are identified by this
principle as the generators of infinitesimal unitary transformations. The
quantum description of atomic properties as developed here is based upon
this identification.

Applying the techniques of the calculus of variations (Courant and
Hilbert, 1953) to the expression for Wy,[V¥, (1], Eq. (16), one obtains

SWyl ¥, Q] = f"f dt fn dr [ dr{(-itt+ — A¥)sY + c.c.)
+ [Mdr § ds@) [ dr(—h2/2m{VESY - n() + c.c.}
+ L’ di § dS (@) @) 85 ()
+ ft')’ dr § dS() [ dr{(~ih/DES@/00V*sY + c.c.)

t2

+ {%f drf dr¥*8¥ + c.c. + LAV, Q, t]6t}
1]

t

(29)

In Eq. (29), 85(r) denotes the infinitesimal normal shift of a surface
element centered on r, as conditioned by the continuous variation in the
admissible trial function & = ¥ + 8V, in a small neighborhood of the
state function ¥. The expression 9S5(r)/d: appearing on the right-
hand side of Eq. (29) denotes the time rate of change in the surface
bounding the unvaried region Q(t) = V¥, 7). Since ¥ and ¥* satisfy
Schrodinger’s equation, Eq. (9), the first term on the right-hand side
of Eq. (29) vanishes, as do the terms containing Z[¥, (1, 7] at the time
end points [see Eq. (28a)]. Also at the point of variation, the Lagrangian
density appearing in the third term is proportional to V3p(r), Eq. (12).
It is through this behavior of £(r) in the surface variation that the
constraint given in Eq. (23) is introduced. One first notes that

a{h—f d v2<)}—ﬁ3§ dS(x) Vp(r) 88(r)
am |, 9 Ven) = 20 r) V¥p(r r

. I
+ m#i dS(r)f A7 (V) 5%

+ T*V(Y) + V(Y ¥ + §¥*V¥}-n(r). (30)

The quantity V?p is a divergence expression, i.e., its variation yields only
surface terms. Thus its addition to the integral to be varied will not alter
the Euler equations so obtained. The substitution of the identity given in
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Eq. (30) into Eq. (29) via the third term on the right-hand side of this
latter equation together with the imposition of the variational constraint
given in Eq. (23b) yields

W[V,

;,ﬁ,: {f“ d’§ dS(r)f d7[(V*sY — ¥*V(6W)] * n(r) + c. c}

{ ”’fﬁ dzfﬁ dSr)fdr’—‘l'*S\P+cc}

t2
+{ﬁf drfdr"l’*a\lf+cc}| . G1)

(4]

The result given in Eq. (31) for the variation of the atomic action integral
is identical to that obtained from the unconstrained variation of the
Hamiltonian-based integral Wi, [V, (}]. Without the imposition of the
variational constraint given in Eq. (23b), the expression for 8 Wy, [V, Q],
which would then apply to any subsystem, contains the additional term

t2 ﬁ2 .
[ an (4], v

and the equivalence between the Lagrangian- and Hamiltonian-based
functionals is no longer obtained.

The variational result of Eq. (31) can equivalently be written in terms
of the Lagrangian Z[¥, Q, ¢]. For this purpose, welett, = t,t; = t + dt,
where ¢ is an arbitrary instant of time and df an infinitesimal time interval.
Then

SWyrad W, Q] = LY, Q, t])dt + L[V, Q, t18(d1)
= (6 LY, Q, t)dt, (32)

Thus,

LV, 0, t] = {—;%:;% das(r) f d7[(V¥*)e¥ — ¥*V(6W)] - n(r)

§ das(r )J’ d‘r ‘If*a‘lf

+ ﬁi drf dr w*sw} + e (33)

When the total system is a conservative system, the state function ¥
describes a stationary state, and satisfies

it oW /ot = RV = EV. (34)
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When the variations 8¥ to be used in Egs. (31)-(33) are of the type
W (7, t) = e“ME §y(7), (35)

thereby preserving the separation between temporal and spatial (and spin)
variables observed at the point of variation, the atomic Lagrangian re-
duces to the form

LV, Q, 1] = — (¥, V) (E[Y, Q] - E) (36)

at all stages of the variation. The variation in LV, Q, ] is thus simply
related to the variation in E[¥, (], which is given by

SE[V, Q) = — (¥, ¥)3' 82[V¥, Q, 1]. 37D
Using Eqgs. (33), (35), and (37), we have

SE[V, Q] = zf% (W, ‘I’)a‘ﬁ de d7[(VW*)8¥ — ¥*V(W)] + n + c.c.
(38)

In deriving Eq. (38), use has been made of the definition of the bounding
surface of () as a zero-flux surface in Vp.

The results expressed in Eqgs. (31), (33), and (38) are various state-
ments of a single variational principle that, as demonstrated in the follow-
ing section, is the principle of stationary action (Schwinger, 1951). We
have derived Eq. (31) and its consequences, Eqgs. (33) and (38), from the
assumption that ¥ obeys Schrodinger’s equation. We can also consider
the principle of stationary atomic action as a generating principle. Indeed,
if Eq. (31) is to be obtained for any variation ¥, and any region ()
bounded by a zero-flux surface, it applies to the case {} = R?, and §¥
satisfying the additional boundary condition 8¥(t;) = 8¥(¢;) = 0. In this
case, W[V, Q] becomes the functional Wy,[V¥], of Eq. (7), and

SWy[¥] =0 (39)

leads to a pair of Euler equations that are precisely Schrodinger’s equa-
tion and its complex conjugate expression of Egs. (9). Thus, the require-
ment that the action integral of the total system be stationary, in the sense
of Eq. (39), is a particular case of the principle of stationary atomic action,
Eq. (31).

D. Principle of Stationary Action

We summarize only briefly the manner in which the principle of sta-
tionary action provides a formal axiomatic development of quantum
mechanics (Schwinger, 1951). Our primary purpose is the use of this
principle in delineating the variational and mechanical properties of an
atom.
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The principle of stationary action as stated by Schwinger concerns the
variation of the action integral operator W,, associated with a total quan-
tum mechanical system. For a quantized system described by the coordi-
nate operators §(t) and their time derivatives q(t), the action integral
operator is constructed in the same manner as the corresponding classical
action integral

W= ["dt 4.4, . (40)

In performing an arbitrary general operator variation, the ensuing
change in the action operator is the difference between the values at #, and
1, of the generator, %, of a corresponding infinitesimal unitary transforma-
tion. This statement of the principle is embodied in the following mathe-
matical expression:

8W. = Hity) — F1y). 41)

Formally, the change in the action integral as given by Eq. (41) is the same
in the classical and quantized cases. Thus, Schwinger’s principle of sta-
tionary action establishes the correspondence between the generator of a
classical canonical transformation and the generator of a unitary trans-
formation of the corresponding quantized system. The classical counter-
part of Eq. (41) is a generalization of Hamilton’s principle, obtained
through the removal of a variational constraint. This variational constraint
demands the vanishing of the variations in the dynamical variables of the
classical system at the time end points of the action integral; its removal
thus permits the inclusion of physically realizable alterations in the de-
scription of the system, i.e., canonical transformations. Similarly, in a
quantized system, the same generalization of the variational procedure
allows for the introduction of unitary transformations as causing the varia-
tions. From Schwinger’s principle of stationary action, Eq. (41), one de-
rives the commutation rules and the equations of motion in the Heisenberg
picture.

While we have used the Schrodinger language in our variation of the
atomic action integral, the result obtained in Eq. (29) is formally identical
to that stated in Eq. (41) when the volume () refers to the total system.? In
this case the variations over the volume and the surface terms of Eq. (29)
vanish, the former yielding Schrodinger’s equation of motion. The ex-
pression for the variation of W,,[¥] reduces to

t2

W[ V] = {%f dr V*8¥ + c.c. + L[V, t]8t}| . (42)

(3]

3 The variation of W ,,(¥, Q] using the language of field theory has been given by Bader
et al. (1978).
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In analogy with the classical result
H= 2 g — L,
i

we express the Schrodinger-based average Hamiltonian H[W] as the
Legendre transform of [V, 1],

H[V] = i?fd‘r(‘l’*‘l'i — W) — L[V, 1] ‘Zﬁ%f dr V2p(r)

in order to rewrite Eq. (42) as

t2

SWy[¥] = {%f d7¥* AY + c.c. — H[‘I’]St}l . (43)

t
where the symbol AY¥ denotes the general variation
AY = sV + Vb,

The principle of stationary action permits the identification of the gen-
erators of temporal and spatial unitary transformations in terms of their
average values. For a temporal change, 8¢ is arbitrary, A¥ = 0, and the
change in W,[¥] reduces to the difference in the average values of — ¥
at the two time end points, thereby identifying the generator of temporal
development as — %5t. Similarly, for a pure spatial change, 8¢ = 0 and

W [¥] = i{ef di[V*F¥ + (9\1/*)\1']} (44)

t2
b}
t:

where AV = 8¥ = (—i/f)e #V. In this situation, % is referred to as the
generator. It is a Hermitian operator that may be a function of the coordi-
nates (inducing a gauge transformation) and/or of the momenta (inducing
a translation of coordinates).

If both sides of Eq. (43) are divided by ¢, — ¢, and the result is sub-
jected to the limit Ar — 0, one obtains, to first order, an expression for
8LV, 1],

L[V, 1] = Hed(F)/dt + c.c.}, 45)

which, through Heisenberg’s relation for the time rate of change of the
average value of a property F, may be re-expressed as

SL[Y, 1] = (e/Di/m)([(F. F1) + c.c.}. (46)
For a stationary state, the corresponding expression is found to be
SE[Y] = —(e/2{(i/n){[%, 1) + c.c.} = 0. 7

The commutator average in Eq. (47) vanishes as a result of the hypervirial
theorem (Hirschfelder, 1960). In the following section we apply the prin-
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ciple of stationary action to an atom in a molecule to obtain corresponding
expressions for the variation of the atomic functions £[¥, Q] and E{y, Q]
that are the working expressions for the theory of atoms in molecules.

E. Atomic Statement of the Principle of Stationary Action

To provide a physical interpretation of the change in the atomic action,
Eq. (31), we first introduce a number of definitions. The density of a
property F is defined by

pr(r, 1) = (N/2) [ f d7 U+ Fr)¥ + c.c.} (48)
and its corresponding average value over the volume () is

F@Q,1) = fﬂ dr pp(r, 1)

i‘{(g)nﬁ' c.c.}. (49)
The vector current density associated with the property F is
Jx(r, ) = (Nb/ami) [ da' {0V(F) - (VEFV). (5

From Schrodinger’s equation, the total time rate of change of a subsystem
average value F({}, 1) is (Srebrenik et al., 1978)

dFQ, ) _NJi 4
% =2 {fz ([%, F1)q + c.c.}

+ § ds(r) {65(;§r) pr — (Jpon(r) + c.c.)}. (51)
(We have assumed, for simplicity of expression, that # has no implicit
time dependence, i.e., that 3%/ 0t = 0.) Using a subsystem operator pro-
jection formalism (Bader et al., 1978), one can show that the first term in
Eq. (51) is the subsystem projection of the time rate of change of F(¢) for
the total system. Thus corresponding to the Heisenberg equation

d%/dt = (i/h) [, 7, (52)
one has
(dF/d1)g + c.c. = (/B {F, Fa + c.c.}. (53)

Equation (53) makes clear that the commutator averages in Eq. (51) do
indeed describe the time change of F({, ¢) over the volume {} without any
surface contributions. The two surface terms, unique to an open system,
represent the change in F({, ) with respect to time resulting from a
change in the surface with time and from the net flux in the current density
J» across the surface. The two terms are of different sign, since when
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dS/ar > 0, corresponding to an expansion of the volume (), it contributes
to an increase in F({2, t), while when Jz*n > 0, corresponding to a net
outflow of the density py from the volume (1, the result is a decrease in
FQ, ).

We now use these definitions to re-express the change in the atomic
action integral, Eq. (31), resulting from the application of an infinitesimal
unitary transformation with generator %. We thus write

5W12[‘V, Q] = F(Q. tg) - F(Q. tl)
- ft“dt#i dS(r}{(8S/80)pp — (Jpom + c.c)}.  (54)

One notes that the surface terms appearing in Eq. (54) are precisely those
appearing in Eq. (51) for the time rate of change of F({2, r) but with their
signs reversed. Thus the change in the atomic action integral may be
written as

SWlW, Q] = & ft’* dt{{dF/dt), + c.c.}/2. (55)

i.e., as the time integral of the temporal rate of change in the generator
evaluated over just the volume of the atom, or equivalently,

SWyl¥, Q] = & ft” dt{i/R) ([ F, F1)q + c.c.}/2. (56)

The principle of stationary action as written in operator form in Eq.
(41), may be re-expressed to yield a statement identical with the expres-
sion for the change in the atomic action [Eq. (56)]; namely

5,y = ft“ dt{d %/ dr} = f A (57)

Thus as a statement of the principle of stationary action for an atom, Eq.
(56) is seen to be identical in form and physical content to the operator
statement of Schwinger’s principle of stationary action, Eq. (57).

We now show the equivalence of the original statement of the princi-
ple, Eq. (41), and the corresponding atomic statement, Eq. (54).

Consider for visual simplicity (see Fig. 3) a two-dimensional system.
As the system changes with time, it sweeps out a space-time volume
bounded at ¢, and ¢, by the two space-like surfaces [the volumes ()(t,) and
Q(t,) of the system at ¢, and #,] joined by a time-like surface that is gener-
ated by the time evolution of the instantaneous boundary of the system,
S(r, t). The principle of stationary action states that the total change in
action is equal to the difference of the values of the generator (t) evalu-
ated in the two space-like surfaces at ¢, and ¢,. There is no contribution to
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y

Fig. 3. Pictorial representation of the space-time development of a two-dimensional
subsystem Q(r) of a total system. The space-like surfaces are denoted by (t), each being
bounded by a surface S(r, t). The collection of the latter constitute a timelike surface, which
together with Q(z,) and §(t;) defines the space-time integration volume in the subspace
action integral W[V, (1]. (From Bader er al., 1978.)

8%, from the interior of the space-time volume swept out as a conse-
quence of the system evolving in time or, trivially for a total system, from
the time-like surface.

It is a peculiarity of open systems that the difference in the average
values of a property between two time end points implicitly includes, in
addition to the difference in values determined in the interiors of the two
space-like surfaces, an integrated contribution, over the time-like surface,
arising from the flux in the property across the surface at each time ¢t and
from the change in the surface with time; i.e.,

F(Q, 1) — F(£,1y)
= ft‘“ dHdF(Q, 1)/d1)

- L‘*d: {udﬁ/dz)n +cec. + 36d$[(as/a,)pp — Upem + c,c_)]}.
(58)

Thus to obtain a statement of the principle of stationary action for an open
system equivalent to that for the total system, one must subtract from the
difference in the open system average values the integral over the time-
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like surface of the boundary contributions to this difference. This is pre-
cisely the expression given for the change in the atomic action integral in
Eq. (54).°

Thus Eq. (54) or Eq. (56) demonstrates that the principle of stationary
action may be generalized to describe an atom within some total system as
well as the total system itself. One notes that the variation of Wy,[V¥, Q]
for an open system () with an arbitrary boundary includes the additional
term

t: t2

. ditd {%fn dr V2p(r)} = . dtd {%§ ds(r)Vp(r) * n(r)}.

The presence of this term violates the principle of stationary action since
it represents a contribution to 8Wy,[W¥, (1] from the space-time volume.
Because of its arbitrary value, it renders physically inadmissible the re-
lated operational expressions for 8§ Z[V, (1] and §E[y, Q).

It is clear from Eq. (56) that the change in atomic action for an infin-
itesimal time interval yields

8LV, Q] = (/24U F, g + c.c.) (59)

for the variation of the atomic Lagrangian integral as generated by an
infinitesimal unitary transformation of the state function. For a stationary
state, the corresponding variation of the atomic energy functional is (Sre-
brenik and Bader, 1975; Srebrenik et al., 1978)°

SE[Y, O] = (—e/D0U/R) ([ F, F1)q + c.c.l/ (P, ¥y (60)

One notes that since both these expressions are derived from the variation
of the atomic action integral, they do not contain any contributions from
the atomic surface (Bader er al., 1978), the unique variational property of
the atomic class of subsystem. Thus the variational expressions for the
atomic functionals. L[V, Q] and E[ys, Q] are identical in form and content
to the corresponding expressions for the total system, Eq. (46) and Eq. (47),
respectively.

In the following section these statements of the atomic variational
principle are used to derive the integrated atomic force law and the atomic
virial theorem for both time-dependent and stationary state systems.

* The complete equivalence of the atomic and total system statements of the principle of
stationary action was not fully realized in the original investigation (Bader et al., 1978).

* The signs appearing in Eqs. (59) and (60) before the commutator averages are the
opposite to those previously given (Srebrenik er al., 1978; Bader er al., 1978) because of the
definition here of 3% = —(ie/4) V.
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IV. Variational Basis for Atomic Properties

A. Variational Derivation of Atomic Force Law
1. Integrated Force Law

We use the atomic variational principle to derive an expression govern-
ing the average time-dependent force acting on an atom in a molecule.
Ehrenfest’s second relationship states that the average of the force acting
on a quantum system is given by the time rate of change of its average
momentum. Thus we consider a variation of £[¥, ] with generator
% = &£+ p, where p denotes the conjugate momentum associated with the
electron whose coordinate r is integrated over the atomic volume ). Each
of the components of the vector € is an arbitrary, infinitesimal real num-
ber, fixed for all r. For each given e, the generator % then induces an
infinitesimal unitary transformation corresponding to a uniform transla-
tion of the electronic coordinates r by —&,

r=r-— &

Denoting by V, the gradient operator with respect to &, the atomic varia-
tional principle Eq. (59) states that

-V L[V.0, 0| = te-{(U/D# Do+ ccl. (g

On the left-hand side of Eq. (61) we have introduced the notation ¥, to
denote the image of the state function V¥, in the infinitesimal unitary trans-
formation described by %:

V., 7, 0)=(1-(i/Mep¥a, 7, 1) =¥ - & 7,1). (62)

Substituting ¥, for ¥ in the expression for Z[¥, Q1], Eq. (15), differentiat-
ing with respect to &, noting that

vV, o AR
one obtains (including the variation of the surface 85 = £+ n),

veg[‘ym Q]|e=0

- —f dr Jf v {yﬁ((w*)w WV — (VY — YT
n

2
- ;‘—mz (VVE*)« VW) + (VW) - V%)

i

R \p*v\y)} - M’}l—N 5{5 dS Vpn, (63)
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In Eq. (63) we have used the dyadic notation to express the contributions
to V. #[Q. V¥,] arising from the Kinetic energy part of the Lagrangian,
Z[Q, ¥.]. Explicitly, e.g., the term (VV,¥*) - V,¥ reads

(VW) V¥ =S e ( (64)

i

ca L
i Brk Or,‘“ Gr,‘“ ’

where r. (ri") is the component of r (r;) along the direction of the unit

vector e;, kK = 1, 2, 3. It follows from Eq. (64) that
(VVW5) e V¥ = V.« (VIVY*) — VIV, (65)
where
. _ oV ov*
v =3 e (o) o

Lk
Likewise, we can write the term (VV,¥) - V,¥* as
(VV¥)« VU = V,« (VI*V¥) — VIW*VV. (66)

Using Egs. (65), (66), and Schrodinger’s equations, Eq. (9), we infer,
from Eq. (63)

V.Z2[¥.. Q.-
= - fﬂ drf d7 (Bi(T*VY + WV — (VI5)T — (V5¥))
+ (h2/2m) § ds f dr{ VU ¥ + VUV .n
= (#2/4mN) ¢ dS Vpn

or, equivalently, using Eq. (50) for the definition of the current density
J(r) for the case ¥ = |

aJ h2
VL[V, Q- = .Ef 9 _ .. 5{; 2
£ [ lle=o = & N ndr a7 & aAmN dS VZpn

2
+ e.,ﬁ—m§ de d7{VW*V¥ + VWV¥*len, (67)

Since the subsystem is bounded by a zero-flux surface at all stages of
the variations generated by %. the zero-flux variational constraint, Eq.
(23b), applies. In the present case it assumes the form

lﬁ 2 ) =
Ry Ve (fﬂ Vipy, dr 0. (68)

e=0
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Using the same procedure as above, we readily find the left-hand side
of Eq. (68) to be given by

L (J' v a'r)
am Q P e=0
2
- ¢ 4%5# ds f A7 (VT
2
+ VWV 4 VUV + WHVVE)] o0 + e - f—mf dS V2pn = 0,
(69)

The addition of this expression for the constraint to the right-hand side
of Eq. (67) yields

el 9y _ 2.
e+ VLV, Q] —eN{mf“drat ffdsan}, (70)

e=0

2
a(r) = %fd-r’{V(V‘lf*)‘I' + V(YY) — V¥*VY — VP VP+*}  (71)

is a symmetric dyadic, referred to as the stress tensor. Its dot product
with n(r) gives the density of the force exerted on the element of the
atomic surface, which is specified by its outwardly directed normal,
n(r). The stress tensor &(r), which has the dimensions of an energy
density, plays a dominant role in the description of the mechanical
properties of an atom. It may be alternatively expressed as a functional
of the one-density matrix (Lowdin, 1955) as

gr) = (h/4m{(VV + V'V') — (VV' + V'V, r)| . (72)
Evaluation of the commutator appearing in Eq. (61) demonstrates that
this variation of ¥[V, ] yields the atomic average of the total force
acting on the electron described by r:

e H(U/RLE, PDa + c.c.} = £+ (=VV)q = £+ (1/N)F(Q, 1). (73)

Thus, specialized to the present case of an infinitesimal uniform dis-
placement in the electronic coordinates r, the variational principle yields
the integrated force law

FQ. 0 =m fn dr(@J®/d1 ~ § dS(r) §(x) *n(@). (74)
Equation (74) is the generalization of Ehrenfest’s theorem (Ehrenfest,

1927; Léwdin, 1967). It relates the forces acting on the subsystem to the
time derivative of the momentum density mJ. It constitutes the quantum
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analog of Newton’s equation of motion in classical mechanics expressed
in terms of a vector current density and a stress tensor, both defined in
real space.

2. Differential Force Law

Within a Lagrangian formulation of the mechanics of a field as
used here, one may define an energy—momentum tensor whose compo-
nents summarize the principal properties of the field (Morse and
Feshbach, 1953; Landau and Lifshitz, 1975). We show that the divergence
equations satisfied by the spatial components of this tensor for the
Schrodinger field yield the differential form of the atomic force law, Eq.
(74) (Bader, 1980).

Define a component of the energy-momentum tensor as

W, =¥ (6L/8V,) + c.c. — 8,,L, (75)

where p and v run over the 3N spatial degrees of freedom and the time,

and ¥, = d¥/dx,. The spatial components W, ( j referring only to the 3N

spatial coordinates) satisfy the following set of divergence equations:
oW, _ 9L

ax, ox;’ (76)

where @ L/0x; vanishes unless L possesses an explicit dependence on x;.
In the case of the Lagrangian density defined here, Eq. (8)

dL/ox; = —V*(V/ox)¥
and Eq. (76) yield

A ih D 72
—Yr VY = 2o (VY - VY] - Z Ve : (Ve V ¥
+ UV, VW) — VWV — VW Vs, an

Equation (77) has been previously obtained by Pauli (1958) and by
Epstein (1975), who termed it the differential force law. The integration
of this expression over the coordinates of all electrons but one by the
usual recipe [see Eq. (2)] yields an equation governing a force density
F(r, t) (Bader, 1980),

F(r, 1) = m oJ(r)/dt — V « &(r), (78a)
where

F(r, 1) = f dr U (-VV)V. (78b)
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Equation (78a) is the differential form of the integrated atomic force
law given in Eq. (74),

wmn=Lm¢mn. (79)

The force density F(r, f) is seen to be the total instantaneous force
exerted on the electron at r;
VWV =3 Z, Ve - X)) = Y Ve - ), (80)
o J#Ei
averaged over the motions of the remaining electrons in the system
to yield

F(r,t = [2 Z,V(r — X )']p(r) — 2 fdr’ V(r - ') T®r, r')
(81)

[where I"®(r, r') is the diagonal element of the two-density matrix
(Lowdin, 1955)]. While F(r, #) clearly involves two-body forces, it is
totally determined by J(r) and &(r), which are functionals of the one-
density matrix, I'*X(r, r') evaluated at the point r = r' in real space.
The force density F(r, t) may be interpreted as the total force exerted
on the element of charge density located at r and obeying an equation
of motion in real space, Eq. (78a). This equation is identical in form
and physical content to Cauchy’s first equation of motion of classical
continuum mechanics (Malvern, 1969).

The variational derivation of the integral atomic force law, Eq. (74),
is applicable only to a region of space bounded by a zero-flux surface
in Vp(r), i.e., to an open system whose Lagrangian integral vanishes
at the point of variation. Thus the variational derivation of the atomic
force

e V.4V, Q] =g FQ, t)/N (82)

e=0

and its law of motion given in Eq. (74) may be regarded as a quantum
mechanical definition of an atom in a molecule.
For a stationary state the corresponding expressions are

e st['l" Q]l =0= (€' F(Q)/N)<d’9 ll’) {1 (83)

where

nm=—§ﬂmmnmm. (84)



Quantum Theory of Atoms in Molecules 95

In general physical terms, the average force exerted on some enclosed
volume is equal to the negative of the integral of the pressure acting on
each element of its surface—a statement of the physical content of
Eq. (84). This same equation demonstrates that the effect of the en-
vironment on an open quantum system {) is determined by just the
flux in the forces across the boundary of () (Bader, 1980).

B. Variational Derivation of the Atomic Virial Theorem
1. Atomic Virial Theorem

The general time-dependent virial theorem for an atom in a molecule
is derived from the atomic variational principle. We shall find a close
connection between the expressions so obtained for the virial and those
derived in the previous section for the force. In particular, the differential
force law leads directly to a corresponding local expression for the
virial theorem.

The generator of the infinitesimal unitary transformation, whose
atomic projection determines the variation in Z[¥, Q), is in this case

= —gr * p, where ¢ is an infinitesimal real number. The virial theorem
may be obtained by a scaling of the electronic coordinates (Lowdin,
1959), and the action of this generator is equivalent to a scaling of the
electronic coordinate r by the factor { = | + ¢; i.e.,

Y@, 7,0 =00+ (i/her-p) ¥(r, 7, 1) = Y({r, 7', 1).

The variational principle now states that

;’_8 L[y, Q]\ = - %{<<IZ> [?”f,f-li]>“+ c.c.}. (85)

e=0

Writing the expression for [V, ], Eq. (15), explicitly in terms of e,
differentiating with respect to ¢, and noting that

(0/0¢)

=r.V,

one obtains (with 65 = —er ¢« n), o
=f dr f d7'r- [%(V‘I’*‘I’ + ¥y
T v - e
- L Z (VO*) - V¥ + (VW) - V)

9 gv,, 0]
Oe

N h?
- V(VI*¥ + ¥*VV¥) :| + imN § dS VZpr+n

+ f“dr J dr’ (— ﬁ) V= . V¥, (86)

2m
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Equation (86) can be rearranged using Egs. (65), (66), Schrodinger’s
equation, and the identities
Vi (VI*V¥) or
=V, - [(V¥*V¥) or]
- (V¥*V¥) - Vir,
V- (VYVP*)-r
=V, [(V¥V¥*) o r]
- (VYY) « VUpr,
to yield

0

—__m . 9J
N “dr (r at)

_h? 2
+4mN§>dsvpr-n

2
—zh—mids fd-r’ re[V&*VW + V¥¢V¥*] e n, 87

As the atom is to be bounded by a zero-flux surface at all stages of
the variation, the variational constraint of Eq. (23b) must be imposed.
This constraint in the present case demands that the variation

ﬁﬁ%fz )
4m ae nv pq":dr e=0

_ B {§ ds fdr' re [V(VE*¥
4am
+ W*Y(VW) + VIV
+ VEVP*]len + f dr Vip(r)

13

- 55 ds Vzpn} (88)

vanishes in the limit of ¢ — 0.

To make clear the particular nature of the variational result obtained
for the scaling generator when the zero-flux surface constraint is imposed
on the variation, we first consider the variation of the functional
ZL[¥, 0], Eq. (25), which will yield a result applicable to any subsystem
of some total system. This is achieved by simply adding to Eq. (87)
the right-hand side of Eq. (88) to yield
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9 LIV, Q] -9 {g[\p Q)] + ﬁf dr V? (r)}
Oe e =0 Oe ° am Jo g
=-N Jarre ?3_': * fds(r)r-ﬁ(r)'n(r)
P 2

where &(r) is the stress tensor previously defined in Eq. (71). Evaluating
the commutator of the right-hand side of Eq. (85)—a relationship which
holds for 8 £’ [V, Q] as well—we find

(/B H, F Pl = 2(W*, —(B2/2m)V2W) , + (W*, —r - VV¥) .

Thus the commutator average in Eq. (85) yields
N2, 0 =200 - %@, (90)
e=0

where T,(Q)) is the average Kinetic energy of the subsystem defined
specifically in terms of the density K(r), Egs. (20) and (21), and ¥,(Q})
is the virial of the forces exerted on an electron in the subsystem
resulting from its instantaneous interactions with the nuclei and other
electrons in the system,

Y,(Q) = f”dr f dr' {—r + VO}W* ¥, 1)

Equating the results given in Egs. (89) and (90), one obtains an expres-
sion for the virial theorem of an open system with an arbitrary boundary,

—2T(Q)) = V() + V() + V() + ‘%f dr Vip(r). (92)

The term 7€) is the virial of the forces exerted on the surface of the
subsystem, a term which is expressible in terms of the stress tensor
previously defined in Eq. (71),

VQ) = fds (r) r » &(r) * n(r) (93)

(& *n is the outwardly directed force exerted per unit area of surface
and r - & - n is the virial of this force). The term ¥;(Q), specific to a
time-dependent system, is the virial of the forces arising from the time
rate of change of the momentum density mJ throughout the subsystem,

Vi@ = -m [ drr-o)/or. (94)
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While the values of the individual contributions to the virial of the subsys-
tem are dependent upon the choice of origin for the vector r, their sum,
which determines the total subsystem virial

V() = V() + V() + V(D) 95)

is, from Eq. (92), seen to be independent of this choice of origin.

The general result given in Eq. (92) for a subsystem with arbitrary
boundaries contains a number of physical incongruities that are removed
when the region () is constrained to be one bounded by a surface of zero
flux in Vp(r). While the final term on the right-hand side of Eq. (92) has the
dimensions of an energy (because of the factor #2/m), it cannot be inter-
preted as the virial of a force acting on the subsystem, as can the other
contributions that are equated to —27,(£). This term vanishes for an atom
in a molecule because of the zero-flux surface condition. The kinetic
energy appearing in Eq. (92) does not uniquely define the average kinetic
energy of a subsystem, as it will in general differ from that defined in terms
of the density G(r), Eq. (20). Restricting the subsystem to one bounded by
a zero-flux surface removes this disparity as the average kinetic energy of
an atom is uniquely defined in terms of either density, Eq. (21). The
subsystem virial theorem obtained from a variation of the atomic Lagran-
gian Z[V, (] leads directly to the atomic statement of the virial theorem,
which is

—2T(Q) = V() + V() + V(). (96)

The term ¥,(Q2) in this case becomes a measure of the virial of the forces
exerted over the basin of the atom.

For a stationary state the corresponding constrained variation of E[¥,
] yields

—2T(Q) = () + V() = V), 97)

where again the total virial, 7(Q), of the forces acting on the atom—over
its basin and across its surface—is independent of the choice of scaling
origin.

2. Local Virial Relationship

The average of the atomic virial 7,(2), Eq. (91), as defined by the
atomic variational principle, is the virial of the quantum mechanical force
density as defined in the differential force law, averaged over the atomic
volume (Bader, 1980). By taking the virial of F(r, t) in Eq. (78), one
obtains

r*F(r,t) =mr-a8]/dt —r-V.c. (98)
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Using the identity
Ver.ad)=Tr|G|+r- V- &,
where Tr|G| denotes the trace or spur of the stress tensor, Eq. (98) gives
reF(r,?) = mr+9J/ot + Tr|G| — V+(r- ). (99)

From Eq. (71) for the definition of &(r) and Eqgs. (19) and (20) for the defi-
nitions of the kinetic energy densities K(r) and G(r), Tr|o¢| may be
variously expressed as

Tr|o (r)] = —K(r) — G(r) = —2K(r) — (A2/4m)V2p(r)

= ~2G(r) + (h*/4m)V2p(r). (100)
Its integral over an atomic volume yields the unique value
[ dr THE (] = —27(0). (101)

Using the final identity given in Eq. (100), Eq. (99) may be expressed as

-2G(r) = r-F(r,1) + Vo(r-&(r) — mr + 3J(r)/0t — (h2/4m)V3p(r).
(102)

Integration of Eq. (102) over an atomic volume yields, term for term, the
atomic virial theorem for a time-dependent system, Eq. (96), or for a
stationary state, Eq. (97). Thus Eq. (102) is, in terms of its derivation and
in terms of its integrated form, a local expression of the virial theorem.
The atomic virial theorem provides the basis for the definition of the
average energy of an atom as discussed in the following section.

The atomic force law and virial theorem were derived by determining
directly the change in [V, (1] caused by an infinitesimal unitary trans-
formation in the state function. These results may also be obtained by
making use of the alternative expression for 8 Z[¥, Q] [see Eqs. (59) and
(51)], which is

8ZL[¥, Q) = (¢/N) {dF(Q)/a't - E’;dS(r)[(GS/at)pF —Jren+ c.c.)]}
(103)

and equating this result to the commutator expression for 8§ Z[¥, Q]. This
amounts to using Heisenberg’s expression for the time rate of change of
the average value of a subspace property, Eq. (51). One may, in fact, use
this expression to determine the force law and virial theorem for an open
system with arbitrary or fixed boundaries. This procedure has been
adopted by Schweitz (1977), who has obtained an expression of the virial
theorem generalized to an an open system with fixed, arbitrary bound-
aries. While not expressed in terms of the stress tensor &(r), his result is
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the same as that obtained here in Eq. (89) through the variation of the
Hamiltonian-based Lagrangian &#'[¥, Q]. The physical incongruities con-
tained in the expression for the virial theorem for an open system with
arbitrary boundaries has been commented on earlier, where it was
also shown that these incongruities disappear when the open system is
constrained to be one bounded by a zero-flux surface. Thus a variational
derivation of the force law and virial theorem for an open system that
preserves the variational property found for a total system,

8Z[V¥, Q] = 8Z2'[VY, O],

requires that the open region be bounded by a surface of zero flux in Vp.
This is the property of the single atomic variational principle obtained
from the principle of stationary action.

The expression corresponding to Eq. (103) for a stationary state with
generator % is (Srebrenik and Bader, 1975)

SE[¥, Q] = (e/N) 5& dS U + c.c}en/(¥, ¥y,  (104)

For a stationary state, the Heisenberg relation for F(}) reduces to

{([%, FDo + cc} =4 §ds {iJp + c.c.}'n (105)

which has been termed the subsystem hypervirial theorem (Epstein, 1974;
Srebrenik and Bader, 1974). From this theorem, one may obtain useful
theoretical relationships governing the behavior of atomic properties
(Bader, 1980).

C. Summary of Atomic Variational Properties

The principle of stationary action provides a complete quantum me-
chanical description of a system in terms of the changes induced in the
system by infinitesimal unitary transformations. The generators of such
transformations describe all possible system changes, caused both by
displacements or by a temporal development (Roman, 1965). It has been
shown that this principle, which is a variational principle, applies uniquely
to a connected region of real space bounded by a surface of zero flux in
Vp(r). Thus the principle of stationary action defines an atom as being a
bounded region of space, the variational properties of which, as deter-
mined by the action of infinitesimal unitary transformations, are identical
to those obtained for the total system. The generators of such transforma-
tions describe real physical changes in the system. Thus a single variational
principle serves to describe the properties of a total system and of an atom
within the system.

The operational statement of this principle is the atomic variational
principle
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82 2[V, Q1= (e/2{(/B)([F, F1)y + c.c.}
or, for a stationary state,
&E[V, Q] = ‘(8/2){(i/ﬁ)<[%’ g])u +c.cl/ (Y, .

The generator # causes an infinitesimal transformation in the state func-
tion describing the total system. The physical nature of this transforma-
tion is identified through the commutator of # with . The atomic value of
the change caused by the transformation is given by the projection of the
total system value over the atomic volume. Since a generator can be
found to describe any change in a system, all atomic properties and the
laws governing these properties can be derived from this principle. These
derivations of atomic properties parallel the derivations of the correspond-
ing properties for the total system, since both are described by the same
variational principle.

For example, ¥ = ¢ /' = IN, where N is the total number of electrons
in the system, generates a simple infinitesimal phase transformation,
which leaves the Lagrangian £[V, (1] invariant. In addition, since N is a
constant of the motion for the total system, [%, N1 = 0. However, the
time rate of change of the average electronic population of an atom, N({}),
is not zero in general and the equation of continuity governing the time
evolution of N(Q) is obtained directly from the equivalent statement of the
atomic variational principle, Eq. (103), as

%f“ dr p(r) = N(Q) = —é das {(J~n +c.c.) — %%p} (106)

As illustrated in Section III,A,1, setting the generator equal to £+ p defines
the atomic force and the variational principle leads to the integral atomic
force law, or the equation of motion for an atom in a molecule. Finally it
was shown that when & = —gr + p, the commutator identifies the kinetic
energy and virial for an atom, and the variational principle yields the
relationship between these quantities, the atomic virial theorem. These
three relationships—the equation of continuity, the equation of motion,
and -the virial theorem—form the basis for the understanding of the
mechanics of an atom in a molecule.

Within this same formalism one obtains a definition of the energy-
momentum tensor for the Schrodinger field. The many-particle divergence
equation satisfied by the spatial components of this tensor, when inte-
grated in the standard manner, Eq. (2), yields a differential expression of
the atomic force law. The virial of the force density defined in this manner
gives a local expression for the atomic virial theorem. Thus from a single
formalism one obtains a description of the local mechanical properties of
an atom as well as of their average values.
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V. Atomic Properties

A. Single-Particle Basis for Atomic Properties

Throughout this article we have assumed a single recipe for the mode
of integration over the electronic coordinates in the definition of atomic
properties. We wish to show that this choice is not arbitrary, but is deter-
mined by the requirement that the definition of an open system as ob-
tained from the principle of stationary action must be stated in terms of a
physical property of the system. This requirement imposes a basic
single-particle nature on the definition of an atom as expressed in Eq. (6)
through a property of the charge density and on the definition of its aver-
age properties.

It has been shown that the principle of stationary action applies to a
system bounded at infinity and to a system bounded by a surface of zero
flux in Vp(r). One may generalize the problem by asking for the set of all
possible subsystems to which this principle is applicable. Thus one must
consider the variation of an action integral Wy,[¥, {{);}] defined by a
Lagrangian integral of the form

LIV AN = [ dry [ dr, - [ dra LY, VY, ),

where {();} denotes a set of subspaces, the integration of the coordinates
of electron i being restricted to a region {);. Carrying through the same
variational procedure as that followed in the variation of W[V, ], one
finds (Srebrenik and Bader, 1975) that the condition for the satisfaction of
the principle of stationary action is that each subsystem (; must be
bounded by a surface S, satisfying a zero-flux condition of the form

Vipi(ry) * n(ry) = 0, rES, 107

where

pird =] .- So (H dr,) Ty,

J*i

The quantity p,(r) is the probability density that one electron is at r; when
each of the remaining electrons is in one of the subsystem volumes ;.
Thus py(r;) does not, in general, describe a physically realizable distribu-
tion of charge and it requires the diagonal element of the N-particle den-
sity matrix for its evaluation. In only one instance does p(r;) assume a
physical meaning. This occurs when all the surfaces S; but one are taken
at infinity, in which case p, reduces to (1/N)p, where p is the measurable
charge density distribution. The defining condition of the subspaces (};,
Eq. (107), then reduces to the zero-flux surface condition on Vp, Eq. (6).
Thus out of the complete set of solutions to the problem of determining
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subsystems that preserve the equivalence of their variational properties
with those of the total system, only one solution is physically realizable.

This same mode of integration, which defines the atomic Lagrangian
as

:f[\lf,a]=fm drlfdrz--' fdrNL=f“drfdﬂr’L

(the integration over spins is always assumed), carries through to the
definition of the commutator average in the derived atomic variation
principle, which in turn defines the atomic properties. The atomic average
of the property F associated with the operator ¥ must satisfy the atomic
statement of the Heisenberg relation, Eq. (51). Hence F({), t) must be
given by

FQ, 1) = f”drfd'r’ HY*$¥ + (FV)¥) (108)

The form of the operator is not yet specified in Eq. (108). thn F is
a one-electron property then, using the notation of Eq. (108), ¥ must
equal N %(r). The atomic average of the property F then becomes

FQ, 1 = Nf“dr f d7v HU*S@V + c.c.}, (109)

i.e., the atomic average of F is simply N times the value obtained for any
electron in the system (the electrons are treated in an equivalent manner).
Because of this equivalence, the atomic average can be expressed in terms
of I''Yr, r')

F@ = [ dr @m0 |

as can any one-electron property for the total system (Lowdin, 1955). If ]
is a function of coordinates other than r, then the electrons are not treated
in an equivalent manner in taking a subspace average. For example, if
% = 3,%(r,), the atomic average is given by the sum of two different terms

_l_ % (1) !
an dr @) ', 1)

b
+ ;f drf dr' @) I'(r, r'),
r=r' N £

where the first term yields 1/N of the average defined in Eq. (109), while
the second term, from the N — | electrons whose coordinates are inte-
grated over all space, yields a contribution expressible only in terms of the
second-order density matrix. This term attributes to the subsystem value
of a one-electron property, contributions from the operators for the re-
maining N — 1 electrons averaged over the total system.

With the mode of integration fixed and with the generator % set equal
to N%(r) to preserve the indistinguishability of the electrons, the average
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value of any atomic property as determined through the use of the atomic
variation principle is defined. Properties, such as the average force, de-
termined directly by the commutator average follow from the same defini-
tion. Such a property F({) is given by

F) =N [ dr [dr {¥ (% F'OI + ccl, (110)
where F is the property associated with the operator % as determined by
& = /)%, F o). (111)

The operator ¥ may itself be a or contain two-particle operator(s). How-
ever, in such a case because of the presence of %'(r) in the commutator
expression for %, each such two-particle operator ;, appearing in ¥ will
be a function of the coordinate vectors r integrated over (), and of r’
integrated over all space; i.e., £;2 = £..(r, r’') and a knowledge of I'®*(r, r')
is sufficient to determine F(£).

Thus any atomic property F defined through the use of the atomic
variation principle is the atomic average of an effective single-particle
density pp(r)

F@) = [ dr pr(0), (112)
where
pp(®) = N f d7 {U*S@V¥ + c.c.} (113)
or
pp(®) = N de' HYHE, F' O]V + c.c.). (114)

If [, ¥ ()] generates two-electron interactions, then pr(r) is the density
of the corresponding property at r as determined by the average interac-
tion of the electron at r with the other electrons in the system.

Atomic properties have the necessary property of yielding the value of
F for the total system when summed over all the atoms in the system,

F = (%) = S FQ). (115)

This property derives from the spatial definition of an atom and from the
definition of an atomic property as a corresponding spatial average of an
effective single-particle density distribution.

B. Average Energy of an Atom
1. Introduction

The energy is a fundamental property of a system. Hence the definition
of the average energy of an atom in a molecule through the application of
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the atomic variation principle merits a detailed discussion. The principal
difficulty in partitioning the total average energy of a system consisting of
indistinguishable, interacting particles is associated with the partitioning
of the average energy of interaction between its subsystems. Consider the
partitioning of some total system into two subsystems A and B. There is
some internal energy of A and of B and an energy of interaction between
them. How does one partition the energy of interaction into separate con-
tributions for each of the subsystems? Physics provides a unique answer
to this question if the forces acting within the system are of the inverse
square type.

We first show how the concept of the virial (which is the virtual work
for a set of finite displacements) allows for the definition of the electronic
energy of a total molecular system via an extremum principle. The elec-
tronic energy so defined obeys the virial theorem and is expressible as N
times the average energy of a single electron in the system. The atomic
virial theorem yields a definition of the average electronic energy of an
atom with properties identical to those found for the electronic energy of
the total system.

2. Electronic Energy of a Molecule

We shall confine the discussion to a stationary state with the state
function expressed for a rigid nuclear framework within the Born-
Oppenheimer approximation. The Hamiltonian for the system is

F=T+V=3 v -3 Z(r - XD+ 2 (e -
{ i o

i>j

+ Y Z.Zs(X, — Xal), (116)

a>f
yielding an average energy
E = (¢, #v).

The potential energy may be alternatively expressed in terms of the
virials of corresponding forces exerted on the electrons and nuclei as

S (-r V) + 3 (X, VN =V (117)
i a
or as
Srek)+ 3 (X, F) =V, (118)
i a

A force operator I, for particle « is the classical force exerted on this
particle by all the particles in the system. Correspondingly, one may
consider the virial of this force, r, *F,, to be the potential energy operator
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for particle « since, according to Eq. (118), the sum of such operators fgr
all the particles in the system yields the total potential energy operator V.
We shall first demonstrate that such an identification leads to the correct
physics for the total system and then show that it forms the basis for the
definition of the energy of an atom in a molecule.

The first summation in Eq. (118)—the sum of the potential energy
operators for the electrons—should, together with T, define the electronic
Hamiltonian of the system and this in turn, its electronic energy E.. Thus

E.= (% = (T + I reFY). (119)

The average electronic potential energy V. is thus defined as the aver-
age of the virials of the forces exerted on the electrons, the electronic
virial,

Vo= ¥ = <(2 r,-ﬁ‘,)> (120)

Correspondingly, the nuclear energy of the system is purely potential in
origin and is given by

E,= <2 XF> = - 2 X.* V.E. (121)

This contribution to E is trivially determined from a knowledge of just
p(r). One then has

E=E.+E,, (122)

where E is the total energy of the molecule for the nuclei clamped in a
given configuration X = {X,}. When a molecule is in an equilibrium con-
figuration, the external forces on the nuclei vanish as does E, and in this
case E, = E. The molecule can be in mechanical equilibrium in a given
arbitrary configuration X only if each of the nuclear forces (F,) is bal-
anced by an applied external force. This force, by the Hellmann—
Feynman theorem (Feynman, 1939), is given by

(i?a) = _vaE (123)

Now we wish to show that the electronic energy E. of Eq. (119) may be
obtained from an extremum principle subject to the constraints imposed
on the system via the external forces that must be applied to the nuclei to
maintain the configuration X (Srebrenik et al., 1978).

The variational problem thus defined is analogous to the extension of
Hamilton’s principle in classical mechanics to describe a nonconservative
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system subject to forces of constraint. In this situation the classical action
integral is replaced by the variational integral (Goldstein, 1965),

I=L:2dt<T+ Zn-m), (124)

which is to be compared with the expression for E, in Eq. (119).

The quantity 2, F;8r,is the virtual work, the work done by the forces
acting on the system during the virtual displacement from the actual to the
varied path. A virtual displacement denotes a change in the configuration
of the system resulting from arbitrary infinitesimal changes of the coordi-
nates consistent with the forces and constraints imposed on the system at
each time . Because of the constraints, the 8r; are not independent varia-
tions. The variation of I is possible only when the virtual work is ex-
pressed in terms of a generalized set of coordinates q; that implicitly
contain the constraints imposed on the system, thereby insuring that the
8q; are independent. The modified form of Hamilton’s principle obtained
by the variation of / then states that the integral of the variation of the
kinetic energy plus the virtual work involved in the variation must be
zero. The same interpretation may be given to the variation of the corre-
sponding quantum integral, Eq. (119), with the quantum analog of the

virtual work defined as
3(0| 3w Bl w) = (803 e Bufw) + (4] S v Bifow):
k k k
The condition of constraint as given for each nucleus in Eq. (123) may be
imposed on the variation of the quantum integral in the form

(X Fo+ X V,E) =0, a=1,2,...,n (125)

These constraints amount to imposing the condition that the virtual work
of the forces of constraint 8(X,+ F,) must vanish as is true for the classical
system.

The variation of the integral in Eq. (119) subject to the set of con-
straints in Eq. (125) demonstrates (Srebrenik ez al., 1978) that the elec-
tronic energy E. is the average energy obtained by extremizing the varia-
tion of the electronic Kinetic energy plus the virtual work of the electrons.
Having separated out the energy of the (motionless) nuclei from E, as the
virial of the forces of constraint acting on the molecule, the remaining
energy E.should satisfy the virial theorem, since the virial theorem relates
the average kinetic energy of a system of moving particles to their virial
or, if the forces are conservative, to their average potential energy. Thus
one finds that E. of Eq. (119) satisfies

E.=-T and E.=1V,, 127
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where the average electronic potential energy V. is equal to the virial ¥ of
the electronic forces, Eq. (120). These expressions, along with

-2T=19,

are satisfied for any nuclear configuration X. This follows since

V=(V) + 3 X, V.E,

and hence
2T =(V) + ¥ X V.E, (128)

which is Slater’s original statement of the virial theorem for a molecular
system (Slater, 1933).

3. Electronic Energy of an Atom

The importance of expressing the electronic energy in the form of Eq.
(119) is that it enables one to express %. and hence E. as sums over
single-particle contributions:

K= H=2 (—4Vi — 1o V1) (129)
i i
and
Ec= N(&) = N [dr [ dv {y*(~4V} — r,e VD). (130)

Thus the electronic energy is N times the average energy of a single electron,
and E. may be expressed as an integral over an effective single-particle
energy density

E.= f dr (K@) + ¥(r). (131)

In Eq. (131), K(r) is the kinetic energy density, Eq. (20), and ¥%(r) is the
virial field:

Yr) =N fdr' (W (~r+ V)W), (132)

the field which determines the atomic virial ¥',(Q2), Eq. (91). The virial
field ¥(r) is N times the potential energy density of one electron at r as
determined by its average energy of interaction with all other particles in
the system. %{(r) is an exact prescription of the ‘‘average field’’ experi-
enced by a single electron in a many-particle system.

Thus the electronic energy, since it may be expressed as an integral
over effective single-particle kinetic and potential energy densities, may
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be defined for an atom by restricting the integration in Eq. (131) to the
atomic volume (Q,

EL(Q) = T()) + V(Q), (133)
where 7({2) has been previously defined in Eq. (91). If the subsystem
energy E() is to have the same properties as E, for a total system, i.e.,

E()=-[ drk@m = - L dr G(r) = -T(@) (134)
and

E(Q) = V), (135)

then the region 1 must be an atomic volume. Only the atomic virial
theorem as derived from the variation of E[¢, ], Eq. (97), defines an
EL(Q) through Eq. (133), which satisfies the virial relationships in Eqgs.
(134) and (135). Equations (133) and (135) are written for the choice of
scaling origin that causes ¥ ((2) to vanish. In general for any origin one has

E(Q) = }7(Q) = T() + V() = —-T(). (136)

One finds from the virial theorem for a subsystem with the arbitrary
boundary of Eq. (92) [in a stationary state (%; = 0)] that

E@) = ~Ty(@) -1 fn dr V2p(r) (137)
and
ﬁZ
E(O = 1%@ + 1@ + b [ devew. asy

For such a subsystem, the average kinetic energy is not uniquely defined
and the Lagrangian integral does not vanish as it does for an atom and for
the total system. Hence only for an atom does E({)) obey the same virial
relationships for any nuclear configuration X as does E. for the total
system.

In summary, through the concept of the average force exerted on an
electron at r—the force density F(r) of the differential form of the equation
of motion, Eq. (78a)—one may define a corresponding single-particle po-
tential energy density as the virial of this force—the virial field. The
atomic average of the virial field is related to an average kinetic energy
through the atomic virial theorem. The kinetic and potential energies so
obtained define the electronic energy of the atom, E((}). The energy E((2)
satisfies the same theorems as E, for the total system since both are
defined in terms of the same variational principle with the same generator.
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The partitioning of an energy of interaction between two subsystems is
thus accomplished through the definition of a single-particle potential
energy density as determined by the virial of all the forces exerted on the
particle—the virial field %(r). This field describes the average energy of
interaction of the density at r with the total system. Its integration over an
atomic volume includes the interaction between all elements of charge
within the atom and the interaction of each of these elements with the
remainder of the system.

The explicit contributions to the potential energy of an atom have been
given and discussed elsewhere (Bader, 1975a; Srebrenik and Bader,
1975). We note that the definition of the atom’s electronic potential energy
in terms of the virial of the forces exerted on it includes a partitioning of
the nuclear-nuclear repulsive energies into separate atomic contributions.

C. Transferability of Atomic Properties
The atomic energies EL(2), T({)), and 7()) possess a most important
property: The extent of constancy of the atom as it is manifested in the
real space of various systems is reflected in a corresponding constancy in
its contribution to the total energy of a system, the limit of this property
being a constant contribution to the total energy when the atom is per-
fectly transferrable between systems. The observation that regions of
space bounded by a surface of zero flux, Eq. (6), satisfied this requirement
with respect to an energy defined as in Eq. (133), formed the original basis
for the identification of such spatial regions with the chemical atoms of a
system (Bader and Beddall, 1972). This observation may now be predicted
from theory as a consequence of the properties of the stress tensor &(r).
In a stationary state the stress tensor determines the force density F(r)
[see Eq. (78)]:
Fr) = -V &) (139)

and, since the virial field is the virial of this force, it determines 7(r) as
well:

Y@)=r+F@) = -r+ V- &(r). (140)

The integral of ¥(r) yields the virial of the forces over the basin of the
atom 7,({}). The local expression for the virial theorem Eq. (99) may be
used to obtain a virial density 7”'(r) that integrates to the total virial of
an atom V3,(Q2) + V,(Q)). This is given by

V'e)=r+F@) + Ve (r- &) = Tr|c(r) (141)

From the virial theorem for an atom, Eq. (135), or for the total system,
Eq. (127), Eq. (141) is seen to yield an expression for the energy density
E.(r) in terms of the trace of the stress tensor:
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Eq(r) = § Tr|G (r)

) (142)

and
E(Q) = 4 fﬂ dr Tr|5 )| = f“ dr (G(r) + V'(r) (143)

where () may refer to an atomic volume or to the volume of the total
system.®

The energy density E.(r), the virial fields 7(r) or ¥'(r), and the force
density F(r) all involve two-electron interactions and require I'®(r, r’) for
their direct evaluation. Yet from the above relationships, they may all be
expressed in terms of the stress tensor that is a functional of the first-order
density matrix, I''(r, r'), Eq. (71) (Bader, 1980). The kinetic energy den-
sity is determined by the trace of the stress tensor, Eq. (100).

The trace of I''X(r, r') determines' the charge density at the point
r = r', If the properties of I'*)(r, r’) in the neighborhood of its diagonal
elements r = r’ are identical over the basin of a given atom in two differ-
ent molecular systems, then the atom’s distribution of charge will be
identical in the two systems, as will its spatial distribution of energy, Eq.
(142), and its potential and kinetic components, Eqs. (141) and (100). In
such a case, the atom will appear identical in the two different systems and
will contribute identical amounts to the total energies of both systems.

Much effort is being expended to obtain a theory that equates the
energy of a molecular system to a functional of the charge density
(Hohenberg and Kohn, 1964; March, 1980) or the one-electron density
matrix (Berrondo and Goscinski, 1975; Donnelly and Parr, 1978). A den-
sity functional theory must possess the properties exhibited by the expres-
sion for EJr) in Eq. (142): When the distribution I'"(r, r') in the neigh-
borhood of r = r' and hence p(r) are identical over well-defined regions of
space in two different systems, these regions must contribute identical
amounts to the energies of both systems. This observation, which has
been shown to be a quantum mechanical property of a molecular system,
is the physical basis and raison d’étre for the belief that a density func-
tional theory for the energy can be found.

Thus there is a relation between the virial field and the distribution of
charge in a molecular system as was originally proposed on the basis of
the observed properties of the topological atoms (Bader and Beddall,
1972). They are related through I'*)(r, r') by the quantum mechanical
stress tensor.

8 The remaining contribution to the total energy E, the nuclear energy E, (which van-
ishes when no ner external forces act on the nuclei), is readily determined from a knowledge
of p(r) alone via the Hellman-Feynman theorem.
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Absolute transferability of an atom and its properties between systems
is probably never obtained. This is unimportant. The limit of perfect
transferability or the approach to this limit serves to establish the princi-
ple that an atom and its properties are defined by the distribution of charge
in real space, and the extent to which its properties change is directly
determined by the extent to which its distribution of charge changes. The
present theory predicts that an atom as defined here may exhibit a charac-
teristic set of properties that will vary between relatively narrow limits.
The average atomic energy E[()) is proportional to the sum of the virials
of the forces originating within the atom and those exerted on it by the
remainder of the molecule, the inner ¥"(}) and outer ¥'°({}) virials,

E(Q) = {(VY(Q) + V(Q)). (144)

For the atom to be identical in two different systems and possess the
same energy and hence the same ¥'(Q), the outer virial must remain
unchanged on transfer of the atom between molecular systems. The indi-
vidual contributions to 7°(Q) do, of course, change on this transfer, but
the atom, as a consequence of the atomic virial theorem, behaves in a
semiautonomous manner and changes only in response to the virial of the
net force exerted on it and not to changes in the individual contributions.
This requirement of a near constancy in the outer virial to yield a near
constancy in an atom’s properties on transfer is physically realizable and
observed (Bader and Beddall, 1972; Bader and Messer, 1974; Bader,
1975b), and hence one observes characteristic properties for atoms.

We illustrate this prediction of the theory for a relatively simple system
for which all the contributions to the atomic energies have been deter-
mined (Bader et al., 1973b; Bader, 1975b). Figure 4 illustrates the charge
distributions of the ground states of BeH and BeH,. The distributions of
charge in the hydrogen atoms in these two molecules are very similar. The
average electronic population of H, N(H), is 1.868 in BeH and 1.861 in
BeH,. Correspondingly, the average kinetic energies [and hence their
electronic energies E(H)] differ by only 6 kcal/mole. This degree of con-
stancy in N(H) and T(H) between these two molecules is found in spite of
the very large differences in the individual forces acting on the hydrogen
atom in the two molecules. For example, the electron-nuclear attractive
energy for H changes by ~ —220 kcal/mole and the repulsion of the
electrons in H with those in the remainder of the system increases by
~120 kcal/mole between BeH and BeH,. However, the sum of all the
virials of the external forces exerted on the hydrogen atom in BeH and
BeH, changes by only 3 kcal/mole. Thus when the total external virial
field acting on an atom changes by only a small amount, the changes in the
atom are correspondingly small.
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(b)

Fig. 4. Contour maps of the electronic charge distributions for the ground states of BeH
(a) and BeH; (b) showing the positions of the interatomic surfaces. Note the great similarity
in the distribution of charge in the hydrogen atoms in the two systems. (a) N(H) = 1.868e,
EH) = —0.7717 a.u.; (b) N(H) = 1.861e, E(H) = —0.7623 a.u. ¥ °(H) ~3 kcal/mole. (For
computational details see Bader ef al., 1973b.)

D. Quantum Topology
1. Topological Analysis

Starting with a knowledge of a system’s charge distribution, quantum
topology enables one to assign to the system a unique molecular structure
as determined by the topological properties of this charge density. This is
exemplified in Fig. 5 for the CH;* molecular-ion to which classical models
of bonding do not apply. From the further knowledge of the dependence of
the charge density on the nuclear coordinates, the persistence of this
structure and the mechanism of its change into neighboring structures
may be determined.

A bond between two neighboring atoms and their interatomic surface
are defined and characterized by the properties of a (3, —1) critical point
in the charge density. With a chemical bond defined, its properties may be
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studied and parametrized in terms of the properties of the charge density.
The value of the charge density at the (3, — 1) or bond critical point, p(r.),
allows one to relate the concept of bond order, defined originally in terms
of the products of coefficients of the molecular orbitals for just the
“m electrons’’ of a system (Coulson, 1939), to a property of the total
charge density. Thus for example, a plot of the values of p(r.;) for the
carbon-carbon bonds in ethane, benzene, ethylene, and acetylene versus
their equilibrium bond lengths shows these quantities to be linearly re-
lated. The eigenvalues of the Hessian matrix of p(r.) and the eigenvalues
of &(r,) mirror other bond properties, such as the extent of charge trans-
fer (‘‘ionic-covalent’” character), the behavior of the kinetic energy
changes involved in the formation of the bond, and the degree of ‘*double
bond’’ character as related to the height of a corresponding rotational
barrier. It has been shown (Bader, 1980) that the properties of a critical
point in the gradient vector field of I'(r, r') in the neighborhood of
r = r’ [as opposed to a critical point in just its diagonal elements, p(r)] are
determined by its block diagonal Hessian matrix formed from the ele-
ments of VVp and &. Thus the field of the quantum mechanical stress
tensor that determines both the force exerted on and the energy of an
element of charge density, also plays a role in the theory that relates
structure and structural stability in a chemical system to the topological
properties of p(r).

A change in structure necessitates the passage of the system point in
nuclear configuration space through a catastrophe point (Bader er al.,
1979b, 1980). If the change in structure involves the making or breaking of
a chemical bond, then the corresponding bond critical point is transformed
into a singularity in the charge density, i.e., a critical point whose Hessian
has one or more zero roots. Having defined the bond and the breaking of a
bond, one may now inquire into the nature of the forces that are responsi-
ble for one or more of the second derivatives of the charge density vanish-
ing at a critical point, and thereby obtain an understanding of the
mechanics of bond breaking and bond formation.

While the relationships between p(r.) and the properties of bonds dis-
cussed above are of a correlative or empirical nature, they do relate an
observable property of a system to the mechanics that govern it. There-
fore, such relationships are ultimately capable of theoretical expression
and prediction as predicated by an increase of our understanding of the
mechanics governing the distribution of charge in a molecular system.

Deb and co-workers (Deb and Bamzai, 1978, 1979; Deb and Ghosh,
1979) have also recently introduced the concept of a stress tensor into
chemistry to obtain a further understanding of the forces acting within a
molecular system.



(c)

Fig. 5. (a) Representation of the gradient vector field Vpo(r, X) for a plane of the CHs*
molecular-ion (T.-H. Tang, unpublished work, 1980). (b) Contour map of the charge density
for the same plane as (a) showing the molecular structure as determined by the field Vp. (c)
Contour map and structure for the plane containing the two remaining H atoms. The pro-
jected positions of these two protons onto the plane of a and b are indicated by crosses. The
molecular graph for this particular nuclear configuration X, in the close neighborhood of the
minimum energy geometry X,,, denotes a structure in which three hydrogens are bonded to
carbon in a normal manner, while the remaining two are bonded to one another (to yield a
stretched H; fragment) and bonded to carbon through one of them. This particular configura-
tion lies close to a conflict catastrophe point (Baderer al., 1979b, 1980), and since the energy
hypersurface is relatively flat in the neighborhood of X,, with respect to internal motions of
the H, fragment (Lathan et al., 1970; Dyczmons et al., 1970), the bond from carbon switches
from one proton of H; to the other during the course of its internal motions.
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2. Quantum Analysis

The topological analysis of the charge density defines the atoms as
well as the structure of a molecular system (see, for example, Figs. 1 and
5), and quantum mechanics defines the average atomic properties. The
theory makes possible the interpretation of chemical observations in
terms of a set of atomic properties that are governed by the same quantum
mechanical laws as those that govern the properties of the total system.

While the hypervirial theorem is of somewhat limited use for a total
system (([#, %#]) =0 for every %), the atomic statement of this
theorem, Eq. (105), can be used to obtain useful relationships between
atomic properties (Bader, 1980). Any empirically discovered relationship
between atomic properties, obtained, for example, through a study of a
series of molecules, is ultimately capable of theoretical expression, since
all properties are defined by quantum mechanics.

The simplest atomic property and the one with the longest history of
attempts to define it, is the average electronic population. Table II lists the
atomic populations [in the form of a net atomic charge $(Q) = Z, — N(Q)]
for a series of substituted acetylenes ACCH, A = H, Li, F, Cl, CN
(Messer, 1977). These populations exemplify the proposal based on chem-
ical observations: The effect of a substituent may be transmitted to an
atom removed from the site of substitution if there is an intervening region
of easily polarizable charge density. Replacement of H by Li results in a
charge transfer to CCH of nearly one electronic charge. However, the C;
atom has a larger net negative charge than does C,, to which the Li is
bonded. Substitution of F for H results in a transfer of charge from CCH
to F of ~0.8 ¢, but the largest net positive charge is found for Cg, rather
than C,. The substitution of Cl results in a much smaller charge transfer
than does substitution of F, but the charge distribution in the C—C inter-
nuclear region still undergoes considerable rearrangement, with C,; again

TABLE 11

AToMIC NET CHARGES? IN ACCH

A %(A) 4(C.) €(C») €(H)
H +0.142 —0.142 ~0.142 +0.142
Li +0.927 -0.122 —-0.898 +0.093
F —0.765 +0.167 +0.441 +0.156
Cl -0.091 -0.247 +0.200 +0.140
CN -0.100 -0.018 —0.037 +0.156

@ Calculated from wave functions obtained by
McLean and Yoshimine (1968).
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exhibiting the largest net positive charge. As anticipated on chemical
grounds, and as distinct from a hydrogen bonded to a saturated carbon
(Bader er al., 1980), the acetylenic hydrogen possesses a net positive
charge, a reflection of its acidic nature. Figure 6 shows contour plots of
the charge distributions for these molecules and the positions of the in-
teratomic surfaces. The redistribution of charge with substitution as indi-
cated by the data in Table II is reflected in the behavior of the atomic
surfaces. Note in particular the shift in the C,—C; interatomic surface
toward C, when a more electropositive element such as Li is substituted

Fig. 6. Contour plots of the ground-state molecular charge distributions of acetylene and
its monosubstituted derivatives AC,C;H.(a) A= H, (b)) A = Cl, () A = F,(d) A = Li, (¢)
A = CN. Note the displacement of the C,-C, interatomic surface in response to the effect of
substitution on the charge distribution of the CCH group. Note that the identical effect is
observed for the C—C interatomic surface in FHC=CH, (Fig. 1). Substitution of F for H in
CH,=CH, causes the C=C interatomic surface (which is coincident with a symmetry plane
in CH;=CH;) to be displaced towards the unsubstituted carbon nucleus.
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for H, and towards C; when a more electronegative element such as F is
substituted for H.

A knowledge of the net charges and multipole moments for atoms in
common bonded situations can be used to rationalize the chemical reac-
tivities of molecules in terms of their charge distributions. The dipolar and
quadrupolar polarizations as well as the net charge are characteristic for a
given atom in a given bonded situation. These polarizations impart to an
atomic charge distribution its directional properties, properties that are
frequently invoked and rationalized in terms of models such as the di-
rected ‘‘lone pair’’ model.

Through the definition of an atom’s average energy, one may isolate
those spatial regions of a reacting system in which potential energy is at
first accumulated and then later released, either to drive the same reaction
to completion or to initiate a subsequent one (Bader, 1975a). This ability
to spatially identify the ‘‘energy-rich’’ atoms of a molecular system can be
used to understand in a detailed way the mechanics of an enzyme-
substrate interaction and to quantify the concept of ‘‘high-energy bonds’’
and the role they are assigned in biochemical reactions. Related concepts
such as steric acceleration could also be tested in a quantitative manner.

Quantitative expression can often be found for qualitative concepts
that have proved useful in the past. An example is the extent of localiza-
tion of electrons to given regions of space. The spatial localization of some
average number of indistinguishable particles to a region of space is a
property of the pair density (Bader and Stephens, 1975). For a system of
electrons, the extent of localization is determined by the extent to which
the Fermi correlation is similarly localized, and this in turn is calculable
from the fluctuation in the average electronic population N(£)) of the re-
gion.” As anticipated on chemical grounds, ionic distributions are found to
be strongly localized in both pair space and real space. The charge dis-
tributions of the lithium atom as exemplified in Fig. 2 are ~95% localized,
and its average population of approximately two in these molecules is
very nearly the result of a perfect pairing of an « and a 8 electron. The
bound fluorine atom is generally characterized not only by a net negative
charge in excess of 0.7 ¢, but also by a high degree of spatial localization of
its charge density. The charge transferred to fluorine is not only tightly
bound, it is also strongly paired within the atom. Thus in the absence of
charge transfer, bonds to fluorine are relatively weak (as, for example, in
F,) because of the absence of interatomic pairing of the electrons. In

" An electron has a doppelginger, its Fermi hole, which goes wherever the electron
goes. Conversely, the electron may go only to regions of space in which its Fermi hole is
nonvanishing. If the Fermi hole is localized to a given region of space, so is the electron.
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contrast, the charge distributions of nitrogen and carbon atoms, particu-
larly in multiply bonded systems, are considerably delocalized, an obser-
vation again in accord with chemical expectations.

The underlying assumption of quantum topology is that chemical
properties of a system are faithfully mirrored in the properties of its
charge distribution. If true, the above examples serve to show the possi-
bility of obtaining a theory of chemistry based upon the mechanical prop-
erties of the charge distribution.

VI1. Discussion

This account of the theory of quantum topology has been mostly con-
cerned with definitions. The theory as it stands makes conceptual predic-
tions: Atoms, atomic properties, bonds, structure, and structural stability
are all consequences of the properties of the distribution of charge in
real space. Through the statements of the differential force law and
virial theorem and the equation of continuity, we have reached the
threshold of understanding the mechanics that governs the distribution of
charge (see Fig. 7 for a summary of the theory). However, the answers
to specific chemical questions must await the accumulation of data on
the properties of atoms in a variety of systems and the further development
of the theory. These two avenues of approach are not unrelated.

A new program for the determination of atomic properties, by the
integration of the corresponding property densities over the atomic vol-
ume, has been developed in this laboratory. This program avoids the
direct (and often difficult) determination of an atomic surface by imple-
menting the definition of an atom as the union of an attractor and its basin.
By integrating along the trajectories of Vp(r) that terminate at a given
nucleus, one must necessarily cover the basin of an atom. In addition,
because of the zero-flux surface condition, it is impossible to cross an
interatomic surface into the basin of a neighboring atom.

This description of the new integration program is by way of introduc-
ing a coordinate transformation with important theoretical consequences.
This coordinate transformation maps the Cartesian coordinates (x, y, z) of
a point r in an atomic basin into a triple (s, 8, ¢). The parameter s, Eq. (3),
determines the position of the point r along the gradient path that is
defined by some initial set of angular coordinates, 6 and ¢. This local
coordinate system resembles the spherical coordinate system with the
radial coordinate r replaced by the path parameters, and the rays replaced
by the generally curved gradient paths that traverse the basin of a given
atom. Since the limits of s are =, the mapping sends the bounded space
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of each atom into a complete space homeomorphic to R, The transforma-
tion assigns a complete space to each atom in the system. The collection
of atomic basins and the associated coordinate transformations yield an
atlas for the molecule.

One is led, by this coordinate transformation, to the definition of a
strain tensor. The strains described by this tensor are those produced by
the continuous deformation of the original radially directed gradient paths
of a free atom’s basin into the curved paths characteristic of a bound atom
(see Figs. 1 and 5). The bending of the gradient paths upon chemical
combination is a result of the persistence of the zero-flux atomic surface at
all stages of the reaction.

Attention has been drawn to the fact that the differential statement of
the equation of motion for the charge density as determined by quantum
mechanics

F(r,?) = maJ(r)/ot — V- G(r) (78a)

is identical in form and physical content with the corresponding New-
tonian law, which is the equation of motion for the material density of a
continuous medium, e.g., fluids or solids. The further element that the
quantum and classical theories of densities have in common is the con-
cept of a strain tensor. A given stress generates a given strain in a ma-
terial. Hence classical continuum mechanics has models and theorems
relating the stress to a given strain. Hooke’s model of a stress—strain rela-
tionship is a simple example.

One sees the possibility of developing similar models and eventually
perhaps, a quantum theory to relate the strain induced in an atom as a
result of chemical change to the corresponding change in the quantum
stress A& . Since the strain operative in an atom is determined entirely by
the charge distribution, one would obtain an expression for the corre-
sponding change in the atom’s energy AE.(Q) solely from a knowledge of
the change in the charge distribution; i.e., having determined A as a
function of the strain, one could determine the change in the electronic
energy of the system through Eq. (143) as

AE. =3 AE(Q) =4 [ dr Tr|aG))

Fig. 7. A diagrammatic summary of the theory of quantum topology. The diagram
illustrates that the definitions of molecular structure and of the quantum mechanical proper-
ties of an atom are both consequences of a single assumption: that of identifying the chemical
atom with the union of an attractor and its basin as determined by the topological properties
of the charge density.
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The goal of quantum topology is to provide a predictive theory of
chemistry based on the mechanics of the charge density. This goal is no
more unattainable than is the goal of classical continuum mechanics,
which is to predict the properties of materials through a classical descrip-
tion of the motion of material density. Indeed, based on the universality
of the force law, Eq. (78a), both the classical and quantum theories are
attempting identical descriptions. The force density F(r, ?) in either the
quantum or classical theory is an exceedingly complex quantity, because
it is the resultant of all the forces exerted on an element of density at a
given point in space. If F(r, f) were to be evaluated from first principles
for a quantum system, it would demand knowledge of the state function.
However, after the integration over the coordinates of all the particles
but one to obtain F(r, f), Eq. (78b), one has in a very real sense discarded
all the unnecessary information contained in ¥*V¥, and the resulting
physical force is determined by the greatly reduced amount of information
contained in TI'“(r,r') as required to determine J(r) and &(r) in
Eq. (78a).%

The underlying philosophy of quantum topology is to obtain a theory
of chemistry that employs only the information essential for the under-
standing of the properties of a chemical system—the information con-
tained in the charge density.

ACKNOWLEDGMENT

One of us (R. F. W. Bader) wishes to express his gratitude to the Swedish Research
Council for the award of a grant allowing him to visit the Institute for Quantum Chemistry,
University of Uppsala, for a six-month period ending December, 1979. He wishes to express
his thanks for the warm hospitality and encouragement shown to him by Professor Lowdin
and other members of the Institute. Work on the quantum mechanical stress tensor was
initiated during the course of this visit.

REFERENCES

Bader, R. F. W. (1975a). Acc. Chem. Res. 8, 34.

Bader, R. F. W. (1975b). In *‘Localization and Delocalization in Quantum Chemistry’’ (O.
Chalvet, R. Daudel, S. Diner, and J. P. Malrieu, eds.), Vol. I, p. 15. Reidel Publ.,
Dordrecht, Netherlands.

8 Not even all of the information contained in I''"(r, r') is required. A Taylor series
expansion of [ expressed in terms of R = #(r + r') and P = ¥r — r’) about the point
(R, P = 0) shows that J(R) and G(R) are determined, respectively, by just the first- and
second-order terms in this expansion (Bader, 1980).



Quantum Theory of Atoms in Molecules 123

Bader, R. F. W. (1980). J. Chem. Phys. 73, 2871.

Bader, R. F. W., and Beddall, P. M. (1972). J. Chem. Phys. 56, 3320.

Bader, R. F. W, and Beddall, P. M. (1973). J. Am. Chem. Soc. 95, 305.

Bader, R. F. W., and Messer, R. R. (1974). Can. J. Chem. 52, 2268.

Bader, R. F. W, and Runtz, G. R. (1975). Mol. Phys. 30, 117.

Bader, R. F. W., and Stephens, M. E. (1975). J. Am. Chem. Soc. 97, 7391.

Bader, R. F. W., Duke, J., and Messer, R. R. (1973a). J. Am. Chem. Soc. 95, 7715.

Bader, R. F. W., Beddall, P. M., and Peslak, J. (1973b). J. Chem. Phys. 58, 557.

Bader, R. F. W., Srebrenik, S., and Nguyen-Dang, T. (1978). J. Chem. Phys. 68, 3680.

Bader, R. F. W., Anderson, S. G., and Duke, A. J. (1979a). J. Am. Chem. Soc. 101, 1389.

Bader, R. F. W., Nguyen-Dang, T., T., and Tal, Y. (1979b). J. Chem. Phys. 70, 4316.

Bader, R. F. W,, Tal, Y., Anderson, S. G., and Nguyen-Dang, T. T. (1980). Isr. J. Chem. 19,
8

Berrondo, M., and Goscinski, O. (1975). Int. J. Quantum Chem., Quantum Chem. Symp. 9,
67.

Coulson, C. A. (1939). Proc. R. Soc. London, Ser. A 169, 413.

Courant, R., and Hilbert, D. (1953). ‘‘Methods of Mathematical Physics,’”” Vol. 1. Wiley
(Interscience), New York.

Curtiss, L. A., Kern, C. W., and Matcha, R. L. (1975). J. Chem. Phys. 63, 1621.

Davies, E. B. (1976). *‘Quantum Theory of Open Systems.’’ Academic Press, New York.

Deb, B. M., and Bamzai, A. S. (1978). Mol. Phys. 35, 1349.

Deb, B. M., and Bamzai, A. S. (1979). Mol. Phys. 38, 2069.

Deb, B. M., and Ghosh, S. K. (1979). J. Phys. B 12, 3857.

Donnelly, R. A., and Parr, R. G. (1978). J. Chem. Phys. 69, 4431.

Dyczmons, V., Staemmler, V., and Kutzelnigg, W. (1970). Chem. Phys. Lett. 5, 361.

Ehrenfest, P. (1927). Z. Phys. 45, 455.

Epstein, S. T. (1974). J. Chem. Phys. 60, 3351.

Epstein, S. T. (1975). J. Chem. Phys. 63, 3573.

Feynman, R. P. (1939). Phys. Rev. 56, 340.

Goldstein, H. (1965). **Classical Mechanics.”’ Addison-Wesley, Reading, Massachusetts.

Hirschfelder, J. O. (1960). J. Chem. Phys. 33, 1762.

Hohenberg, P., and Kohn, W. (1964). Phys. Rev. 136, B864.

Landau, L. D., and Lifshitz, E. M. (1959). ‘‘Fluid Mechanics.”” Pergamon, Oxford.

Landau, L. D., and Lifshitz, E. M. (1975). ‘‘The Classical Theory of Fields.”’ Pergamon,
Oxford.

Lathan, W. A., Hehre, W. J., and Pople, J. A. (1970). Tetrahedron Lett. No. 31, p. 2699.

Loéwdin, P.-O. (1948). *‘ A Theoretical Investigation into Some Properties of Ionic Crystals.”
Almgqvist & Wiksell, Stockholm.

Lowdin, P.-O. (1955). Phys. Rev. 97, 1474,

Loéwdin, P.-O. (1956). Philos. Mag., Suppl. §, 1.

Lowdin, P.-O. (1959). J. Mol. Spectrosc. 3, 46.

Loéwdin, P.-O. (1967). Adv. Quantum Chem. 3, 323.

McLean, A. D., and Yoshimine, M. (1968). Table of Linear Molecule Wavefunctions. IBM J.
Res. Dev. 12, Suppl., 206.

Malvern, L. E. (1969). ‘‘Introduction to the Mechanics of a Continuous Medium.”
Prentice-Hall, Englewood Cliffs, New Jersey.

March, N. (1980). Spec. Period. Rep: Chem. Soc.

Messer, R. R. (1977). Ph.D. Thesis, McMaster University, Hamilton, Ontario, Canada.

Moffitt, W. (1951). Proc. R. Soc. London, Ser. A 210, 245.

Moffitt, W., and Scanlan, J. (1953a). Proc. R. Soc. London, Ser. A 218, 464.



124 R. F. W. Bader and T. T. Nguyen-Dang

Moffitt, W., and Scanlan, J. (1953b). Proc. R. Soc. London, Ser. A 220, 530.

Morse, P. M., and Feshbach, H. (1953). ‘‘Methods of Theoretical Physics,”” Vol. I.
McGraw-Hill, New York.

Nguyen-Dang, T. T. (1980). Ph.D. Thesis, McMaster University, Hamilton, Ontario, Canada.

Pauli, W. (1958). In ‘‘Handbuch der Physik’’ (S. Fligge, ed.), Vol. §, Part 1, p. 1.
Springer-Verlag, Berlin and New York.

Roman, P. (1965). ‘‘Advanced Quantum Theory.”’ Addison-Wesley, Reading, Massachu-
setts.

Runtz, G. R., and Bader, R. F. W. (1975). Mol. Phys. 30, 129.

Schweitz, J.-A. (1977). J. Phys. A: Math. Gen. 10, 507, 517,

Schwinger, J. (1951). Phys. Rev. 82, 914.

Slater, J. C. (1933). J. Chem. Phys. 1, 687.

Srebrenik, S., and Bader, R. F. W. (1974). J. Chem. Phys. 61, 2536.

Srebrenik, S., and Bader, R. F. W. (1975). J. Chem. Phys. 63, 3945.

Srebrenik, S., Bader, R. F. W., and Nguyen-Dang, T. T. (1978). J. Chem. Phys. 68, 3667.

Tal, Y., Bader, R. F. W., and Erkku, J. (1980). Phys. Rev. A 21, 1.

Tang, T.-H. (1980). Unpublished work from this laboratory.

Thom, R. (1975). **Structural Stability and Morphogenesis'' (Engl. Ed.). Benjamin, Reading,
Massachusetts.



Group Theoretical Techniques
and the Many-Electron Problem

K. V. DINESHA and C. R. SARMA

Department of Physics
Indian Institute of Technology
Bombay, India

and
S. RETTRUP

Department of Physical Chemistry
H. C. Orsted Institute

University of Copenhagen
Copenhagen, Denmark

I. Introduction . . . . . . . 125
1I. Spin-Free CI Studies and the Permutatlon Group . . . . . . 128
III. Unitary Group Approaches and Many-Electron Systems . . . . . 130
A. General Introduction . . . . . . . . . . . 130

B. Tensor Basis for U(n) . . . . . . . . . . . 137

C. Spin-Free CI Studies . . . . . . . . 143

D. Angular Momentum Basis for Atomxc Electrons . . . . . . 149

E. Subduction Coefficients . . . . . . . . . . 154

IV. Conclusion . . . . . . . . . . . . . . 165
References . . . . . . . . . . . . . . 166

1. Introduction

The application of group theoretical methods to problems in many-
electron systems has been known for the past few decades. In view of the
availability of large computer systems, interest in such applications has
increased substantially in recent years. In this article we would like to
discuss some of the recent developments in this field which have led to
efficient programs for implementing large-scale studies of atomic and mo-
lecular structure. Though group theory forms the basis for the entire
discussion, the emphasis here is on techniques rather than abstract for-
malism.

The procedures outlined in the following sections deal with the prob-
lem of diagonalizing the spin-free, nonrelativistic N-electron Hamiltonian
operator,

H=3 fi+ X gl,j, (1)
i=1 i<j
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where
S = —4Vi + V(i) 2)
gli, ) = 1/ry, 3

where the right-hand side of Eq. (2) represents the sum of the kinetic and
potential energies of the ith electron, and that of Eq. (3) the Coulomb
interaction between the /ith and the jth electrons. The fact that the right-
hand side of Eq. (1) does not contain any spin-dependent operators im-
plies that the solutions of the corresponding Schrodinger equation are also
eigenfunctions of the spin operators S? and S,. In addition, the wave
functions so obtained have also to satisfy the Pauli antisymmetry re-
quirement since we are dealing with an N fermion system. Using an effec-
tive independent particle approximation, we can realize the N-electron
wave functions satisfying the above requirements as linear combinations
of Slater determinants of N-spin-orbitals {x;/i = 1,2, . . . , 2n}, which
form an orthonormal set spanning a linear vector space V,,. The
N-electron determinantal wave functions are the basis spanning the alter-
nating representation occuring in the reduction of the primitive tensor
space V,;,®% of these spin orbitals. A further reduction of this alternating
representation to yield basis states of $2 and S, follows readily if we note
that each spin orbital can be expressed as a product of orbital (¢;) and spin
(8,) parts. This leads to the result that each element of V,,®" can be
expressed as a product of Nth rank tensors of orbital and spin parts. Thus
we need only consider the subspace (V,®%) ® (V,®") of the primitive
configuration space V,,®". The procedure for generating spin-adapted
determinantal wave functions is now evident. We first reduce the spin space
V,®" to obtain the eigenfunctions of the operators §2 and §, and multiply
these by elements of V,®" and antisymmetrize the whole product (cf.
Pauncz, 1967; McWeeny and Sutcliffe, 1969).

One of the most direct methods for generating spin eigenfunctions is
due to Lowdin (1964). In this procedure a projection operator is applied to
a spin monomial of Nth rank corresponding to the eigenvalue M of .. This
operator annihilates all spin contributions other than the desired one and
leads to a proper spin eigenfunction. This procedure applied to suitably
chosen linearly independent set of spin monomials yields, in turn, a set of
linearly independent spin eigenfunctions. Orthonormalization of the re-
sulting set leads to a basis {@¥ .4k =1, . . . , f¥} (Léwdin, 1958;
Pauncz, 1967, 1979) spanning the given spin state. Another frequently
used method for generating this set of spin eigenfunctions is the geneolog-
ical one suggested by Kotani et al. (1955). In this method we presuppose a
knowledge of the complete orthonormal set of spin functions foran N — 1
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electron system in the spin states § * § and use vector-coupling methods
to generate the required functions for the N-electron system. Whatever
the method used, the spin functions ©%,,., are linear combinations of
elements of V,®* having §N + M spins a(m, = +4) and 4N — M spins
B(m, = —4). As an illustration of the form of these functions, we list the
states S; = 4, M = } of a three-electron system:

O%nana = (1/V6)(2aaB — afa — Baw),
B2 = (1/V2)aBa — Baa).

We now consider the elements spanning V,®%, which are realized

using an ordered orthonormal set of single-particle orbitals {&di = 1. 2,
.. n}as
Va®%: {(NiNy - - No) = b i - - il “)
where Ny, N,, . . . , N, are nonnegative orbital-occupancy indices satis-
fying
2M=N &)

Equations (4) and (5) define a primitive tensor basis applicable to any
N-particle system. If, however, we consider the antisymmetric product of
the elements of Eq. (4) and the elements of V,®*, we find that the result is
zero unless the occupancy indices of Eq. (5) satisfy

2=2N,=0 forall i=1,2,...,n 6)

Thus, we can define the possible N-electron wave functions for the Hamil-
tonian of Eq. (1) as

d‘g,M;k(NlN2 s Np) = (NN, - - - Nn)Gg‘],M;k, ™
where
A= (1/VNY) E &,P (8)
PESY

is the Hermitian N-electron antisymmetizer (Pauncz, 1967). The mul-
ticonfiguration wave function for the system is a linear combination of
wave functions of the type given on the right-hand side of Eq. (7). The
coefficients defining the linear combination are obtained by setting up the
Hamiltonian over the basis defined by Eq. (7) and diagonalizing it.

The expansion of ©F,,., as a linear combination of spin monomials
permits the right-hand side of Eq. (7) to be expressed as a linear combina-
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tion of Slater determinants so that the interconfigurational matrix ele-
ments can be determined using simple rules (Slater, 1929, 1931). A com-
puter program is available for generating the configuration interaction (CI)
matrix using this approach (cf. ALCHEMY developed at IBM Research
Center, San Jose, California, by P. S. Bagus e al.). The main drawback of
this determinantal approach is that it slows down as the number of mono-
mials defining each ©% .. increases (cf. Rettrup, 1977, 1978). It is in this
context that the spin-free approach due to Matsen (1964) becomes an ex-
tremely powerful tool for CI studies. This method, which is essentially
group theoretic in nature, will be the subject of discussion in the following
sections. Among some of the other workers who have investigated this
field are Gallup and Norbeck (1976), Gerratt (1971), Paldus (1974, 1975),
Wormer and Van der Avoird (1972), and Sarma and Rettrup (1977).

I1. Spin-Free CI Studies and the Permutation Group

Spin-free studies of many electron systems are based on the result that
the spin functions OF 4., (k = 1. . . . , f¥) transform as real orthogonal
basis spanning the irreducible representation (irrep) [N + S, 4N — §]
under the action of elements P” of the permutation group Sy on the spin
coordinates of the electrons (Pauncz, 1967). It can in fact be shown (McIn-
tosh, 1960; Murty and Sarma, 1975) that the Young orthogonal basis is,
apart from a phase factor, the same as the set of orthonormalized Lowdin
(1956) spin projections.

If P’ is any permutation of the spin coordinates, we have thus

A
PoOY s = 2 [PlasO%mim. )
m=1

where [A] =[NV + S, N — S]. and [P)A: are elements of the real
orthogonal Young’s representation matrix. We also observe that the
separability of orbital and spin spaces permits every permutation of
electrons to be expressed as a product of orbital and spin-coordinate
permutations as,

P = Prpe. (10)

Using the right-hand sides of Eqs. (9) and (10) on the right-hand side
of Eq. (7), with the definition of the antisymmetrizer as on the right-hand
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side of Eq. (8), we obtain
VNN -+ - Ny
=Ny Y ,Z 8ol PYaul PT(Ny - - - N 1O ag; m

PES, m=1
= (£ 3 (BN N1, an
where (Kaplan, 1974),
et = (SYND'®Z [Plupr (12)
PESy
is the Wigner operator for the irrep,
[\] = [2%5, 155], (13)
conjugate to [A] and
(Pl = 5p[P]r;hk- (14)
Expressing both sides of Eq. (11) as
KN Ny - - Np); S M; k)Y
= (fYe 2 [(N{Ng - - - Np); mkY*OF am , (15)

we obtain a compact expression for the required spin-projected N-elec-

tron wave function.
For the Hamiltonian of Eq. (1), these wave functions yield the
matrix elements

((NINg- - N 8", M/ k' |HI(N{Ng - - - Np)3 S, M, k)
= (f97 X ((NiNz- - - Np); mk'[H((N\Ny - - - Np); mk )
m
X 85 Syrm
= ((NiNz- - - Np); mk'|[H|(N\Ny - - - Np); mk)
X 6srs SM’M' (16)

Using the fact that the operators e'r, defined by Eq. (12) satisfy
(Kaplan, 1974),

A
elyelt!

(el

(NY/FD 2elh) 8yn Bgt, an
etN, (18)
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and commute with the Hamiltonian, we obtain the result

((N'Ny-+Np; S, M k'|H[(NyNy - - - Np); S, M, k)
= (fY/NY'"2
X ((NiNg - - Np)|H|epL(NiNy - - - Ny))
= X ((NiNi- - NHIPI(N:Ng -+ N [Plew. (19)
PE Sy
The above result shows that the Hamiltonian matrix elements are inde-
pendent of the index m of e}, This in turn, implies that the set of func-
tions forming a basis for a given row of the irrep [A\] = [2¥%~5, 125] of Sy,
which form an orthonormal and complete set, may be used for generating
the CI matrix.

The form given in Eq. (19) was successfully used by Gallup and Nor-
beck (1976) and Karwowski (1973a,b, 1981) to define the class of nonzero
matrix elements of a spin-free Hamiltonian if the defining orbitals formed
an orthonormal set. A major drawback in this method is the difficulty in
defining explicitly the matching permutations needed for the nonzero
elements.

A possible alternative to the permutation group approach outlined in
this section is to realize that a complete orthonormal set of the orbital
tensor basis, {{(N;N, - - - N,); mk)*}, with a fixed index m defines also a
basis for the irrep, (A) = (2¥25, 125, 0*~V2-5) of the unitary group U(n).
Such a duality between unitary and permutation groups (cf. Robinson,
1961, and Wybourne, 1970, for details) has been successfully exploited in
studies of atomic and molecular structure by Wormer and Van der Avoird
(1972), Sarma and Rettrup (1977), Paldus and Wormer (1979), and Harter
and Patterson (1976a,b) among others. In a recent note Sarma and
Sahasrabudhe (1980) were able to realize a tensor basis of this form for the
general irreps,

()\)=(}‘1,)\2"."}\n)’ )\12)\22'.'2An20s

M+ A+ -+ 2, =N, (20)

of U(n). It was shown by these authors that the matrix elements of the
generators of U(n) obtained using such a basis were identical with the
corresponding ones due to Gel'fand and Zetlin (1950). Some of these
unitary group approaches and their application to many-electron systems
will be discussed next.

III. Unitary Group Approaches and Many-Electron Systems

A. General Introduction
Use of unitary group methods in CI studies of many-electron systems
is based on the fact that for spin-free Hamiltonians, the orbital and spin-
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tensor spaces are separable. Since the spin—orbitals defined for the system
span the fundamental representation space V,, of the unitary group U(2n),
the separability of the spin and orbital components leads us to consider
the representation space V, ® V, of the subgroup U(n) ® U(2) C U(2n).
This fact and the duality between the unitary and permutation group en-
ables us to use the arguments of the previous section to conclude that we
need to generate only the product representations (2V2=5 125,
0"~V2=5y @ (N/2 + 8, N/2 —8) of Un) ® U(2) subduced from the
totally antisymmetric irrep (1) of U(2n). Weyl (1946) was the first to
attempt a detailed study of the problem of such subgroup-adapted (sub-
duced) basis for the alternating representation of U(2n). Using a gener-
alized version of the standard Young tableaux of Sy, he was able to obtain
the basis spanning the irreps (2V2~5, 125, "=¥2-5) (N/2 + §, N/2 - §)
of Uln), U(2), respectively. Computational schemes based on the Weyl
tableaux approach have been recently developed by Harter and Patterson
(1976a,b) and used in the studies of atomic structure.

Systematic methods for generating basis states spanning finite dimen-
sional irreducible representations of U(n) were first developed by
Gel’fand and Zetlin (1950). These authors were able to generate a canoni-
cal basis subgroup adapted to the chainU(n) 2 U(n — 1) D - - -2 U2) 2
U(1), using the eigenvalues of the Casimir operators of the group to label
the states. Extensive studies of the many-body problem were undertaken
using the Gel’fand-Zetlin (GZ) basis by Moshinsky and co-workers
(1968), Baird and Biedenharn (1963), Ciftan and Biedenharn (1969), and
Ciftan (1969). As a first step in our review, we consider the procedures
useful in generating the Gel'fand-Zetlin tableaux (GZT) for U(n).

The GZT is characterized by a triangular array,

Min Map T Myp
Myp— Mop—y " My 1p
Im) = v Q1)
mys Mgy
my
where nonnegative integers m;; (i = 1,2, . . . , j) in the jth row specify

the partitions defining an irrep of U( j) C U(n). The branching rules for the
canonical basis defining the irreps of U(n) imply that the my satisfy the
triangular conditions,

mU => my_y = Myyyj. (22)
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All possible choices of the n(n + 1)/2 nonnegative integers subject to the
triangular inequality (22) yield the possible GZT spanning the irrep

(m) = (mlm Mapy « - . ’mnn> (23)

of U(n). (The maximal GZT is defined as the one with my = m,, for all
i=1,2,. ... foreachj.) A complete lexically ordered set of GZT can
be readily generated starting with the maximal one and decreasing the m;;
by unity starting with the lowest row subject to Eq. (22) being satisfied. As
an illustration consider the eight GZT spanning the irrep (2,1,0) of U(3),
which may be obtained using the above procedure as,

210 210 210 210

21 21 20 20
2 1 2 1

210 210 210 210
20 11 10 10
0 1 1 0

The correspondence of the GZT with an orbital description of the tensor
basis follows if we identify the orbital occupancy index as,

1

M

My_y. (24)

j 3
N} = 2 Mmy —
i=1 i=1

These GZT provide a simple labeling scheme for the basis spanning the
irreps (A) of U(n). The entries in each of the n rows of the tableaux charac-
terize a subgroup U(j) of U(n) embedded entirely in the given irrep of the
group. This ensures the canonical nature of the basis, which is generated
using GZT if the branching rules of U(n) are used in the process. There
are, however, some drawbacks in using this tableaux basis. First,
n(n + 1)/2 entries are needed in the proper sequence to identify each
GZT. This problem becomes acute for the electronic GZT, which span the
irrep (2¥%-S, 128, 0"~¥2-S) of U(n). This irrep can only admit the my
satisfying 2 = my =03 =1,2,. .. ,j;j=1,2,. .., n) so that just
the integers 2, 1, 0 repeatedly occurring in the rows have to be stored in an
ordered manner. Second, the dimensionalities of the irreps of U(n)} can be
quite large so that the utilization of the whole irreducible space may not be
feasible in many applications. The subspace to be used is generally de-
cided by the possible orbital occupancy set (NN, - - - N,) € V,®" most
applicable to the physics of the situation. To generate the GZT spanning a
small subspace of this type to the exclusion of the rest of the irreducible
space is generally not an easy task.
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In view of the above limitations it would be useful to examine the
alternatives to the GZT scheme for labeling the states of the irrep (A) of
U(n). One of these is to use the standard Weyl tableaux (Hamermesh,
1962) spanning the irreps of U(n). These tableaux follow on using the

nontrivial partitions Ay = Ay = - - - = X\, > 0 (p = n) to define the corre-
sponding Young shape for [A\] = [Ay, Ag, . . . , A\,], 28, A\; = Nof Sy, and
assigning the orbital indices 1, 2, . . . , n to the boxes in all possible ways

so that they define a nondecreasing sequence along each row and an
increasing sequence along each column. The standard Weyl tableaux
(SWT) so generated have a unique correspondence with the correspond-
ing GZT. In order to facilitate easy visualization of this correspondence it
is convenient to add a set of nodes to the extreme left column of the Young
shape to indicate the trivial partitions Apyy = Apiz = + -+ = Ay = 00f (A).
As an illustration, consider the correspondence,

3 2 1 1 0 O 1 3 4
3 2 1 1 O 2 5
3 1 1 0 & 3
2 1 1 5
1 1

between the GZT and the SWT for the irrep (3,2,1,1,0,0) of U(6). One of
the interesting features of the SWT is that each one displays explicitly the
orbital occupancies (N;N, - - - N,) of the orbitals. This should permit one
to generate the subset of tableaux corresponding to a given (N;N,
-+ N,) € V,®7" readily. Such a set is useful when one is interested in
carrying out a limited CI calculation with, say, all singly excited configu-
rations, or with all singly and doubly excited ones, and so on. We now
outline briefly the procedure for generating the above subset of SWT.
Since identical indices cannot share a column in the SWT, we find that
the regular removal of N, boxes from the Young shape defining an irrep

{(A) = (A, Ag, . . ., Ap) of U(n) so that no two of the boxes share a
column, results in the Young shapes for (A') = (Ay, Az, . . . , Ap_y) Of
U(n — 1) embedded in the irrep (\). If the resulting Young shapes of
U(n — 1) Contain less than n — 1| rows, we add a corresponding number of
nodes in the extreme left column to make up the total number of rows to
n — 1. As an illustration, consider the irrep (3,3,2,2,1,0,0,0) of U(8),

which has the Young shape:
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Let us assume that Ny = 2 so that we have to determine the possible
Young shapes resulting from the deletion of two boxes which do not share
a column from the above shape. We readily find that the following are the
only possible irreps of U(7) embedded in (3,3,2,2,1,0,0,0) of U(8):

|

(@ )] (©)

The corresponding top two rows of the GZT follow as:
33221000 33221000
3321000 3222000

(a) (b)

33221000
3221100

(©)

The location of the orbital index 8 in the SWT is fixed by the deleted boxes
and we can proceed in the same manner starting with the irreps of U(7)
and deduce all the SWT having specified orbital occupancies. The proce-
dure for obtaining the SWT is thus evident. We remove successively N,
Np-1, . . . , Ny boxes and obtain a branching diagram. If at any stage an
N; = 0, we just delete a node. Keeping track of the locations of the de-
leted boxes, we obtain the possible SWT having a specified orbital occu-
pancy set. This procedure is repeated for the other occupancies.
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As an illustration of the procedure consider the irrep (2,1,0) of U(3)
and the SWT corresponding to N, = N, = N; = 1. Using the procedure
outlined above, we obtain the branching diagram,

T
/

leading to the two SWT and hence the corresponding GZT,

12 210 13 210
& 20 2 & 11
1 1

Although the above procedure for generating the SWT is relatively
simple, it involves the use of Young shapes and is difficult to implement as
a computer program. To get over this difficulty Rettrup and Sarma (1980)
proposed an algebraic equivalent of the above SWT procedure. We now
consider this procedure briefly.

Consider the irrep (A) = {(A;, Ag. . . . L A,) inwhich\, = x, = -+ - =
A = 0, in which A; occurs p, times, where the superscript on p is used to
indicate explicitly that we are dealing with the group U(n). Let p’ 1.
pl-a. - . . .p& be the frequencies of occurrence of the integers A, — I,
A — 2.. . ., 0. respectively in {(A). The collection p%,, pX,-1. . . . . P
can be used to characterize any irrep (A) of U(n). Thus, the irrep
(3,3,2,2,1,0,0,0) of U(8) may be characterized as [p§ = 2. p§ = 2. p} =
1. p8 = 3]. For Ng = 2. the deletion of two boxes not sharing a column in
the Young shape for this irrep, led to the irreps (a), (b), (c) of U(7) listed
earlier for this example. In the present notation these irreps are charac-
terized as

(@=12,1,13 ®=I[1,303; (©=1(1,222]

where the frequencies correspond to [p], pi, pi, pil. Thus, given an irrep
of U(n) characterized as p}, pf-1, . . . ,pil, wheref = X, is the maximal
entry in the defining partition for (A) and a value of N,, we can charac-
terize the irreps of U(n — 1) embedded in it using the set [p}~', p'i=i,

., p&']. Such a characterization is applicable to any orbital index
1 =i =< n. This leads to a unique correspondence between every SWT
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and the corresponding (f + 1) X n matrix tableau [p"], which can be
expressed as:

pi pta cr pi P
n—1 n—1 PR n=1 n—1

SWT<:> Ps Pr-1 : P1 Po (25)
p/l pfl—l D1 pé

Though the formulation is now in an algebraic form, the procedure for
determining the rows of the p" tableau is not quite straight forward. Given
a[pjpi, - - p}] and an N, the determination of possible (j — 1)th rows
[pF'pil - - - pi'] involve successive determinations of this latter set for
the occupancies 0, 1,. . . , N; — 1 before generating the required set for
the given occupancy (Sarma and Rettrup, 1980; cf. also Paldus, 1972, for
electronic SWT with A; = 2). In view of this, an alternative tableaux
scheme was considered by Rettrup and Sarma (1980) which led to a rela-
tively simple algorithm. In order to generate these tableaux, consider the
partial sums of the entries in the p” tableaux defined as,

Mi= N pls i=ff-1....0; j=1.2,....n (26

k=1

since the total number of rows of any irrep of U(j) is j, we obtain the
result,

M-

M= 2 Pk =J. @7

Il

0

using Eq. (26). Since the right-hand side of Eq. (27) is just the row index in
a possible M" array, we observe that we need only the set (MM}, - - -

i1Gi=1.2,. .. .n) of ordered (increasing as read from left to right)
nonnegative integers which have a unique correspondence with the p”
array, and hence with the corresponding SWT and GZT. It can be shown
that given such a set for the jth row and an N,, the possible (j — 1)th rows
follow on selecting N; entries at a time and subtracting unity from each so
that the result again defines a nondecreasing sequence of nonnegative
integers as read from left to right. Each of the possible choices defines a
set [(MF'Mi-) - - - M{'].

As an illustration of the above procedure, consider again the irrep
(3,3,2,2,1,0,0,0) of U(8) having Ny = 2 considered earlier. We observe
readily that the top row of the M® array is characterized by the entries
[M§ = 2, M§ = 4, M% = 5]. There are three possibilities of subtracting
unity from two of them taken at a time so that the result is a nondecreasing



Group Theoretical Techniques 137

sequence of nonnegative integers. The possible seventh-row entries [M}
M} M) are

[2 3 4] [1 4 4] [1 3 5],
which correspond to entries in the second row from top of the GZTs,
(3,3,2,1,0,0,0); (3,2,2,2,0,0,0); (3,2,2,1,1,0,0),

respectively. This result is in agreement with the corresponding one ob-
tained earlier using the SWT scheme. Henceforth we will designate the
present scheme as the M tableau (MT) scheme.

In this section we have summarized the various tableau schemes for
labeling the basis states spanning the irreps of U(n). It is worth noting that
the MT scheme is quite general and applicable to any N-particle system
whose basis states span the irreps of U(n). Unlinking of the procedures
from lexical ordering and associating them with orbital occupancies has
the advantage that we can choose the configurations relevant to the physi-
cal problem under consideration.

In the next section we consider the explicit realization of the basis for
the finite dimensional irreps and determine the matrix elements of the
generators of the group.

B. Tensor Basis for U(n)

The problem of generating a basis set spanning an irrep (A) of U(n) is
one of reducing the space V,X" defined by Eq. (4) into irreducible sub-
spaces Vi, A direct procedure for effecting such a reduction leading to a
canonical basis for U(n) is the one due to Gel’fand and Zetlin (1950). Their
method has been the subject of extensive studies during the past two
decades (Moshinsky, 1968; Baird and Biedenharn, 1963; Ciftan and
Biedenharn, 1969; Louck, 1970). The Gel'fand-Zetlin (1950) procedure
assumes the existence of an invariant subspace V{", on which acts a set of
linear operators, Ey (i,j = 1, . . . , n) called the generators of U(n), and
the mapping V¥ — V. These operators satisfy

[Eu, Eiml = Eim 55k - Ekj dim (28)
Ej =Ey (29

A basis for this space is generated using the real nonnegative integers my
(i=j=1,2,. .. ,n), in terms of which the eigenvalues of a complete
set of the mutually commuting invariants /. (k <r =1,2,. . . , n) can
be expressed. The invariants I,,. are expressed in terms of E as follows:

r

Le= 2 EyEuy - Eyy (30)

{15825 s lpe=1



138 K. V. Dinesha at al.

The my define a set of n(n + 1)/2 nonnegative integers which are arranged
in a triangular array as on the right-hand side of Eq. (21). The basis
spanning V{} is characterized in terms of these arrays which are called the
GZT [cf. Eq. 21)].

Let us now consider an alternative to the above approach for generat-
ing a canonical basis for U(n). This approach is based on the duality
between the permutation and unitary groups (Robinson, 1961). Weyl
(1946) was the first to employ this duality successfully for generating a
U(n) basis using essentially idempotent Young operators of the permuta-
tion group. These operators, which define an invariant subalgebra for an
irrep NI =1[A, Aoy - o . A ] M Z A=A, >0 0+ A+ A, = N) of
Sw, are usually not Hermitian so that they do not define an orthonormal
basis for ViV (cf. Matsen, 1964; Hamermesh, 1962; Boerner, 1968). Re-
cent studies by Kaplan (1974) and Harter and Patterson (1976a,b) and
Sarma and Rettrup (1977) lead to the possibility of generating a tensor
basis which is closely related to the Weyl basis of U(n). In addition to
these studies which were restricted to the irreps (2V2-5, 125, Q»~¥2-5) gp-
plicable to many-electron systems, Sarma and Sahasrabudhe (1980) stud-
ied the more general irreps of U(n). This approach will now be outlined
briefly to reveal its application to many-electron systems.

Consider an element (N;N, * - - N,) of the tensor space V,®" defined
as on the right-hand side of Eq. (4). Let V{ be a subspace of V(n) which is
irreducible under the generators E; defined by Eqgs. (28) and (29). The

nontrivial elements A; (i = 1,2,. . . . p;p < n) of the irrep (A) = (Ay, A,
., An) of U(n), such that Z{; A\, = N, define a partition of N, and
therefore, anirrep [A] = [A, Az, . . . , Ap] of Sy for the N-particle system.

As a first step in the reduction of V,®%, we define the standard Wigner
operators for the irrep [A] of Sy as [cf. Eq. (12)],

e = (fA/ND2Y [PIAP 31

PeESN

where [P]} are elements of the real orthogonal Young representation
matrix for P € Sy. These operators satisfy [cf. Eqs. (17) and (18)],

erets’ = (NVfY)' el 8y 8,5m (32)

er = (elM)*. (33)

Applying these operators to (N;,Ny, . . ., N,), we obtain a set of
functions,

e (NyNg, . . . N =N\ Ny, . ooV N3 rs)™, (34)

Applying permutation Q on the right- and left-hand sides of el¥, we obtain
[M = z [Q]tr s s (35a)
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e =2 [Qlherd (35b)
t

These properties will now be used to obtain a complete orthonormal
basis from the set defined in Eq. (34). If N; = Qor1fori=1,2,. . . ,n,
we observe that a set of f} nonvanishing and linearly independent func-
tions is possible, where [ is the dimensionality of irrep [A] of Sy. If the
single-particle orbitals are orthonormal, this set, in turn, defines an ortho-
normal Young basis for the irrep [A]. On the other hand, if some of the
N; > 1, then the functions of Eq. (34) do not form a linearly independent
set (Kaplan, 1974). This can be illustrated using the primitive tensor basis
[(1, 2, 0)) = |$,0d3) of V3@ symmetry adapted to the irrep (2, 1, 0) of

U(3). Using the Wigner operator (Kaplan, 1974)

= VIE S (PP

PES,

for S; and the transformation properties of the Young representations
under the elementary transpositions (Kaplan, 1974), we obtain the result

eBUICL 2,00 = (1/V3)eR1(1, 2, 0))

where ¢3! is the second Wigner operator for the two-dimensional sub-
space of [2, 1] of §3. Since there is only one SWT corresponding to this
occupancy for (2, 1, 0) of U(3), this linear dependence leads to problems
of unique identification (Patterson and Harter, 1976).

For orbital configurations of electrons which span the irrep (2V*-5, 125,
07-V2-5)y Kaplan (1974), Karwowski (1973a,b), and Sarma and Rettrup
(1977) solved this problem by assigning all doubly occupied orbitals to the
first subset of electrons followed by the assignment of singly occupied
orbitals to the rest. This led to the primitive tensor space being defined as,

(i, )Y = ¢hdh, - - - DLdi Dy 7 Diyg (36)
where
| =iy, ds . . ., ipsg =N, 37
subject to
Iy <y <lip Ipr1 <lprg <00 <lpig (38)

Using such a primitive basis and the Wigner operator defined as before,
we can readily show that only ¢%%!! yields a nonzero basis for the given
example. Sarma and Dinesha (1978) and Dinesha (1979) have shown that
the basis spanning the irrep (2V*=5, 125, 0"~¥?2-5) obtained using the primi-
tive tensors of Eq. (36) differ only by a phase factor from the correspond-
ing canonical Wey! or Gel’fand basis. In the case of the above example it
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can be easily shown that

el = (-] 32) = (=)

210
21 )
1

The reordering of orbital tensor products, which is easy to define when
no N, is greater than 2, becomes rather difficult if some of the N, have
values greater than this. Second, a consistent phase factor relationship is
also not easy to establish, as in the case of the many electron configura-
tions. In view of these difficulties we now consider a brief outline of the
procedure due to Sarma and Sahasrabudhe (1980).

The main reason for the ambiguity discussed above is that the primi-
tive monomial (NyN, - - -+ N,) is invariant under all permutations P be-
longing to the subgroup Sy, ® Sy, ® - - - ® Sy, of Sy, whereas the
Wigner operators of Eq. (31) undergo the transformations as in Eq. (35).
One obvious way out of this difficulty is to choose linear combinations of
these operators so that they exhibit the same invariance. Such linear
combinations can be chosen using the elementary transpositions P = (k,

k+1)(Wherek=l, . ,N1~1,N1+1,. . ,N1+N2‘_1,. Y
Ny+ N+ -+ N, +D,...,(Ny+ Ny+ -+ N, — 1), and
demanding that
fi
et = X alp e, (39)
8=1
satisfies elXh P = '3} for any
P=k k+t 1)E Sy, Sy, ® - QSy,. (40)

The meaning of the symmetrization index (5) will become clear below.
Since the Young representation matrices have a very simple form for
elementary transpositions (Hamermesh, 1962), the above combinations
can be readily generated. As an illustration consider the primitive tensor
(1211200) belonging to V& which is required to be symmetry adapted,
say, to the irrep (22,13,0°) of U(8). Using the elementary transpositions
(2,3), (6,7) which leave the primitive tensor product invariant and
noting that,

e |(12112000)) = e2>'d (2,3)[(12112000))

()

2813 (6,7)](12112000)),

= of
36
4
5
7
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we obtain the symmetrized and normalized linear combination,

e[Hlﬂ] (4\/_ \/39[22.13] + \/ge[z't‘.l“]

r T2 r T
36 36 3
4 4 4
s ] s
7 7 6

+ 3e23d + V15¢/2%1
ro 13

2 7
4
5
7

-

2
4
5
6

It is rather difficult to obtain closed expressions as those above for the
basis states spanning the general irreps (A) of U(n). However, in these
cases it is possible to obtain a recursive form for the symmetrized
operator combination. In the general case, let [A] be the irrep of Sy corre-
sponding (A) of U(n) and ¢l) the Wigner operator as defined by Eq. (31).
Keeping the index r fixed let us apply this operator to the tensor product
(NyN; -+ - Ny). The result will be zero if any pair of the groups of the first
Ny, next N,, . . . , last N, share a column in the standard Young tableau
t). This follows since the tensor is completely symmetric in each of the
groups of these entries, whereas the entries sharing a column imply an
antisymmetry within the group for which this happens. This, in turn,
implies that in all such tableaux the first N, entries can occur only in the
first row, the next N, entries can be at most in the first and/or second
rows, etc., so that ultimately the last N, entries can be in any or all of the n
rows. Let N represent the subset of the ith group of N; entries occuring in
the jth row of the standard tableau 7. Since the total number of entries in
the ith group is N;, we have the result

ENU N, i=12,...,n (41)

Since we require symmetrization over each of the groups of entries, we
define the combination of Eq. (39) as,

e
PN (NGt Nag) - - NuaNoge - - N
./'I)\I
= m
2 e a1 (42)

S=1

Using this notation and omitting the fixed index r, we can represent
the required tensor basis spanning the irrep (A) of U(n) as

[al P
€ rlA(NIINNiINH" (NN - Nua)] ,(an Nnn)]><)\>,

= [[(N1)(NgyNgg) - =+ (Npy -+ Npd))™>, (43)
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where the index set (NN, - - - N,) has been omitted since it is already
contained in the specification of the row entry index i in Ny, and
symmetrization over the groups of Wigner operators has been indicated
by using the parentheses.

Consider now the transformations induced in this basis by the
generators E;; of U(n). In view of the commutation and Hermiticity
properties [cf. Eqs. (28) and (29)) of these generators, we observe that
we need study explicitly only the transformations induced by E;_j.
These generators are symmetrical in particle coordinates so that they
commute with ¢! of Eq. (31) and operate on the primitive tensor
(N;N; - * - N,) (Sarma and Dinesha, 1978; Lezuo, 1972; Harter and
Patterson, 1976b). The transformation of the primitive tensor is given by

(Ny,. .. N Nioo o0 Ny
o (Nyy o o W Ni LN =1, N,
Thus, the only nonzero matrix elements which result are
(Ny) *+ * (N w * *Nizge 1 - Ny )N+ - N = 1+ - Ny
“(Nppw o Nnn)]lEt—ltl[(Nll)' “*(Ng=t1 "+ * Ncwew » * Ncymd)
X (Nyg++* Ngeo - Nyb oo (Npyw + - Nan)])
= [(Nieg + DNJ2([(Ny) - (Ncpg s - Nicge + 1 - Ny

XNy Nyg—=1-Nyg - (Npp- - Nu)])

X e N N N Nor NN+ N+ Noo]

XNy, o o o N+ 1I,N, —1,. .., Ny, (44)
fork=1,...,i—- 1

The evaluation of the above matrix element is difficult in view of
the fact that the operator combination defined for the ket vector is the
one corresponding to a primitive tensor (N, - - - N;_|N;- - - N, ), whereas
after the operation of E,_,;, we have a tensor (N,,. .., N, + 1,
N;—1,. .., N,). This problem was solved by Sarma and Sahasrabudhe
(1980) by expressing both the bra and ket Wigner operators required for
Eq. (44) in terms of those for the primitive tensor (N,, . . . , N, — 1,
Ny—1,. .., N,). The procedure leading to the matrix elements of
E;_;; is lengthy but straightforward and was found to yield the Baird-
Biedenharn expression (Baird and Biedenharn, 1963) which was obtained
by the latter authors using the Gel'fand—Zetlin (1950) basis. This expres-
sion, which is expressed in terms of the my; of the GZT can be readily
restated using the Ny (k=1,. . . ,i;i=1,. .., n) of Eq. (44) and
the identification,

J
my = Ny (45a)
k=i
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as,
F i i i-1 e
l—[ <E Ba Z Nﬁk T« )
a=1 B=a 8=k
i-2 i-2 i—
x (ZN&, EN,jk—a+k—l)
(— 1)1/2 a=1 B=k (45b)
i-1 i—1 i—1
( E N Ng — a+ /\’)
a=1 \B=q 8=k
(a#k)
i-1 i—1 i—1
XH( NB(\_ENH](_Q+I\')
a=1 B=«a 8=k
(a#l)

Though the above result is just a restatement of the standard (Baird and
Biedenharn, 1963) one, the interesting feature of the present study is the
relation of Eq. (45a) between my and the partial sum over Ny. Using the
correspondence between the tensor and Weyl basis, we observe that my
can be interpreted as the partial sum of the entries/ occuring in the SWT
intherows k = 1,2, . . . ,j. This, in turn, leads to a simple relationship
between my and the N; defined by Eq. (24). This relationship was
exploited by Sarma and Rettrup (1980) and Rettrup and Sarma (1980) in
developing a computer programme for obtaining the matrix elements of
the generators for the basis spanning an irrep (A) of U(n).

The method outlined in this section is extremely general and applicable
to any many-particle system. Since the present article is concerned mainly
with many-electron systems, we will outline in the next section some of
the simplifications that result on using the irreps (2V?75, 135, Qn—V2=5),

C. Spin-Free CI Studies

In Section II we briefly formulated the CI problem for a spin-free
Hamiltonian. The difficulties of the permutation group approaches were
pointed out in the discussion following Eq. (19). From the results of the
previous section we can easily see that the matrix elements of the Hamil-
tonian obtained in Eq. (16) are between two basis functions which trans-
form according to the irrep (2V27%, 125, 0"~¥2-5) of U(n). For these irreps
many simplifications in the general formalism described in the earlier
section are possible.

Consider an N-electron molecular system in the spin state S. The
ordered set of # orthonormal molecular orbitals {¢;]i = 1. 2 ., n},
spanning a vector space V, can be used to define the primitive configura-
tion space of the system as
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vn®.‘\/ . { ¢(‘V)

n
E(bl\"d)gz . »d)#n'N!.Nz.. .. ,ano;z Ni= N} .

The spin-free configurations of the system span the irrep (2V275, 125,
0"~¥2=5) {for the remainder of this section we will write this as (A) and
the associated irrep of Sy[2V27%, 12] as [A] of U(n)} and can be obtained
by a reduction of V,®" using the operators ¢!} of Sy defined by Eq. (39).
The fact that the Young diagram corresponding to the irrep [ A] of Sy has at
most two columns implies that a nonzero basis [e!Y®V) of U(n) results
only if ®* of Eq. (4) has no orbital with occupancy greater than 2. If a
particular primitive configuration ®** of such a set has p doubly occupied
orbitals, the operatore!} has to be defined as a symmetric linear combina-
tion of standard Wigner operators e.}! as explained in the previous section.
This expansion in terms of ¢!} is quite tedious to obtain and is avoidable in
the case of the irrep (A) of U(n) being considered in the present section.
For this purpose we choose a primitive tensor set

I {eV=o4dh - dhbi, div,l
hyige . o ., =1.2,. .. ,n;
fy <ipg < v <lpiipey < o <liwop} (46)

in place of the set defined by Eq. (4). We note that the sets of functions
defined by Eq. (46) are related to those of Eq. (4), subject to N; =< 2,
through a permutation which shifts all doubly occupied orbitals to the
extreme left. As observed by Kaplan (1974), the use of ¢'¥’ of Eq. (46) to
define a tensor basis |e!}¢™') eliminates the need to define linear com-
binations e!¥ as in !N}, This follows since each of the p pairs of
electrons for the doubly occupied orbitals have entries (1,2), (3,4), . . . ,
(2p — 1. 2p) in the top p rows of the defining tableau ¢}. It has been
shown by Sarma and Dinesha (1978, 1979b) that the two basis sets in-
troduced above are identical to within a phase factor such as,

P
ey = (T] &) leet™) “n
i=1

where g = +[(—1) if the smaller of the pair of entries for ¢% is even(odd)
and the tableau ¢} will be specified shortly. As a prelude to demonstrating
this result, we introduce a compact notation for a two-column standard
Young tableau (SYT) spanning the irrep [A] of Sy. For every standard
tableau of this type we list in an increasing order from left to right entries
occuring in the N/2 — S boxes of the second column. Thus, for example,
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we have a typical correspondence such as

3
6 < (3,6)

b N

for the irrep [2%, 12] of Se. The standard Wigner operator corresponding
to a tableau with the entries (¢,, g2, . . . . gnp—s) in the second
column is represented in our notation

r{gy,..., ayjz—g)"

Let a doubly occupied orbital ¢% occuring in ®*’ correspond to the
kth and (£ + 1)th electrons. The k, k + | entries for these electrons
share either row or axial positions in the tableaux defining el}. This
necessarily means that in this pair of tableaux, if (kK + 1) occurs in the
second column of one of them then %k occurs in the second column of
the other. Without loss of generality we can display every such pair
in our notation by mentioning the larger of the two entries in the set
(91, q2» - - ., qnz-s) of second column entries and indicate sym-
metrization with respect to its immediate predecessor by a bar over the
entry. Thus, if p doubly occupied orbitals occur in a given &V and
correspond to the electron pairs (ky, &, + 1), (ke + ks + 1), . . .,
(ky, kp + 1), we represent the symmetrized Wigner operator as

e[rgl = eml.qz ----- K+ kp+l,..., aNiz-8) (48)
In order to illustrate the validity of Eq. (48), consider a primitive tensor
QY = py(1) - dlk) bk + Dk +2) -+, (49)

which has only one doubly occupied orbital ¢} occuring for the (k + 1),
{k + 2) electron pair. The required basis function for the irrep (A) of
U(n) is

e . ,PY = Qd){(d - D'MeR k.

+(d+ D'"2eld | e, P, (50
where d is the axial distance between (k + 1), (k + 2) in the given tableau.

Noting that the two-column Young diagrams corresponding to this [A]
do not admit total symmetry over more than two entries, we immediately
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obtain the result (cf. Sarma and Rettrup, 1977),
bk ik + Dylk +2) )
krz. o0 k) ddk + Dk +2) -+ )
+( o dlk)dk + DNpylk +2) -+ )}
= —2el¥ im0 k) dyk + Dylk +2) - -0). 5D

where the factor 2 in the last equality arises due to symmetry of
e 3., over (k+ 1) and (k + 2). Further manipulation of Eq. (51)
leads to

e wmm. o bk bk + Dk +2) --)
= —eQ im0 ok ok + Dtk +2) ). (52)

This procedure can be continued until the doubly occupied orbital is
shifted to the extreme left as in ¢ defined by Eq. (46). If more than one
doubly occupied orbital occurs, repetition of the above procedure leads
to the identity of Eq. (47). As an illustration of the above correspondence
consider the basis

e wm..
= —eld.

e b o d1dsdidsdsdidy))

of U(7). As outlined in the procedure we have,

= leRonio(did1dadydsdids))

= lebir o Didid1dydsdsdy) )

The general rule for obtaining the tableau ) in Eq. (47) is the fol-
lowing: Let the symmetrized tableau be § =1(q:, . . . , Gm—1» Gm,>
Amy+1,c + + 00 o o ~‘Imp—1~q_m,,»CIm,,+1~- -« +gnp-g).Wheremy.my, . . . .m,
specify the symmetrization over the pairs (Gm;—1. Gm;)+ (Gmg—1+ Gmy)+ -+ +
(@my-1- qm,), respectively. The tableau s’ is obtained by writing 2, 4,
. . ., 2p as the first p second-column entries, increasing each entry
corresponding to a singly occupied orbital in § by twice the number
of doubly occupied orbitals to its right and writing it successively after
2p in s’. Thus we have,

et s.0( D102 Dsds DB D7)

s, = (2, 4, « .oy zp, ql + Zp, e e e qﬂI1—l + Zp, qml+1 + 2p - 2. f e e
qM2—l + zp’ Qm2+1 + zp - 4# ooy qmp—l + 27
Dmpt1s - - - 5 Qnpp—s). (53)

We now discuss the effect of the generators E;; of U(n) on the basis
set developed above using ¢V’ of Eq. (46). These operators are sym-
metric in the electron coordinates and commute with ¢!}, where ¢}
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is an SYT with the top p second-column entries being 2, 4, . . . , 2p.
Thus E;; acting on ¢V changes the occupancies of / and j as
(Ngy. Ny) = (N; + 1, N; — 1). Since the occupancy of any orbital is
restricted to 2 = N; = 0, we need consider only the following cases
for ™

i N;=0, N,=1; ) N;=1, N;=1;

Gqii) N; =0, N;=2; iv) N;=1, N;=2.

The transformations induced by E;; on the basis states of the irrep (A)
of U(n) will now be studied for each of these cases. For purposes of
clarity we illustrate each case with a specific example from the basis
set spanning (2%, 13, 0®) of U(10). The general results in each case are
summarized from Sarma and Rettrup (1977) and Sahasrabudhe et al.
(1980a).

Case (i) N;=0. Ny=1. Consider a basis state |e? '"(djd3d;-
bobshedbrhg)) of U(10). The generator Egs acting on this leads to
le[f;'“”(¢%¢§¢§¢2¢8d)6¢7¢9)>. The transformed monomial is now not in
the ordered form as in Eq. (46). The permutation P = (8910)~' brings
it to this form. Using Eq. (35) we obtain, in general,

Euelie™ = 2 [PLhoeible™ (54)

where P is the matching open-shell cyclic permutation and ¢’ is given
by ¢’V = ¢VAdilry) = bilry)).

Case (i) N;= N;=1. Let us consider ¢V = ¢jdidsdsdpsdsdsdedio
and effect of E, on it.

EweV = ¢1didrdsdsdedsdsdio = PPididedidedsdio = Po''V,

where P = (78910), which is an open-shell cyclic permutation. Hence,
in general,

Eyelle'™ = elPe'™ = 2 [Plheill o' (55)

8=1

The monomial 'Y is not in the ordering defined in Eq. (46). A doubly
occupied orbital (here, ¢3) occurs in the middle of singly occupied
orbitals. However, using Eq. (52) we can shift the doubly occupied
orbital to the electron coordinates (2p + 1) and (2p + 2) and get another
projection with a properly ordered monomial; in general,

Eyeipe™ Z &g Pla e ¢V, (56)

where g, = [(d £ 1)/2d]'? is the conversion factor from €} to the sym-
metrized operator ¢!}’ . d being the axial distance in 7} between entries
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of electrons occupying ¢, in ¢'**’, The plus (minus) sign is used when the
larger entry is in the second (first) column, s’, is the tableau obtained
from the symmetrized tableau § according to Eq. (53). ¢"» corresponds
to the ordering defined in Eq. (46).

Case (iii) N; =0, N;=2. Let ¢ = ¢idididsdsdedrds, then
9[1)13l Egpe'™ = 2N (P dododihsdsdedrdhs) = 2el) '™,

In the monomial ¢''", ¢, and ¢, are singly occupied and hence for non-
vanishing matrix elements

(e B " ME el V), (57)

the monomial ¢’ should belong to case (ii). Now, noting that Ef; = Ej;,
we find that the nonvanishing matrix elements can be written as

(Eye'd ¢ Vel o). (58)
The effect of E;; on €} ¢’V has already been discussed in case (ii).
Case (iv) N; =1, N;=2. Let ¢V = ¢id3didedsdsdide. Now,
Egel o™ = e} ((39) + (49) didididsdsdasdrde
= eif ((39) + (4Me'™ = —elle’ ™,

where the last step follows from arguments similar to those used in
writing Eq. (51). Now, to bring the monomial ¢'*"’ to proper ordering
we need an open-shell cyclic permutation P [in this example it is (789)].
Hence, in general,

-
=>

E”ellz]‘p(N) = —e[l:\]) P‘p"(N) = — [P])‘ e[A] (N (59)

w
||

In all four cases we see that the effect of E;; is expressed in terms
of representation matrices of open-shell cyclic permutation P of the type
k,k=1,kx2,...,k=1). However, p is an SYT in which the first
p-row entries are (1,2), (3,4),. .. ,(2p — 1, 2p), respectively. This
means that we need the representation matrices of P € Sy, (M being the
number of open shells) and not P € Sy (Kaplan, 1974). This results in a
great reduction of labor in obtaining the matrix elements of E;;. The task
is further simplified by the fact that we need representation matrices of
only cyclic permutations of the type (s. s + 1,. . . ,s + 1)

A simple procedure to evaluate the representation matrices of cyclic
permutation was given recently by Sahasrabudhe et al. (1980a). The
fact that only cyclic open-shell permutations are necessary for determining
the matrix representations has also been recognized by others (Ruttink,
1978; Paldus and Wormer, 1979).
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Until now we have discussed procedures for obtaining the matrix
elements of generators of U(n) between the basis functions spanning
two-column irreps of U(n). The spin-free Hamiltonian expressed in terms
of the generators of U(n) (Harter and Patterson, 1976a; Paldus, 1974;
Matsen, 1975) is

H = 121 JuEy + % 2 8issemEwEpn — SxEim),

ijkm

where fi; = (ilfl¢;) and gium = (Pi1¢s|1/r1sldrdm) are the one- and
two-electron integrals over the molecular orbitals. The procedure outlined
above permits us to readily generate the CI matrix of the Hamiltonian.
Rettrup and Sarma (1977, 1980) recently developed a program for generat-
ing this matrix. The program developed on IBM 370/165 at the University
of Sheffield, United Kingdom has proved to be quite efficient. It is worth
pointing out that the procedures discussed in this section and the pro-
grams based on them are well suited for application in areas such as
limited CI studies and perturbative approach to many-particle correla-
tions, etc., where specific configurations need to be used. The graphical
approach due to Shavitt (1976, 1977) can also be used for these purposes
but with considerable modification.

The basis set used in this section is canonical in nature and only the
permutation symmetry is incorporated in it. In general, physical systems
do have other symmetries such as the point group symmetries for mole-
cules and the R(3) (rotation group in three dimensions) symmetry for
atoms, etc. If the point group of the molecule considered is abelian, the
spatial symmetry adaptation is straightforward and has been trivially in-
corporated by the programs developed by Rettrup and Sarma (1977,
1980). In the case of atoms, the subgroup adaptation U(n) O R(3) requires
angular momentum projected basis. Another important area of application
is to consider an N-electron system in spin state § to be composed of
subsystems of N, and N, electrons having spins S; and S,, respectively
(Kaplan, 1974). These two problems will be dealt with in the next two
sections.

D. Angular Momentum Basis for Atomic Electrons

In the previous section we assumed that the only symmetry admissible
to the system considered was one of permutation. If, however, we con-
sider an N-electron atom, we observe that in addition to the permutation
symmetry, we also have to consider the symmetry R(3) of the Hamilto-
nian. The restriction of U(n) to the subgroup R(3) leads to the decomposi-
tion of the irreps of U(n) to those of R(3). This requires that we be able to
obtain the basis spanning R(3) as a linear combination of the basis span-
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ning a given irrep of U(n). In order to develop a simple procedure for this
purpose, we discuss in the present section an N-electron atom for which
the L-S coupling scheme is valid. Since the total spin S is a good quantum
number we have to consider the spin-free configurations spanning the
irrep (\) = (V25 128, 07~V2=5Y of U(n).

In the L—S coupling scheme, the tensor basis set for the above irrep is
generated using single-particle orbitals |/, m ), which are eigenstates of the
angular momentum operators /2 and /,. Let [{1/32 - - - [J» represent a sub-
shell distribution of the individual electrons where

S N, =N (60)

For such a distribution of electrons, the linear vector space V, spanned by
{f, mli=1,2,....p;m =14, —1,...,—l} isthe direct sum

Vo= 3 8V, 61)
i=1

of (2/; + 1)-dimensional subspaces for each fixed /;. The primitive orbital
tensor space is then

»
V,®" = [[ (v, @"). (62)
i=1

This is a reducible space for U(n), and the reduction into irreducible
subspaces is affected using the Wigner operators ¢3! defined in Eq. (39)
(hereafter [A], (A) stand for [2V/2~S, 125], (2¥/2~S 125, O"~¥/2-5) throughout
the present section). Such a reduction leading to the orthonormal basis
leND™) where @V defined in terms of |/, m ) is in the ordering given by
Eq. (4) with |/, m) preceding |/, m') if m > m’ and |l, m) preceding |!’,
m') forallm, m' ifl > 1.

The space V¥ obtained as above is stable under the generators E; ; of
U(n) but not under the generators L. = L, + iL,and Ly, = L, of R(3). A
restriction U(n) | R(3) leads to a decomposition of the irrep (A) of U(n)
into irreps D' of R(3) characterized by the angular momentum L. The
irreps D'® which occur in this reduction can be determined using the
procedure due to Hamermesh (1962). Extensive tabulation of this decom-
position for the subgroup chain U(n) D R(n) D R(3), where R(n) is the
rotation group in n dimensions, have been given by Wybourne (1970).

Consider the N-particle angular momentum operators L., L,;, which
are infinitesimal generators of R(3) and which can be represented in terms
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of the corresponding single-particle operators [, /, as

N N
L. = 2 [k.w Ly = kzl Ixo . (63)

Since these operators are symmetric in the electron coordinates, they
commute with e} and operate on the monomial part ®* of the tensor
basis spanning (A ). Since the defining orbital |/, m ; (k}) of the k th electron
in this product is an eigenstate of /,, with eigenvalue m, we obtain the
result

Lole@dW) = |gN E Lg®™)
= M|€[A]¢,(V)> (64)

where
4
M= 2 2 mllNl(.mli, (65)

Niy.m, being the occupancy of |l my)(0 = Nym, = 2). The result of
Eq. (64) permits us to classify the basis spanning () of U(n) into sets
according to specific M values as |¢N D). If we consider a set corre-
sponding to M = 0, we can generate linear combinations which are
eigenstates (/{132 - - - I¥v); LM)<> of L?, L, with angular momentum
values L = M, M, respectlvely. Applying LJr to any such combination and
equating the result to zero, we can eliminate all contributions to it from
states with L > M. Obtaining the coefficients defining the combinations
using the linear equations resulting from

L+|(1Y'[§Q e [ ») LM><A> — (66)

we can generate eigenstates |(/{1/32- - - 13»); MM)<* with angular
momentum eigenvalues M, M. The transformation induced by L, on
the tensor basis can be determined as for L, since

L+|e[”CI>“’) — |e[“ 2 I (pun) (67)

Now, I, operates only on |/;, my; (k)) € ®§ and transforms it into
\l;. my, + 1; (k)) according to

el mys (R) = r(blly, my, + 15 (), (68)

where
(k) = {(ly = m)y + my, + DK, (69)
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and the index & is explicitly introduced to indicate that we are dealing
with |l;, m,) values associated with the kth electron orbital.

Using the result of Eq. (68) on the right-hand side of Eq. (67), we
obtain,

N

L+|e['\]¢’w)> = 2 Ti(k)Ie“‘]‘Dﬂil(lh my — Iy, my, + 15 (k) (70)

k=1

where (l;, my — l;, m, + 1; (k)) implies a monomial obtained from
O’ by replacing |, my; (k) by [, my, + 15 (k) and 7(k) is as
defined in Eq. (69). The state on the right-hand side of Eq. (70) may
not, in general, be a proper basis for (A) of U(n) since there is a
change in occupancies of |l;, m,) and |/, m,i 1), whereas e} has
been symmetrized for the original occupancies. This fact, combmed
with the result that the orbital occupancies N,, m, = 2 for the many-
electron system leads to the four trivial cases,

(l) Nli:ml, = 1! Nl!-mlﬁ'l = Oa
(ll) Nlbml‘ = 1’ Nli.ml‘+l = 1’
(iii) Nli’ml‘ = 29 Nl;.ml‘-i-l = 0;
(iv) Nz,.m,i =2, Nl,,m,‘+1 = 1;

as in Section III,C. Using an analysis similar to the one given in that
section we can easily establish the validity of the following results:

G) e, LY = 7(k)|e WO (1, my, — Iy, my, + 1(k)) 1)
(ll) |e[)\][k+q)(‘\’)([‘mll(k). I,mli + ](k + l)))
= k(g = D/
X |e®) &Y (limy 1 (K), limya(k + 1)) (72)

where d, is the axial distance between the entries k, X + | in the
tableau defining el}!; the +(—) sign is to be used if k£ is in the
first(second) column and k& + 1 is in the second(first) column in the
defining tableaux; e!}} has symmetrization as in ¢!}' and is additionally
symmetric in the entries &, k + 1; and the concemed orbitals have been
explicitly displayed in @3 and (I)S,’}’il.

(iif) As far as the matrix element evaluation is concerned, this case
is the Hermitian adjoint of case (ii).

(iv) [Ny, + lpsn) P Uy k), Lmy(k + 1), Lmy, + 1k + 2)))

= T‘(k |e(“¢)§{,"4’.1(lim,i + I(k + l), lim,i + l(k + 2))) (73)
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where ¢!} is symmetrized as in e!!, except for the k, k + 1, which are
replaced by symmetrization over k + 1, k + 2.

In Egs. (71)-(73), 7{k) is as defined by Eq. (69). As these results
indicate, the right-hand side of Eq. (70) is determined in terms of the
tensor basis spanning the irrep (A) of U(n) for the eigenvalue M + 1 of
Ly. Since these basis states, in turn, define an orthonormal set, we
obtain a set of equations for the coefficients of the linear combinations
defining (/{1152 - - 1}»); L = M,M)<*> using Eq. (66). The number
of such equations is equal to the number of distinct states e'D{},
which occur for M + |. If the number of unknowns is equal to this
set, a unique determination of the coefficients is possible. If not, the
state has a multiple occurrence in (A) and the ambiguity can be resolved
using consistent schemes (Harter and Patterson, 1976a) which, however,
do not lead to unique solutions. The states |(/{1,. .. ,[3);LM)
with M < L can be obtained from the states with M = L by successive
applications of L_ (Sahasrabudhe and Sarma, 1980) and use of Egs.
(71)-(73) in which 7(k) = {(; + m,)(l; — m;, + D}'2,

As an illustration of the scheme we consider atomic configuration
d*p? in the spin state S = 1. The |I, m) basis is represented as:

I, m) 2,2) 2.0y 12,0y 2,1y 2,-2) (1,1)y [1,0) [1,—1),
i =1 2 3 4 5 6 7 8.

Il

Consider the tensor basis set spanning (2, 12, 0°) and corresponding to
M = 4. We have M = 4:

\Pl = |e,(2)1268), ‘pz = Ier(2)1267>,

Yy = le»1267), W, = |eny1267),

Vs = |e136%),
where [A] = [2,1?] has been omitted from ¢!} and the second-column
notation defined in the previous section has been used for 5. The ¢’s have
been omitted, e.g., 1268 = ¢idgds. Let ¥ = 23, a, ¥, be a linear combi-
nation of these basis states. If ¥ were to represent |(d?)(p?)4,4), we re-
quire that L,V = L, 2%, a,¥; = 0. Using the procedures of this section
we obtain the result

(V2a, + 4ay)|e 2,1%67)
+ [(2/V3)ag + 2V2/N3)a, + Voas]le xa126%) = 0,

where |e ,1267), |e 3126%) are states with M = 5. Since these states are
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orthonormal, the above equation leads to
a, = —-2V2)'a, and as = W 2a, — %a,,
so that

[ d2)(p?); 4,4) = ay[ ¥, — VD)1V,
+ ay(¥, — %\/5\1’5) + ayf¥, — 2.

Thus the linearly independent states are
[(p2); 4,4), = 32V2Y, — ¥y,
d?)(p?)3); = (I/NVTDBY; — V2¥y,
(d2)(p?); 4,4); = (1/V13)3F, — 2'¥y).

The first of these states in orthogonal to the remaining two. Schmidt
orthogonalization of the last two leads to

|(d2)(p2); 4,4>2 = (I/\/ﬁ)(3\l’a - \/_2-‘1,5)7
[(d2(p?); 4,4)5 = (1/V165)V2 ¥, — 11¥, + 6¥y).

The procedure outlined in this section is relatively simple and can be
implemented as a computer program. The only problem occurs with mul-
tiply occurring D® in (\). This, however, is a problem faced by the other
approaches also (Patera and Sharp, 1972; Harter and Patterson, 1976a).

E. Subduction Coefficients

In this section, so far, we have treated an N-electron system in a spin
state S as a composite one. Sometimes it will be advantageous to consider
an N-electron system as being composed of subsystems of N,, N,
particles (N; + N, = N) in well-defined spin states S;and S, (|S; — S| < S
= §; + S,). A number of applications of this factorization of a system have
been considered by Kaplan (1974), Gerratt (1971), and Patterson et al.
(1979). The group theoretical techniques involve essentially a subgroup
adaptation of the basis spanning an irrep (2V2-5, 125, 0*~¥2=5) of U(n) to
the product irreps of U(n;) ® U(ny) where ny + n, = n. Using spin-
coupling algebras, Patterson and Harter (1979) were able to obtain the
transformation coefficients for the restriction U(n) | U(ny) ® U(ny) using
recursive formulas. The procedure could become quite tedious for general
cases. We now discuss an alternative approach to the problem (Sarma and
Dinesha, 1979b), which essentially involves the Wigner operators of the
subgroups Sy, and Sy, of Sy.

Let the one-electron basis for the first N; electrons be

anz {¢l) ¢29 L ¢n1}’ (74)
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and for the last N, electrons be

Vnz: {dll’ ‘1’2, ) lpnz}a (75)

so that the one-electron space for the composite system is V,, @ V,,. As
discussed earlier, we obtain the reducible tensor space subsystems as
[c.f. Eq. (4D)}:

Vi @Y {WE = Wy, (D, 0, (3),(4)

P, (2p — D, (2p)

X Pi, 2P+ Dy (N

X iy <y r o <p;lpes <lppa < lyph (76)
Vi ®%: g = dy(Ny + Dy(Ny + 2)

cro (N + 2g - 1)

X $1N1 + 2905, (Ny + 2 + 1)

b S <

<JasJart <Jgrz < v < ng-gh (77N

where p and g are the number of doubly occupied orbitals in the

monomials V5’ and ¢{}?, respectively. For the sake of convenience,

henceforth we will write ¥V for ¥y’ and ¢*2 for ¢{2. The anti-
symmetrized functions for the first and second systems can be respec-

tively written as:

q;pllv, .54 -de{‘l’w‘ 1) p_li, .N‘} , (78)
W% = g0, ), (79)

where &, and s are the antisymmetrizers for the first N; and the last
N, electrons and ©,*" and O are spin eigenfunctions with
A = [(N/2) + 81, (Ny/2) — S:] and ] = [(N2/2) + S, (N2/2) —
S.], respectively. Using arguments similar to those leading to Eq. (15)
from Eq. (7) we have,

7
Syt

\I,plNl,S, = 2 (emw‘[/\,]q,w,))(@m‘(i,],NI), (80)
mip=1
S

D05 = 3 (Emypn™0") (O, T2H2), (81)

mo=1
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where [A] = [2M2-5, 125] and [A,] = [2"/2~%, 1*%2]. The antisym-
metrized N -electron wave function can be written as

\I] (N) d(q[ N SI(D ‘Vz Sz) (82)

where o is the N-electron antisymmetrizer. Using Eqs. (80) and (81),
this can be written as

YW = 2 &g{(elx,lmlpl\pw,)euz]mzpz‘P(Nz))

P1P2
my,my

% (®m1[x' LN @mlig W)}, (83)

Now the product ©,, *1¥@,, [*¥: can be expressed as linear combina-
tions of spin eigenfunctions corresponding to the N-electron system
(Gerratt, 1971) using vector coupling coefficients as

@mll)\ILNl@mz)\z,N:

Sy
=3 3 (Np[Rymy; Agmy) @ NN (84)

Iy p=1

where the irrep [A) = [N/2 + S', N/2 — §'] of Sy corresponding to
the spin state S' (the allowed S' values are given by §, — S; = §' =
S, + §;) of the composite N-electron system. Substituting Eq. (84) in
Eq. (83) we obtain,

yo, =3 2 > (N p]himy; Romy)

Y p=1 my.mg

x sf{e™ lmlpl\pw,)ellemzpz‘pwz.))@p[h'.pz}. (85)

From Eq. (85) it is clear that the wave function ¥, ,, is a function
which is an admixture of various spin states. Since the composite
N-electron system is in a definite spin state S, we choose only the part
belonging to this spin state from Eq. (85) and write it symbolically as
[A]l ¥,,,". Using arguments given to obtain Eq. (15) from Eq. (7)
we have,

f&

[A] l\pmpzw) = 2 E <XP|X1’"1; szz)
p=1 my.mg

S

A
x > {e! € map M1 gy (A1 (N1}
m=1

X @ NN, (86)
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The matrix elements of the Hamiltonian between two such functions
are given by

(N L Wo, VIHIA] W,
=3 > (AplAmy; Amy)

plpo MMy
my.,mar

! .
X ANp'INgmY; Namy)
A A s apld2l o AN N (N2)
X (6’[ ]lpe[ Ilm,me[ ’]mm‘l’ Ve zl
[A A 2], AN D A (N2)
X |H|€ ]lﬂe[ ’]mlple[)‘ﬂmzpzq’ I(p z>' (87)

Now the problem is reduced to that of finding the matrix elements of
the Hamiltonian between functions of the type e™, e, , ey, -
YN If we can express these functions as linear combinations of
functions of the type ™, W™, then using the procedures described
in section III,C, we can evaluate the matrix element of the Hamiltonian.
For this purpose we note that e, , ey, is an element of the
group algebra of the permutation group Sy and hence it can be ex-
pressed as a linear combination of the projection operators e'*’ 4, of Sy
(Boerner, 1968). Hence,

A g A ol
e”"]m1016’[)‘2]mzp2 = 2 2 K ( ! ) ey, (88)
U

Noowp mypy  Mgpp UV

o2 »)
nmypy  Mopy Uy

are known constants, Now using Eq. (17),

where

VALY | gl
€ mp€ " imyp1€  E mapy

-3 K ( Ay A A ) e™, (89)
v mipy Mmgpy pv

It has been shown (Sarma and Dinesha, 1979b) that the coefficients K
in Eq. (89) can be expressed as a product of two factors as

K( Ay Az )\)
mpr Mmypy pU

= [\p: Aymy, Aoms]
X [)\lpl’ Azpz: Av]. (90)
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Hence,
e[xlmpe[x,lmlple[Azlmzpzq,(N,)¢(N2>
= [Ap; Aamy, Agms]
X [Npy, Aapa; A0)
X ell,umv\pw, N2, o1

The above transformation implies that the subgroup adapted wavefunc-
tion, except to within a multiplicative constant is independent of the
indicesm,,m,, and m. Hence we can absorb this in the as yet undetermined
constant [A,p;, Agp2: Av]. Let us first find the allowed tableaux v’s in the
right-hand side of Eq. (91). We note that the first N, entries in ¢, form an
SYT for Su,. For nonzero coefficients [Ap;, Azp2: Av], we find that the
SYT formed by the first N, entries of t} should be identical to that of ¢ %,.
Also, since there are g doubly occupied orbitals in ¢*?), for nonzero S,
the entries (N; + 1, N; +2), (N; +3, Ny+4), . .., (Ny+2g—1,
N, + 2q) of t} should necessarily be in axial positions. The general struc-
ture of the tableau ¢ should necessarily be in axial positions. The general
structure of the tableau ¢} is shown below.

«—1
A %
t, < I
v % I
~—]1I1I
(92)
% II
77
——III
The entries (1,2, . . . , Ny} occur in region I. The entries (N, + |,
N +2), (Ny+3, Ny+4), ..., (N;+2g—1, N+ 29 occur in

region II, and the entries from N; + 2g + 1 to N; + Ny(=N) occur
in region III. In region II the entry (N, + 2K) or (N; + 2K — ) can
be in the second column. There are 22 such SYTs. These 2? projections
eR YN N2) are related to each other. For convenience let us define the
SYT with second-column entries (N; + |, N; +3,. .., N, +2g—- 1)
as tho and an SYT which is obtained by applying j transpositions of the type
(Ny + 2K — 1, Ny + 2K) (K = g) ast)w. Then it can be easily shown that
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egn)\'])“)qj(N;)‘p(Nz)
= [(Sy + 1)/S]7 elilor ¥pu), 93)

This relation is true for all the ¢C; (j = 0, . . . , q) tableaux of the above
type so that we obtain the normalized state as

e ATV o)
= [5,/Q28, + D]

X 12[(1 + 851)/8,]°%
=0

X e WU, 94)

where e, (»p V¥ p™? is a totally symmetric sum of the °C; states of
a given type. By construction, we find that the state defined by the
left-hand side of Eq. (94) is invariant under all products of right
transpositions (N, + 2K, N; +2K - 1), (k=1,...,q) on eWN,;.
The set of such states with distinct indices  are linearly independent
and form a basis for the irrep (A) = (2¥2-5, 125, O"¥2-25) of U(n). It
is also clear that each e!M,,, ¥¥¢'*’ is proportional to the correspond-
ing e!N,, W ¥ "2 Usging this we can rewrite Eq. (91) as,

[A] [A v (N1}, a(N;
e™, e l]mlple[)\z]mzm\y Do 2)

v op1 P2

The overall multiplicative constant [Anm; Aym,, Ayms] is absorbed in the

coefficient
[x M M]_
P pPr P2

[)\ A sz
P P1 P2

are the ‘‘subduction coefficients’’ and the matrix of subduction coeffi-
cients is orthogonal (Patterson and Harter, 1979; Sarma and Dinesha,
1979b) i.e.,

The coefficients

2 |:}-\ Ay 7\z:| l:)f Ay )\2,] = 8”1”1 5vzvz’ (96)

D vy g
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s [ A n) A na) -
V102 D Uy Ug v Uy Vg

As an illustration of the procedure to determine the subduction coeffi-
cients, let us consider a 13-electron system divided into subsystems of
4 and 9 electrons. Let A = [26,1], [A,] = [2,12], and [A;] = [23,1%]. Let

YN = WD = oy (1 (2)P2(3)s5(4)
¢% = 0@ = $1(5)1(6)2()2(8)bs(9b4(10)s( 1 1pg(12)po(13).

Then,
5 6
7 8
tlAz = 9 10 (98)
11
12
13
The allowed t¥°! are,
n=(25,79,11,13),
= (2,5,7,10,11,12),
13 = (2,5,7,10,12,13).
1y (2,5,7,9,11,12),
13 = 2,5,7,9,12,13),
t3 = (2,5,7,10,11,13).

Let us try to relate all

to the coefficient

A A A
1 v 1

We note that #; and f7 are related by the transposition (12,13). From
Eq. (98) we see that the tableau ¢} is antisymmetric under (12,13).
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Hence, from Eq. (95),

[A A 2 (4)_A(9)
4 ]mp€[ ']m;pue[)\']mglqj (4

= _e[A]mpe[A; ]m1 p.elmmﬂ(lz, 13)\[}(4)‘p(9)

— 2 [)‘ A )‘2} e(x]m6(12’13)\p(4)¢(9)’
v

b py
i.e.,
2 )_‘ Aro A e“‘]m,;‘lf”)<p‘9’
s v opp 1
e Ol B NP R T 2O 99)
v v P1 1
Now,

e[}‘]mi—(lza13) = _%e[”mf + %\/38“‘]"[2,
™ 5(12,13) = §V3eM,1 + 2eM, 3, etc.

Substituting these results in Eq. (99) and comparing the coefficients of
e, WP on both sides, we get

VY 1_{)\ A Az]_ﬁ[}\ At M}
[Tp,l] 2Tp,1 2§p11’
[A A )\2]:+1_{)\ Ay Az]_ﬁ[x M )\2}
4 p, 1 2A_‘.pll 2§p11,

this implies
AN A =_L[)\ A )\2]
[E o1 1J V3T o 1
N VS VOl I T PN VR
[3 Py 1}~ \/3[2 Py 1}'
M Az]z_L{)\ A )\2}
pr 1 V2[3 pr 1

Y Y IR
P11 E

| — ]
wl > NI >
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and use of transposition (9,10) gives

A A Ag) =\/§[}‘ A )\2],
|4 p1 1] 1 po 1
BN A2'=\/§[x A xz},
_3 pr 1] 2 pp 1
ERY =\/§[>\ A Az]‘
|6 o 1] 3 p 1
From the above relations we easily obtain
[f A 7\2]=_\/§|:§ M 7\2}=L[§ Mo A
1 p3 1 2 pp 1 V2 4 p, 1
=_?[§ M Az}=\/§[>_\ MM
Sop 1 6 p 11 (00

Using the normalization condition

s[Aa nl
v f)pl 1

AN A V2
Tpll 3

we get

The other coefficients are obtained using Eq. (100).

In the above example, we note that we have used only those ele-
mentary transpositions which leave the tableau ¢}* invariant or at most
change its sign. This is a general result. The elementary transpositions
which leave 7} invariant (or change its sign) and the normalization con-
ditions are sufficient to determine the coefficients

A A Ao

v P1 1
A closed expression for these coefficients has been obtained. We will
Jjust state the final result. For this purpose we note that the entries in

allowed ¢} tableaux differ only in the boxes. of region III [cf. Eq. (92)]
and, further, these entries are integers from N; + 2g + 1to Ny + N (=N).
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Let us divide this set into two sets, viz., K, = {N, +2g +1,. . .,

N-2S,—1}and K;: {N = 2S,, N =25, + I,. . ., N}. Let us take
the tableau with (N, +2¢+1, N+2¢+3,..., N-2§5 —3,
N-=28-I,N=28+1, N=-285+2, ... , N+5 —-5,-5) as

the second-column entries in region III [cf. Eq. (92)] as reference tableau
t*s0. We note that for any general tableau o, the second-column entries
in region III are such that the first (N,/2 — S, — q) entries are from
the set K, and the rest of (S; + S, — S) entries are from the set K.
Let these entries be (K;,K;,. . ., Kys2-5,-q) and (L,, Ly, . . .,
Lg,+s,—s), respectively, for the tableau © and corresponding entries for
the reference tableau ©'® be (K9, K$,. .., K%2-5,.-¢) and (LY,
LY,. .. L%ss) Let K =3, V2=s—o(K, ~ K9)and {l, = L, — Lji =
l,....8 + S, — S}. Then the coefficient

A A A

) P1 1

A A A
50 p 1

by (Sarma and Dinesha, 1979b),

is related to

=1

i=1

A )\1 )\2 _ _l)snfzsg—s SISIZI‘S{ (d; + ')(d! + i + l) }1/2
b opy | B ' (d +l+)d +la+i+1)

x { AN "2}, (101)

1-)(0) P1 1

where i’ = §; + S; — § — i + 1. After obtaining the coefficients

A A Az]
D py P
using Eq. (101) we can successively determine all other coefficients

corresponding to
AA A
v p1 P2

by noting that all other SYTs 7} can be generated from ¢4 using ele-
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mentary transpositions. As an illustration let us try to obtain the co-
efficients

NN A,

v py |

where ¢ = (6,8,11), and #3*= (10,11)¢t} For this case we note that
in addition to the six tableaux three more tableaux will have nonzero
coefficients. The three additional tableaux are f3* = (2,5,7,9,10,12),
1 =(2,5,7,9,10,13), and 1) = (2,57,9,10,12). Now, noting that
el (10,11) = —4eldd + $V3eld, we get

ebeinh, e (10,110 9e®

= —helth el AW + 1V Ie) el hd W, (102)
From the procedure described for determining the coefficients
A oA A
v pp |

it is clear that these coefficients are same whether the monomial is ¥ ¥¢'®
or (10,11)¥“94®, Hence,

[A] ;
empenib, e (10,11 YW Wp®

<

8
= ,: AN MJ e,,.,;“‘](IO,l l)\If““<p‘9’
=1]| D D 1

= E ’[}_‘ M )\]2] {(e5/ds)ems'™

LI R S

+ [] — (dﬁz)_l)lme[Mmﬁ}‘l’(4)¢(9) (103)
where d; is the axial distance between 10 and 11 in the tableau ¢2, and
g; = +1 if 11 is in second column and = —1 if 10 is in second column

of 5. ' is the standard tableau obtained from © by interchanging 10
and 11 (if o' does not exist then d; = =1 and the term will not be
present). By equating the right-hand side of Egs. (102) and (103) and
by equating the coefficients of e,/ from the resulting equation we can

easily express
A A A
v P1 2
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NA A
Epl 1

In this manner we can obtain all the coefficients

[A A )\2]
b op1 P2
that occur in Eq. (95) using just elementary transpositions and normaliza-
tion conditions. But, in Eq. (95) the monomial ¥*p®2 is not in the
standard ordering. The doubly occupied orbitals of ¢'*2* occur between
singly occupied orbitals of ¥ and ¢'%?. However, using Eq. (47) we

can shift all the doubly occupied orbitals to the extreme left by inserting
just a phase factor. Using this result Eq. (95) can be written as,

in terms of

291
e elhl el PN = (1) 2 I:)_\ A 7\2] eBL(W)V (104)
sV pP1 P2

where the quantities & and the SYT ) are defined in Eq. (47) and (V)" is
the monomial obtained from ¥"¢* by arranging all the doubly occupied
orbitals to the extreme left and the singly occupied orbitals with increas-
ing orbital indices. Substituting Eq. (104) in Eq. (87), we find that the
matrix elements of the Hamiltonian between the subsystem adapted wave
functions can be obtained in terms of the matrix elements of the
Hamiltonian between wave functions of the type el . The procedures de-
scribed in the previous section can be used for this purpose.

IV. Conclusion

The present article has been devoted entirely to the study of the
many-electron systems using tensor bases for the irreps of the unitary
group. Various ways of enumerating the basis states of the unitary group
have been discussed. Procedures for calculation of CI matrix elements
have been described. The discussion of the basis states of irreps of U(n) is
general enough so as to be easily extendable to any many-fermion system,
although applications have been restricted to the study of many-electron
systems. Much of the procedure outtined has been computerized. The
construction of angular momentum states for multishell configurations of
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electron in atoms, described in this article, could equally well be used for
isospin-free nuclear shell model studies in the j—j coupling scheme.

Generalization of these ideas to wave functions constructed from
nonorthogonal single-particle states is straightforward and leads to the
study of irreps of GL(n). This study has been carried out using one-
parameter alternant molecular orbital basis in a Cl-calculation on some
molecules by Sarma and Dinesha (1979a; also Dinesha, 1979). We have
not discussed the details of this extension in the present article, since our
primary aim was to consider the use of irreps of U(n) in CI studies.

We have carried out preliminary studies in the direction of some of the
generalizations mentioned above by obtaining viable algorithms for han-
dling inner and outer products of the general irreps of the permutation
group (Sahasrabudhe et al., 1981; Sarma, 1981). The dualism (Robinson,
1961) between permutation and unitary groups should lead to simpli-
fications for the subgroup reductions U(n + m) D U(n) ® U(m) and
U(nm) D U(n) ® U(m) as pointed out by Bohr and Mottelson (1969).
It should, however, be pointed out that the procedures outlined here
could equally well have been carried through using the algebras of
generators of U(n) alone without any reference to the permutation group.
Such procedures lead to algorithms developed by Paldus (1975) and
Shavitt (1977, 1978). These latter deemphasize the orbital description
of N-electron wave functions. It is for this reason that we have made
extensive use of the permutation group.
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I. Introduction

Resonances in molecular collisions have been theoretically investi-
gated for over a decade. In several reviews, discussions are presented of
both the physical interpretations and mathematical formalisms (Levine,
1970; Micha, 1972, 1974; Yamabe et al., 1978). Computational results have
appeared for compound-state rotational resonances in nonreactive atom—
diatom collisions (Bernstein and Muckerman, 1970; Levine and Shapiro,
1970), for an atom-polyatomic collision, Ar + CH, (Smith et al., 1979),
and for compound-state vibrational resonances in a collinear atom—diatom
collision, He + H,* (Chapman and Hayes, 1975, 1976). Resonances in
chemical reactions have also been reported in studies of the following
reactions: H + H,, 1D (collinear) (Levine and Wu, 1971); H + H,, 2D
and 3D (Schatz and Kuppermann, 1975; Walker et al., 1978); F + H,, 1D

* Supported in part by research grants from the Robert A. Welch Foundation and the
National Science Foundation.
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(Wuet al., 1973; Schatzer al., 1973; Connoret al., 1975, 1978; Wyattet al.,
1978); F + H;, 3D (Redmon and Wyatt, 1979; Wyatt, 1980; McNutt and
Wyatt, 1981); Cl + H,, 1D (Baer, 1974); I + H,, 1D (Chapman and
Hayes, 1977); H + FH, 1D (Schatz and Kuppermann, 1980); I + HI, 1D
(Kuppermann, 1981); and He + H,;*, 1D (Kouri and Baer, 1974; Adams,
1975). In these examples, compound-state mechanisms have been sug-
gested for the H + H, and I + H, reactions, while a shape resonance
mechanism has been recently suggested to be important in the F + H,
reaction (E. F. Hayes and R. B. Walker, private communication;
Babamov and Kuppermann, 1981). The status of quantum reaction dynam-
ics, including mention of resonances, has been discussed in several recent
reviews (Connor, 1980; Walker and Light, 1981).

On the experimental side, resonances have been observed in atom-
atom and atom-molecule nonreactive collisions (Grover et al., 1977). In
addition, a resonance effect has recently been observed in the F + H,
reaction (Sparks et al., 1979). The resonance appears as a sudden altera-
tion in the angular distribution of the FH product as the collision energy is
increased by only 1 kcal/mole. This effect is at least qualitatively in accord
with results from recent quantum mechanical close-coupling calculations
on the 3D reaction (Redmon and Wyatt, 1979).

There are many quantum mechanical approaches to the theory of res-
onances, including the following: Feshbach projection operator method
(Feshbach, 1958); an integral equation formulation of Feshbach theory
(Kouri and Sams, 1970, 1971); R-matrix theory (Lane and Thomas, 1958;
Eu and Ross, 1966); the Siegert eigenvalue technique (Siegert, 1939;
Isaacson et al., 1978; Isaacson and Miller, 1979); the Fano ‘‘configuration
interaction’’ method (Fano, 1961; Grabenstetter and Le Roy, 1979); the
stabilization method (Taylor, 1970; Hazi and Taylor, 1970), the
variational-wave operator method (Micha and Brandas, 1971), Stieltjes-
moment techniques (Hazi, 1978); decoupling of the close-coupled equa-
tions (Levine, 1969; Muckerman, 1969; Bernstein et al., 1969); and
complex coordinate methods' (Lefebvre, 1980). There has clearly been
considerable theoretical and experimental interest in collisional resonance
phenomena! In addition, the theory of collisional resonances is closely
allied to theories of the decay of a prepared state, occurring, for example,
in predissociation (Bandrauk and Laplante, 1976), autoionization (Bhatia,
1974), radiationless intramolecular decay (Jortner and Mukamel, 1974),
unimolecular decomposition (Mies, 1969), and isomerization reactions
(Matsen, 1978).

In this article, the Feshbach formalism (Feshbach, 1958, 1962, 1967)

! See the whole issue of Int. J. Quantum Chem. 14, No. 4 (1978).
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will be analyzed and developed in such a way as to facilitate its applica-
tion to chemical reactions. The form and structure of the equations will
be emphasized rather than the details of any particular reaction. This
approach has pedagogic usefulness in introducing various methods for
calculating resonance states and resonance parameters, Green functions,
poles of the S-matrix, etc. Then, the Feshbach theory will be applied to a
model reaction that has multiple open and multiple closed channels. Pa-
rameters in the model will be altered to illustrate the features of the formal
theory and the qualitative nature of resonance phenomena. Numerical
results for the model problem provide many useful insights into resonance
phenomena that should carry over to more realistic and complicated ex-
amples.

In Section II the Feshbach formalism is utilized in a time-independent
study of resonances in chemical reactions. In Section II,A, the basic
theory is reviewed. The level operator, resonance states, and Siegert
states are defined. Perturbative approximations to resonance states are
developed, and a comparison is made between different definitions of
resonance parameters. In Section II,B the equations are converted to a
computationally oriented form for collinear reactions of the type
A + BA — AB + A. Methods are described for handling multiple open
and multiple closed channels. Also, the Siegert resonance theory is pre-
sented in a way that unifies it with the Feshbach formalism. Then, in
Section II,C a number of computational results are presented for a four-
channel (two open plus two asymptotically closed) reactive scattering
model. Resonance states and Siegert states are plotted and the depen-
dence of resonance energies upon basis size, total energy, and coupling
strength are described. Also, the energy dependence of transition prob-
abilities and S-matrix elements (on Argand diagrams) are discussed. Then,
in Section III a time-dependent study of the same model problem is pre-
sented. The relationship between the resonance parameters and the time
delay (Smith, 1960) of the scattered wave packet is described first. Plots
are then presented that show the time evolution of the translational wave
functions during the reaction. In this way, excitation and decay of the
resonant states in the collision complex are clearly depicted. Finally, a
brief summary is presented in Section IV.

II. Time-Independent Resonance Theory

Resonances in chemical reactions can be understood through the anal-
ysis of solutions to the time-independent Schrodinger equation:

(E - H)¥ =0, (1
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where H denotes the Hamiltonian of the complete collision system and ¥
represents the complete wave function. The term ‘‘resonances’’ is asso-
ciated with highly energy-dependent solutions to Eq. (1). The Feshbach
projection operator theory of resonances (Feshbach, 1958, 1962, 1967;
Feshbach and Levin, 1973) is a method of analyzing solutions to Eq. (1)
that provides an intuitive understanding of resonances and the associated
strong energy dependence of the solutions. To establish notation and ter-
minology, a formal development of the Feshbach theory will be pre-
sented. The formalism presented here represents a specialization of the
original work.

A. Formal Feshbach Theory

Suppose we are interested in describing the reaction of a *‘structure-
less’” atom with a target molecule, such as the collision of an atom with a
diatomic molecule. In the absence of any interaction with the atom, the
state of the isolated target molecule can be any of a number of different
internal states, ®,(r), where r denotes the set of internal coordinates. For
example, in the case of a diatomic molecule, ®; would represent the
rotation—vibration state and r would denote the vibrational coordinate and
two rotational coordinates. Suppose the atom is far removed from the
target molecule so that it no longer interacts with the molecule. Then at
any given total system energy, only a definite number of internal states of
the reactant molecule are energetically accessible (assuming the set {®;}
has a discrete spectrum of eigenvalues). Those states are referred to as
asymptotically open (reactant) channels. Likewise, all product states that
are energetically accessible are referred to as asymptotically open (prod-
uct) channels.

In applying the Feshbach projection operator theory, one selects an
operator P, which projects out of the total wave function ¥ a part of it PV
that corresponds to all reactant and product asymptotically open chan-
nels. (This definition of P does not determine a unique P. In Section II,B
we shall specialize the discussion by choosing a particular projection
operator appropriate for the discussion of a one-dimensional reactive col-
lision.) It is not necessary that P contain all the open channels. For exam-
ple, one may choose P such that it projects out only the elastic channel.
However, we will limit the discussion to the case in which P contains all
the open channels. The remaining part of ¥ that is not contained in P¥ is
denoted QV¥; i.e., Q is the orthogonal complement of P and projects out of
¥ its component that corresponds to asymptotically closed channels.
Mathematically speaking:

V=PY+Q¥=(P+QV¥, P+Q=1, PO=0 ()
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Of course, P and Q also have the usual properties of projection operators:
P:=pP,  Q*=Q, P=P, Q=0 (2b)

Writing the wave function as a sum of its mutually orthogonal parts,
Eq. (1) becomes

(E — H(PY + QW) = 0. 3

If one operates on this equation from the left first with P, then with @, and
makes the following definitions:

Hpp = PHP, Hgo = QHQ, Hpq = PHQ, Hgp= QHP, (4)
then the wave equation can be written as a set of coupled equations:

(E — Hpp)P¥ = HpoQV, (5a)

(E — Ho)QW¥ = HgpPV. (5b)

The coupled equations (5) are entirely equivalent to the Schrodinger
equation. However, they are more convenient for analyzing the role of
resonances in collision processes because they explicitly separate the
open (P part) and closed (@ part) channel components of the wave func-
tion. The separation of open and closed channel components of ¥ is quite
natural since these components obey different asymptotic boundary con-
ditions. Asymptotically Q¥ must vanish whereas P¥ does not. Prior to
the collision, while the atom is far removed from the target molecule, the
system is in a state contained in the P subspace by definition of P. As the
collision occurs, the @ component of the wave function can be excited
through the coupling Hgyp. Excitation of Q ¥ corresponds to the formation
of a translationally bound intermediate. It is the excitation and de-
excitation of the Q part of the wave function that gives rise to highly
energy-dependent scattering, or ‘‘resonances.’’ This type of resonance is
referred to as an ‘‘internal excitation resonance’’ or a ‘‘Feshbach reso-
nance.’’

In writing a formal solution to the coupled equations (5) there are two
possible approaches. The first is to write a formal solution to Eq. (5b) and
substitute into Eq. (5a) to obtain a single equation for P¥. The second and
equivalent possibility is to write a formal solution to Eq. (5a) and substi-
tute into Eq. (5b) to obtain a single equation for Q. We shall follow the
second approach because it focuses on the Q part of the wave function,
whose excitation corresponds to the formation of a long-lived intermedi-
ate. Following the second approach, the formal solution to Eq. (5a) is

PV = W+ (E™ — Hpp) 'HpoQV. (6)
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Here ¥° is the solution to the corresponding homogeneous equation:
(E - pr)‘l’o = 0. (7)

In other words, W is the solution to the scattering problem in the absence
of any coupling to the closed channels. ¥° contains both the incoming
wave and outgoing waves in the open channels. The solution to Eq. (7) is
usually only mildly energy-dependent and is not associated with resonant
scattering.

In Eq. (6), E has been labeled with a (+) to indicate that +ic, c — 07,
has been added to E. This ensures the existence of the inverse operator
(E — Hpp)™', as well as guaranteeing that the second term of Eq. (6) gives
rise to outgoing waves. The inverse operator of Eq. (6) is called the
open-channel Green operator G253

= lir(r){ (E = ic — Hpp)™". 8)
We shall henceforth omit the superscript + on Ggp except when explicitly
needed. The superscript o is used to distinguish (E — Hpp)™' from
P(E — H)™'P, which are not equivalent.

The formal solution (6) is substituted into Eq. (5b) and then rearranged
to give an equation for Q¥ only:

(E — Hqq — HopG8pHpg)QV = Hop V. )]

The form of Eq. (9) leads us to define an effective closed-channel Hamil-
tonian Lgg:

Loo(E) = Hoq + HopG3p(E)Hpq. (1,

The effective closed-channel Hamiltonian Lgqg is referred to as the level
operator and the second term of Eq. (10) is the level shift operator Rgq:

Roo(E) = HopGp(E)Hpq. an

Note that Lgg and Rgg are energy-dependent and non-Hermitian due to the
Green operator G $p.

If Eq. (9) could be solved for Q¥, then Eq. (6) would give the corre-
sponding solution for PV, and thus the total wave function would be
known. There are two possible approaches in solving Eq. (9) for O¥. The
first is to construct eigenfunctions of the level operator and then expand
QV using these eigenfunctions. The second is to expand Q¥ directly in
terms of eigenstates of the closed-channel Hamiltonian Hgq. The two
approaches are equivalent and both require a knowledge of eigenstates of
the closed-channel Hamiltonian:

Hoqy = Wi, 1=1,2,3,. ... (12)
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The functions ¢, are referred to as translationally bound states. Since Q¥ is
the closed-channel component of the total wave function, it must vanish
asymptotically in reactants and products. Thus it seems reasonable to
expand Q¥ in translationally bound states that also vanish asymptotically
(assuming the spectrum of eigenvalues W, is discrete):

Qv = Y did. (13)
]

In general, the closed-channel Hamiltonian Hgyq will have both a dis-
crete and a continuous spectrum of eigenvalues. To simplify notation, we
shall ignore the closed-channel continuum and express a state expanded in
the set {¢,;} as a summation over the discrete spectrum rather than both a
summation over the discrete spectrum and an integration over the con-
tinuous spectrum,

1. Eigenfunctions of the Level Operator: Resonance States
In solving Eq. (9) for QV, it is useful to define eigenfunctions and
eigenvalues of Lgg:

Lao(E)x;(E) = &(E)xyE), =52 .... (14)

Since the operator Lgg is both energy-dependent and non-Hermitian, the
eigenvalues ¢; will depend on E and in general are complex. Likewise, the
eigenfunctions x; will be energy-dependent. x; is termed a resonance state
and the associated eigenvalue &; gives the position (); and the width T'; of
the jth resonance:

e =Q — ily/2. (15)

The meaning of the position and width will be taken up later. Note that
both the position and the width of the resonance as defined by Eq. (15) are
energy-dependent.

Using the definition of the level shift operator (11), the level operator
can be written as the sum of the closed-channel Hamiltonian and the level
shift operator:

Lao(E) = Hgq + Rqq(E). (16)

Using the eigenvalue property (12), the matrix representation of the level
operator in a basis of translationally bound states is

Li(E) = (¢x|Laqlb1) = Widiy + Ru(E), an
where
Ri(E) = (d|Rqq 1) (18)
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The matrix representing the level operator, L, can be diagonalized to
solve the matrix eigenvalue problem:

L(EYCAE) = g(E)CL(E) (19
corresponding to the operator Eq. (14). The eigenvector C; gives the ex-

pansion coefficients of the jth resonance state in a basis of translationally
bound states:

XAE) = 2 Ci{E)e,. (20

The matrix L is non-Hermitian since R is symmetric:
Ry = Ry, (21a)
Ly = Ly (21b)

(for details see Appendix A). This results in a peculiar orthogonality of the
resonance states:

(-:j Ck = 5}k (223)

or, equivalently,
X = [ xixe dx = 8y (22b)

Here x represents the complete set of coordinates for the problem at hand.
In Eq. (22b) xf has been used in the Dirac notation to indicate that y; is
used in the integration to compute the scalar product rather than the usual
xF. This peculiarity of the resonance states can be demonstrated as fol-
lows. Equation (19) can be rearranged as

(g1 — LYC; = 0. (23)
Taking the transpose of Eq. (23) gives

Cig1 -1L)=0. (24)
Since L is symmetric, we have

Ci(gs1 - L) =0. (25)

Multiplying Eq. (25) from the right by C, and using the eigenvalue prop-
erty (19) yields

(& — &)CiCi = 0, (26)

from which Eq. (22) follows for j # k.

The orthogonality expressed in Eqgs. (22) introduces two subtleties
in the manipulation of the resonance states. First of all, the resolution
of unity in the Q subspace using the {x;} basis must be written
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; sy (xfl =1 or ; = 1. 27

Second, the normalization specified by Eq. (22) implies a particular choice
of phase of the resonance states. For example, if we change the phase of
the jth resonance state by an arbitrary, nonzero amount 8, then the nor-
malization becomes

XFlxs) = fx;x; dx = e2® # 1. (28)

Thus the resonance states can have complex ‘‘length.’”’ For this reason,
the resonance ‘‘states’’ cannot be considered to be good quantum me-
chanical states. However this does not preclude their use in calculating
the total wave function of the system. Submitting to the momentum of
common practice, we shall continue to refer to the x; as resonance
‘‘states.”’

The non-Hermitian level operator matrix also has the peculiar prop-
erty that the imaginary part of its eigenvalues are negative definite. This
can be understood as follows. Using the well-known operator identity (see
Roman, 1965, p. 718)

(E = Hpp)™ = [P/(E — Hpp)} — imd(E = Hpp) (29)

(2 denotes Cauchy principal value), the diagonal matrix elements of Rgq
are

Ry = (du|Hop[P/(E — Hpp)lHpq| dr)

— im{(Pr|HapS(E — Hpp)Hpo| ). (30)
If the eigenfunctions of Hpp are normalized as
(WAE', o)|WAE", a")) = p™"(E', &')B(E" — E")8 o, 31
then the resolution of unity in the P subspace can be expressed as
S, [ dE|WAE, a)p(E, a)(YAE, o] = 1. 32

Here « denotes all quantum mechanical observables necessary to form a
complete set of commuting observables for the problem at hand. Using
Eq. (32) in Eq. (30) yields

Im(Rie) = — 7 2 [(VAE, a)|Hpal dx)|*. (33)

Since Im(Ly,) = Im(Ry), the trace of L is negative and thus:
Y Im(Ly) = 2 Im(e) < 0. (34)
] ]
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In fact, Im(g;) < 0 for all j. Recalling the definition of the width in
Eq. (15), we conclude that I'; > 0.

Having discussed eigenvalues and eigenfunctions of Lgq, Eq. (9)
can now be solved for Q. Let us expand Q¥ as a superposition of
resonance states:

oV = ; Bixs- 35)

Substituting Eq. (35) into Eq. (9) and using the eigenvalue property (14)
yields

ov = 3 )OI Hod W) (36)
H

E - &
Equation (36) can be used in Eq. (6) to give
P‘\If = \I]O + 2 GBPHPQ|x1><Xj|HQP|\PO) . (37)
]

E—Sj

Equations (36) and (37) together determine the total wave function for the
collision system, (P + Q) V.

Comparing Eq. (36) and the second term of Eq. (37), it appears useful
to define a second type of ‘‘resonance state,”’ x; (Feshbach and Levine,
1973):

x; = G3pHpq|Xs). (38)

The definition (38) is an integral equation for the solution to the following
inhomogeneous equation:

(E — Hpp)k; = Hpgx;. (39)

In other words, k; is the open-channel response corresponding to the
“‘driving term’’ Hpqy;. The response function «; contains the outgoing
waves due to the de-excitation of the jth resonance state x;. Using the
definition (38), Eq. (37) can be written as

Py =wo+ Y WlHel¥) (40)
i

E“‘Sj

Equations (36) and (40) are particularly useful in understanding the
energy dependence of solutions to the Schrodinger equation. The energy
dependence of ¥, as written in Eqs. (36) and (40), is of two sources. The
first is the inherent energy dependence of V?, g, x;, and x;. The solution to
the Schrodinger equation containing only open channels, ¥°, is usually
only mildly energy-dependent. The resonance states x; and «;, and the
complex eigenvalue & are also mildly energy-dependent provided the
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open/closed channel coupling, Hpq and Hgp, is small (the energy depen-
dence of g, x;, and «; will be discussed in Sections II,A,4 and 6). The
second and most obvious energy dependence is the ‘‘resonant de-
nominator’” E — g in Eq. (36) and the second term of Eq. (40). This
explicit energy dependence is also the most important (assuming Hpq and
Hgp are small). If we are solving the Schrodinger equation at an energy
E' such that

E' = Re(Sk) = ka (41)

then the kth resonant denominator (E — &) will be small. At this energy,
the kth closed-channel resonance state x, makes a significant contribution
to Q¥, and the corresponding open-channel resonance state «; becomes
an important outgoing wave. It is clear why () is referred to as the
‘‘position’’ of the kth resonance. As the energy of the system is varied in
the neighborhood of Q,, both the Q and P components of the state of the
system change drastically. The strong energy dependence of PV for ener-
gies near (), gives rise to a strong energy dependence in the probability
amplitudes, or S-matrix elements, for the target molecule to undergo a
change in internal state or to react as a result of the collision (explicit
expressions for one-dimensional reactive and nonreactive S-matrix ele-
ments will be given in Section II,B,1).

The range of energies near (), for which the kth resonance states
Xk and «;, are important is determined by the ‘‘width”’ T',.. The resonant
denominator of Eqs. (36) and (40) is

E - 8k=(E_Qk)+iFk/2. (42)

The size of the resonant denominator at the position of the resonance
E = €, is determined by the width. If ' is small, the resonance is said to
be ‘‘narrow,”’ and if I’y is large, the resonance is termed ‘‘broad.’’ Thus
for a narrow resonance, the state of the system changes sharply as the
energy is varied near the position of the resonance. However, as the
energy is changed by only a small amount away from the position of the
resonance,

[E — O] =Ty/2, (43)

the resonant denominator increases substantially compared to its mini-
mum value [,/2. Thus a narrow resonance is important over a narrow
range of energies. Likewise, a broad resonance is characterized by a
somewhat more gradual change in the state of the system (e.g., changes in
transition probabilities) occurring over a larger range of energies near the
position of the resonance. In this qualitative discussion, we are assuming
that (), and I',, are relatively constant over a range of energies AE =TI
centered at £’ =~ ().
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In discussing time-dependent theory, we shall see that an incoming
wave packet constructed from a superposition of highly energy-dependent
stationary states will emerge from the interaction region only after a
lengthy time delay. Thus a long time delay is associated with a highly
energy-dependent narrow resonance (small width). The time delay is due
to the time elapsed between the excitation of QW (¢#), or the formation of
the intermediate, and its subsequent decay. A long time delay is therefore
associated with a long lifetime of the collision complex. Likewise, a broad
resonance is associated with a somewhat shorter time delay and lifetime.

In general, there will be both resonances whose positions {); are near
the system energy E and so-called far resonances whose positions are not
at all close to E. Far resonances do not exhibit a strong energy dependence
even if narrow. Thus in the time-dependent theory, far resonances (far
with respect to the energy spread of the wave packet) do not contribute to
time-delayed scattering of wave packets, but contribute to a promptly
scattered wave packet.

2. Expansion of QW in Translationally Bound States

In solving Eq. (9) for Q¥ we used an expansion in resonance states
(35). The resonance states in turn are calculated by an expansion in trans-
lationally bound states (20). It would seem simpler to expand Q¥ directly
in translationally bound states:

ov = 3 di. (44)
1=1

Substituting the expansion (44) into Eq. (9) and taking projections (|
yields

S (Lt — Ebildy = — (el Has ¥°). 45)
=1

Here we have used the eigenvalue property (12) and definition (17). Equa-
tions (45) are a set of complex simultaneous linear algebraic equations for
the amplitudes d;. Equation (45) can be written in matrix form:

L - Eld =1, (46)

where I is an N X 1 vector containing the inhomogeneity of Eq. (45). To
solve Eq. (46) for d, consider the spectral resolution of (Lgq — E)™! in the
{x;} basis:

L - ED™ = 3 [C,&)/ (5 — E). )

F]
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Here we have used the resolution of unity (27). Using Eq. (47) to solve Eq.
(46) we have

d = 3 [C,E&D/ (g - B). (48)

F
Simplifying the scalar product in Eq. (48):
Gl = — (| Hael ¥°) (49)
and looking at the /th element of Eq. (48) gives

d = Zj QJSXEEI_{J&%E. (50)

Equation (50) provides the link between the expansion of Q¥ in trans-
lationally bound states and the expansion of Q¥ in resonance states. From
Eq. (50), one can see that if E is close to (,, then all the amplitudes d,
become large according to the eigenvector factor Cy;, which determines
the extent to which the /th translationally bound state contributes to the
Jjth resonance state. In other words, it is the linear combination of transla-
tionally bound states called the jth resonance state that ‘‘blows up’’ as E
nears ;.

If the expression (50) for d, is substituted into the expansion (44) and
summed over/, we recover Eq. (36).

3. An Isolated Resonance

The formal development presented in Section II,A,1 is particularly
convenient if there are a number of resonances whose positions lie within
the range of energies of interest, AE, for the problem at hand. The proce-
dure of diagonalizing the level operator is also the desired approach if
there are overlapping resonances. Two resonances are said to be overlap-
ping if the distance between their positions is less than the half-width of
either resonance:

|Qk - le < Fk/2 or F,/Z (51)

If a resonance is not overlapping, it is said to be an isolated resonance.
If there is only a single isolated resonance in the range of interest AE
(i.e., all other resonances are far resonances with respect to all energies in
the range AE), then there is an alternate description that is convenient
(Feshbach, 1962; see also Kouri and Sams, 1971). This alternate descrip-
tion places the slow energy dependence of P¥ associated with the far
resonances into the solution ¥ of a modified open-channel problem. In
addition, this formalism will lead to a different definition of the position



182 Curtis L. Shoemaker and Robert E. Wyatt

and width of the resonance. An analytic comparison between the defini-
tions given in Section II,A,]1 and those presented here will be given in
Section I, A,S.

In developing a description appropriate for an isolated resonance, we
return to the coupled Egs. (5). Inserting the formal solution to (5b) into
(5a) yields an equation containing only PV¥:

(E — Hpp)P¥ = Hpo(E — Hqa)™'HorPV. (52)

Introducing the spectral resolution of the inverse operator,

(E - Hog = 3, (@1, (53)
i

E-W,
Eq. (52) becomes

(E _ HPP)P‘I, = 2 HPQ‘¢I><¢I'HQPIP‘I’> . (54)
1

E_'Wl

Suppose that only W, lies in or close to the range of energies of interest.
Then the strong energy dependence of PY¥ arises only from the term
I = k in Eq. (54). It is desirable to separate out the term / = k:

(E - Hpp) PV = H"""b"g@’%ﬁ“”lp\y) ' (55)

Here we have introduced a modified open-channel Hamiltonian:
= Hpg$1) (1| Hep
Hpp= Hpp + ), P,}b’)( oter. (56)
I

— Wl
I#k

Suppose we know the solution to the corresponding modified open-
channel problem:

(E — Hpp)¥? =0, &)
then the formal solution to Eq. (55) is
— ! -1

Equation (58) is not the final solution for P¥ since the right-hand side
contains the matrix element (¢,|Hgp|P V). Using Eq. (58), this matrix
element satisfies the algebraic equation

(| HoplP W) = (by|Hop|¥ )

+ $OuHooE — Hpp) ' Hpqldbs) (dulHaelP V) |
E - Wk

(59)
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Solving Eq. (59) for the matrix element (¢x|Hgp|P¥) and substituting
into Eq. (58) gives the sought solution:

_ go 4 (E = Hpp) '"Hpo|dy ) (SxlHepl¥®) .
P =¥y E = (ulLbale) (60

Here we have introduced a modified level operator based on the modified
open-channel Hamiltonian:

Loq = Hoq + Hop(E — Hpp) 'Hpq. (61)

The second term of Eq. (60) has a resonant denominator that suggests
the following definition of the position and width of the kth resonance:

(Ox|Laaldr) = Qi — iTh/2 = (Wi + &) — iT%/2. (62)

Here we have labeled the position and width with a (') to indicate that
their values differ slightly from those obtained by diagonalizing the matrix
representation of the (unmodified) level operator. If the open/closed
channel coupling is sufficiently small, then the position and width are
essentially the same as those defined by Egs. (14) and (15). In Eq. (62)
we have introduced the ‘‘shift,”’ A, of the kth resonance, which gives the
amount by which the position of the kth resonance is shifted from the
translationally bound state eigenvalue W,.

4. Closed-Channel Resonance State as a Perturbed Translationally

Bound State

In Section II,A,1 we introduced the resonance states x; as eigenfunc-
tions of the level operator with associated eigenvalues ¢;. If the open/closed
channel coupling, Hpg and Hygp, is sufficiently small, then the level shift
operator Rgq can be considered a small energy-dependent perturbation to
the closed-channel Hamiltonian Hgq. In that case, it would seem reason-
able to treat the resonance state as a perturbed translationally bound
state. The non-Hermitian perturbation Ry causes the zero-order eigen-
value W, to shift by A; as well as broaden (become complex) by an
amount [',/2; i.e., the zero-order translationally bound state has a zero
width that implies an infinite lifetime. The presumably small perturbation
Rqq gives the resonance state a small but nonzero width and, thus, a long
but finite lifetime because the small perturbation Rgq allows the probabil-
ity amplitude associated with Q¥ to ‘‘leak’” back into the open-channel
continuum (for other discussions based on perturbation theory see Micha,
1974; Yambe et al., 1978).

Perturbation theory is appropriate only when the open/closed coupling
is small, or equivalently, when the resonance is narrow and the shift
small. Perturbation theory is entirely equivalent, of course, to diagonaliz-
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ing the matrix representation of the level operator. However, if the open/
closed coupling is not small, then matrix diagonalization is preferred as
a numerical technique.

We approach the discussion of resonance states as perturbed bound
states using the usual Rayleigh—Schrodinger (RS) perturbation theory. We
shall investigate the dependence of the shift and width on the size of the
open/closed channel coupling by scaling the true coupling by the adjust-
able parameter A'? (real and positive) in the following manner:

replace Hgp with A'2Hgp, (63a)

replace Hpy with \'2Hpg. (63b)
Using the scheme (63), the level operator becomes

Loo(E, N\) = Hgq + ARgo(E). (64)

As A= 0, Log— Hgq and as A— 1, Lgg becomes the ‘‘true’’ level
operator. If we consider Lqq to be a function of A, then its eigenfunctions
and eigenvalues must also be functions of . Thus we can expand x; and &
in Taylor series about A = 0:

o+ 3, (65)

g=W+ gl Nigim, (66)
where

= )

o = ki (68)

Note that the summation in Eq. (66) contains the shift and half-width
of the jth resonance:

Y Angm = Ay = iTy/2. (69)

n=1

The expansions (65) and (66) are substituted into the eigenvalue problem
in Eq. (14) in the usual way:

(Hao + MRaa) (85+ 3 N = (Wy+ 3 nrgfm) (4 +3 angn),
n=1 n=1 n=1
70
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and then terms of like powers of \ are collected and equated. Equating
terms associated with A° yields the bound-state problem of Eq. (12).
Equating terms associated with \' yields

(Hoq — Wyx/V = (& — Rqq)d;. an

Expanding the first-order correction to the resonance state in translation-
ally bound states:

X"V = Ek: s P (72)
and taking projections (¢, yields
ay(W, — W) = &Y8; — Ry, 73)
where Ry; is defined in Eq. (18). For / = j, we find
&" = Ry (74
or
e(E, \) = W; + A\Ry(E); 75

i.e., to first order, the complex eigenvalue is simply the diagonal matrix
element of the level operator. To first order, the shift and width vary
linearly with A, which implies a quadratic dependence with respect to the
size of the open/closed coupling. Thus, for small coupling we expect
narrow resonances with positions only slightly shifted from the bound-
state eigenvalues. The approximate quadratic dependence of the shift and
width will be illustrated numerically for a model problem in Section
11,C,4.
For | # j, Eq. (73) provides the expansion coefficient a;;:

ay = Ry/(W; = W)). (76)

Equation (76) does not determine a;;, which we will show to be zero by the
normalization requirement of Eq. (22b):

) = [ (8,4 S awde) (6n+ 3 amdr) dx = om D
k 3
or
(X Xm) = 8m + amy + asm + Olaly) = 8pm. (78)
Since R,; = Ry,, then a,y = —ay, for m # j. For m = j, we must
require a; = 0 in order for Eq. (78) to hold. Thus through first order,
the jth resonance state is
X3 = ¢5 + N [Ry/(Wy = Wl + - - - . (79
1
1%
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The contribution from adjacent bound states varies linearly with A or
quadratically with the open/closed coupling. Note that it is the contribu-
tion of translationally bound states / # j that contains the energy depen-
dence of x;. If the coupling is small, x; will not vary appreciably with
energy.

Higher-order corrections to the resonance state and its complex eigen-
value can be obtained by continuing the process of equating terms of like
powers of A in the usual fashion.

5. A Comparison of Definitions of the Shift and Width

In the general theory, applicable to either overlapping or isolated reso-
nances, the complex energy & was defined as an eigenvalue of the level
operator by Eq. (14). In the treatment of an isolated resonance given in
Section I1,A,3, & was defined by Eq. (62) as a diagonal matrix element of
a modified level operator. One may reasonably query whether the two
definitions of the shift and width of a given resonance are equivalent. The
purpose of this section is to compare definitions (14) and (62).

In making the comparison of definitions we need explicit equations for
g; based on the two definitions. The RS perturbative expansion in Eq. (66)
is one such explicit expression for g based on definition (14). However,
the form of this equation is not convenient for the comparison of defini-
tions. To develop a convenient expansion of g based on Eq. (14), we use
Lennard-Jones—Brillouin-Wigner (LBW) perturbation theory (see Bates,
1961). The LBW expansion for & is entirely equivalent to that of RS
perturbation theory, since both are based on the eigenvalue definition in
Eq. (14). Definition (14) can be rearranged as follows:

(Haoq — &)X5 = —Raaxs- (80)
Next we expand the resonance state in translationally bound states:
Xi = D Bisbr, (81)
k

and substitute into the left-hand side of Eq. (80). Taking projections (¢,
gives an expression for the expansion coefficient:

_ ($ilRoalxs)
IBU_ Blj_W[

Using Eq. (82) the resonance state can be written (exactly) as
R
% = Buty + 3 (@lRaaba). (83
l

1#]

(82)
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Note that we have explicitly removed the term / = j from the summation.
Expression (83) is not an explicit expression for x; as the expansion co-
efficients in Eq. (82) also contain x;. A perturbative expansion for x; can
be developed in the following fashion. For x; in the matrix element
(@|Raalx;) in the second term of Eq. (83), we repetitively insert Eq. (83)
to obtain

Ry Ry
X5 = Bu[dh + 2 —"Le =Wt ; kz#j &= V{c’lk)(us,k— W ] (84)
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Here we have used the definition of R,; in Eq. (18). The expansion in
Eq. (84) continues in an obvious repetitive pattern. Using Eq. (84), we
calculate the matrix element (¢;|Rgolx;):

(3| Raalxs)
_ RuRy RueRiaRy .. ]
B.H[Rﬁ + 2 & — Wl + ; kE#J (81 - Wl)(Ej b Wk) * (85)

I#J

Comparing Eq. (85) to the definition of B;:

(d|Radxs) = Bulgy — Wi, (86)
we see that g can be expressed as
R R R R
=W, + + _.ﬂ_lJ_ + kDNl y .
g =W;+ Ry z - W, Zl ; (g ~ Wid(g; — W) (87)
1#5 kS

Equation (87) does not give & explicitly due to the presence of g; in the
denominators of the second- and higher-order corrections. However, the
self-consistent solution to Eq. (87) is the eigenvalue defined by Eq. (14).
Equation (87) expresses g in a form that is useful in comparing the defi-
nitions in Eqs. (14) and (62). In addition, the LBW perturbative expan-
sion in Eq. (87) has the advantage that any given higher-order correction
can immediately be written due to the obvious repetitive pattern.

A perturbative expansion similar in form to Eq. (87) can be written
for & as defined in Eq. (62). In order to do this, we relate (E‘Y’ — Hpp)™!
to (EY — Hpp)~! through the following well-known operator identity.
If H = H + V, then

(E-H)'=(E-H'I + V(E-H")']. (88)
Equation (88) can be written as an infinite (or Born) series:

(E— H")™!
=E-H'I+VE-H"'"+VIE-H'VE-H"+- -] (89
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Using Eq. (56), we can now relate (E‘*) — Hpp) ™' and (E'®> — Hpp)™':
(E — Hpp)™' = (E — Hpp)™!
Hpg 1) (d|Hgp(E — Hpp) ™' ]
x [1 +3 o " 90)
1#5

Forming the matrix element (¢u/HoolE — Hpp) 'Hpgldr) required by
Eq. (62) gives the desired explicit expression for ¢;:

81’ = Wj+R”

R RyRi R

vy F1AAT] AT 7] .

+2(E W,+22(E WyE-wy T 0D
l#lk#i

We can compare & and ¢; defined in Egs. (14) and (62) by comparing
Egs. (87) and (91), respectively. Both equations are identical in form
through any given order. However, in Eq. (91), E plays the role of & in
Eq. (87). Hence the two definitions of the resonance parameters are
genuinely different. However, through first order the shift and width
defined by Eqs. (14) and (62) are identical:

A; = Re(Ry), (92a)
T; = -2Im(Ry = 27 >, [(¥AE, a)|Hpqg|d;)|%. (92b)

In Eq. (92b) we have made use of Eq. (33). For small open/closed channel
coupling we expect the shifts and widths calculated according to the two
definitions to be essentially the same. However, for somewhat larger cou-
pling & is more strongly energy-dependent due to the explicit appearance
of E in Eq. (91).

Equation (91) becomes singular for any E = W;, | # j. This is simply
a reminder that the treatment of an isolated resonance given in Section
II,A,3 has a limited range of applicability, within the band AE. For
energies outside this range, it is necessary to redefine the modified open
channel Hamiltonian Hpp. For this reason, we prefer to use the general
treatment based on the definition in Eq. (14) even though this treatment
retains the slowly energy-dependent far resonances in the resonant
expansion.

The moral of this section is that both the position (or shift) and width of
a resonance are not unique quantities for any given physical system. They
depend on both the definition and the energy (see Section II,A,7, how-
ever, for a definition of energy-independent resonance parameters). The
resonance parameters {}; and I'; simply give crude but useful information
about the energy dependence of stationary solutions to the Schrodinger
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equation. That is, (), tells one to expect the solutions of the Schrodinger
equation (and the corresponding transition probabilities, cross sections,
etc.) to vary appreciably with energy for energies near (). T tells one
roughly the range of energies associated with the resonance structure
roughly centered at ();.

6. The Energy Dependence of the Shift and Width

Suppose we are interested in applying the Feshbach formalism to a
system characterized by rather small open/closed channel coupling. In
that case, the complex eigenvalue g is given approximately by the first-
order perturbation theory result [\ = 1 in Eq. (75)]:

&(E) = W; + Ry(E). (93)

Having calculated positions and widths at a particular energy E;, we may
question how these resonance parameters would vary if the calculation
were repeated at a slightly different energy (for a discussion based on the
Hellmann-Feynman theorem see Yambe et al., 1978). In other words, we
are interested in the energy derivative of &:

de,/dE = dRy/dE = ($)|dRqa/dE|d;). (94)

Computing the derivative of the level operator we have
de/dE |,_ = —(${HarlGE(ED*Healby). 95)

If we scale the open/closed channel coupling according to the scheme
(63), then the magnitude of the energy derivative varies linearly with A or
quadratically with the coupling strength parameter A'2. Thus for small
coupling, not only are the shift and width small, but also they are rela-
tively independent of energy (as anticipated in Section 11,A,4).

Equation (95) may be useful for computationally determining the ex-
tent to which A; and Ty vary with energy near energy E;. The inverse
operator G, needed to calculate Ry(E,) is realized in practice by generat-
ing an open-channel Green function (see Section II,B,2) at E = E,. Rather
than regenerating a new Green function at E = E, to recalculate Ry(E,),
one can compute the convolution of the Green function corresponding to
[G3,(E,)}? and then approximate g(E;) using a Taylor series:

e(Ex) = W; + Ry(Ey) — (¢{Hop[G3p(E)))*Hpo|$5)(Ez — Ey).  (96)

Of course, Eq. (96) is useful only when both (E, — E,) and the open/closed
channel coupling are sufficiently small.
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The energy dependence of de;/ dE can be explored by using the resolu-
tion of unity (32) in Eq. (95):

de; dE'p(E’, VoAE', o) H 2
dZ‘ f p( a()é((l“ £E,;:)I PQI¢J>I . 97

_El

Since E, appears in the denominator of Eq. (97), the magnitude of the rate
of variation of the shift and width with energy is generally expected to
decrease as the energy increases. (However, if one continues to increase
the energy, eventually a new channel will open and it becomes necessary
to choose new projection operators, P and @, if we insist that P always
projects onto all the open channels.) The general decrease of |de;/ dE| as
the energy increases can also be appreciated from a somewhat different
viewpoint. The Green function corresponding to G $p becomes more oscil-
latory as the energy increases, just as any continuum wave function
would. Consequently, in convoluting the Green function (corresponding
to the operator [G$p]?) destructive interference is more likely to occur at
higher energies due to the higher frequency of oscillation. (However, if
the energy is increased up to the point where a new channel opens, the
Green function acquires a new component of slow oscillation and destruc-
tive interference is now less likely to occur.)

7. The Siegert Eigenvalue Problem in the Context of the

Feshbach Formalism

Throughout much of Section II,A we have been concerned with the
complex, energy-dependent eigenvalues ¢; of the level operator. However,
it is possible to define in the context of the Feshbach formalism an energy-
independent complex eigenvalue ef. These complex eigenvalues corre-
spond to poles of the S-matrix elements in the complex energy plane. The
procedure that follows is the equivalent of the treatments of Siegert and
Humblet and Rosenfeld in the sense that it specifies the poles of the
S-matrix elements (Siegert, 1939; Humblet and Rosenfeld, 1961).

A set of coupled equations, analogous to Egs. (5a) and (5b), can be
written connecting the open-channel response function x; with the
closed-channel resonance state x; (Feshbach and Levin, 1973). After mul-
tiplying Eq. (38) by Hgp, we note that

Rgaxs = Hgpk;. (98)

Using Eq. (98) in definition (14) yields the first coupled equation (99a).
Equation (99b) is simply Eq. (39) rewritten here for the sake of con-
venience:

(& — Hoa)xs; = Hapk;, (992)
(E — Hpp)ry = Hpgxy. (99b)
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Note the analogy between coupled Eqgs. (99) and coupled Egs. (5). The
two sets of equations differ only in two respects. First of all, Eqs. (99)
represent an eigenvalue problem since Eq. (99a) contains &. Secondly, «;
satisfies an outgoing only boundary condition in contrast to the asymptotic
boundary condition satisfied by P¥. Solving Eq. (99a) for x; and substitut-
ing into Eq. (99b) yields an equation containing only x;:

(E — Hpp — Hpo(&; — Hoq)™'Hop)k; = 0. (99¢)

This Schrddinger-like equation contains a ‘‘complex potential energy’’
term, Hpo(g; — Hog) 'Hgp, which makes possible solutions «; satisfying
outgoing only boundary conditions.

The energy dependence of the solutions to Egs. (99) enters through the
explicit appearance of E in Eq. (99b). If we replace E in Eq. (99b) by the
eigenvalue &f, we obtain a similar set of coupled equations (Feshbach and
Levin, 1973):

(8f — Hoo)xi = Harkj, (100a)
(Sjs - fl}ap)K_;S = HpQXjS. (100b)

The solutions to Egs. (100) have been labeled with a superscript *‘s”’
(Siegert) to indicate they differ from the solutions of Egs. (99) in several
ways. The solutions &, x,° and k;* are now independent of energy, of
course. The eigenvalue & corresponds to a pole of the S-matrix elements
in the complex energy plane (to be explained in Section II,B,5). The new
open-channel response function «; is not only outgoing but also has an
exponentially increasing envelope (see Section II,B,5), in contrast to «;
whose asymptotic envelope is constant. In addition, the closed-channel
resonance states x;* are not orthogonal:

(OGP xRY # . (101)

Therefore, it is not appropriate to resolve the identity operator directly in
the {xs} basis:

3 losr )y (x # 1. (102)

J

The Siegert eigenvalue problem in Eq. (100) can be written in a form
similar to the definition in Eq. (14) of the energy-dependent resonance
states x; and eigenvalues &. We simply replace Rgo(E) by Rgq(&):

[Haq + Raa(&M)XS = & (103)

Equation (103) is equivalent to Eqgs. (100). A numerical technique for
solving Eq. (103) for the poles of the S-matrix elements & will be pre-
sented in Section II,B,S.
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B. The Application of the Feshbach Resonance Theory to Collinear

Reactive Scattering

In Section II,B we will specialize the general theory of the preceding
section by choosing a particular form for the Hamiltonian of the collision
system as well as particular projection operators P and Q. We shall restrict
the discussion to collinear collisions to avoid additional complications
associated with a particular angular momentum coupling scheme. In addi-
tion, we shall simplify the discussion by considering reactions in which the
products and reactants are identical, for example:

A+ BA— AB + A, (104)

This restriction is not necessary but it simplifies the discussion in that all
asymptotically open reactant channels correspond to asymptotically open
product channels. One could easily extend this treatment to both higher
angular momentum and more general reactions if one is willing to pay the
price of a more complicated notation. However, we are more interested in
the features of the Feshbach theory arising from the form of the equations
than the details of any particular reaction. The principal goal of this sec-
tion is to produce a computationally oriented matrix notation as well as
present computational techniques necessary for the application of the
Feshbach theory within the restrictions noted above.

In discussing coordinates for collinear reactions, we choose natural
coordinates (R, r), which are defined in Fig. 1. (These coordinates are
similar to those defined by Marcus, 1966.) Here R is the translational
coordinate and r is the vibrational coordinate, both of which are defined
relative to the reference curve (RC) shown in this figure. These coordi-
nates have the advantage of blending smoothly from the reactant region
(R > L), through the interaction region (0 < R < L), and into the product
region (R < 0). As R —» +x or R — —x, the system separates into reac-
tants or products, respectively. In terms of these coordinates, the Hamil-
tonian in the polar (or interaction) region, 0 < R < L, is

_ R (L8 19 9 ,
H = (1’2 OR? + n arn 3") + Vilr) + Vi{R; r),  (105a)
and in the Cartesian regions, R > L or R < 0, it is

2 2 2
—2”—/“( * . a—.) + Velr) + ViR, 1), (105b)

H = aRE T 5

Here A is the effective reduced mass,

M= (MABMA,AB)W, (106)
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Fig. 1. Coordinate systems for a collinear reactive collision. R and r. denote mass-scaled
translational and vibrational coordinates for reactants, while R, and r, denote the set of
product mass-scaled coordinates. R and r are natural collision coordinates for point P, where
R is the distance measured along the reference curve (RC), and r is the vibrational displace-
ment from the RC. The origin R = 0 is at the polar-Cartesian boundary in products and
R — —x or +x denote asymptotic product or reactant regions, respectively. In the interac-
tion region, R is the arc length along the circular reference curve, which does not need to
coincide with the reaction path (RP) on the potential energy surface. The turning center (TC)
for the circular reference curve is indicated.

where the vibrational and atom-diatom reduced masses are
Map = mamp/(ma + my), (107a)
Maas = Malmy+ my/2my + my), (107b)

in which m, and my are atomic masses. 7 is related to the curvature « of
the reference curve by

n=1+«r (108)

In the reactant and product valleys we have « = 0 and n = 1. In Eq. (105)
we employ a “‘split potential’’ in which V;(r) is the vibrational potential
in the reactant and product valleys; V(R ;r) is the remaining portion of
the interaction, which takes care of changes in the potential energy sur-
face in going from reactants to products. Asymptotically V. becomes
independent of r and approaches a constant.

In treating such collinear problems, it is computationally convenient to
scale the wave function as (Light and Walker, 1976; Wyatt et al., 1978)

YR, r) = 9'2W(R, r), (109)

where ¥ is the scaled wave function. Substituting the scaled wave func-
tion into the time-independent Schrddinger equation using the Hamilto-
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nian of Eq. (105), we find that the unscaled wave function satisfies

k%[ 9? K2
[- B+ %) + mitam + vV = B[ ¥R 0 = 0, (110

2M\ OR? 4
where H 9, is the asymptotic vibrational Hamiltonian of the diatomic:
ht 92
HYyp = — 2.7 ar? + Vilr). (111)

The eigenstates of HY,, are defined as
H(r)@y(r) = &;P4r). (112)

It is assumed that the vibrational eigenstates are orthonormal,
(Drldbs) = 8yy. _ - .

The unscaled wave function is most conveniently expanded in a basis
of vibrational eigenstates:

n+m

W(R,n = fIRD), (113)
J=1

where the expansion coefficients f;(R) are known as the translational
wave functions. Substituting the expansion (113) into Eq. (110) and
taking projections (®,| yields the close-coupled equations:

[Tz + H(R) + & — E]filR)
= - Y HyRf(R), k=1,...,n+m, (114)
J

J#k

where Ty = (—h2/2.4)(8%/0R?) and H,, is given by

Hy = (@unVii,) + {858 - £} peodie,)

252
+ kDYrD,)] + 255, (115)
Note that Hy; — V(%) as R — =, In Section II,B,1 we shall rewrite
Eqgs. (114) using a computationally oriented matrix notation as well as
sketch the Feshbach formalism using the new notation.

The total system energy appears in both the channel potential H.(R)
and the coupling between channels H;,(R) in Eq. (115). This is due to the
curvature « used in the natural coordinate system in describing the rear-
rangement in going from products to reactants. In addition, when using
the natural coordinate system, one must perform orthogonal transforma-
tions on the asymptotic wave functions at the polar—Cartesian boundaries
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to insure continuity. To avoid these complications, we shall formally con-
sider a simplified ‘‘one-dimensional’’ model for which xk = 0 and = 1.
For this model, the scaled and unscaled wave functions are identical, and
H,; simplifies to the first term of Eq. (115) with n = 1.

At energy E, those vibrational states ®; satisfying

E> & + Vi (£x) (116)

are energetically accessible asymptotically and correspond to the open
(product and reactant) channels. Suppose the first » vibrational channels
are open. Then a convenient choice of projection operators is

P= ; |, ) (D, (117a)
=1
n+m

Q=23 |&)NP. (117b)
J=n+1

Using Eqgs. (117a) and (113) we see that the first » translational wave
functions are associated with open channels. Likewise, the remaining m
translational wave functions correspond to closed channels for our one-
dimensional model.

1. Matrix Notation

Employing the collinear Hamiltonian in natural collision coordinates
(105), we have developed a set of close-coupled equations appropriate for
the one-dimensional model. These coupled equations are equivalent to the
formal coupled equations (5). [Equations (114) could have been derived by
forming the operators PHP, PHQ, QHP, and QHP explicitly and substitut-
ing into Egs. (5).] We now convert Eqs. (114) into a pair of coupled matrix
equations by making the following definitions. First we divide the interac-
tion matrix defined by Eq. (115) into four submatrices:

Hoo E Hoc
H(R) = | ———~-—=-|- (118)
H., | He

Here H,, is an n X n matrix containing the coupling between open chan-
nels (hence the subscript ‘‘00’’). Likewise H.. is an m X m matrix con-
taining the coupling between closed channels. H,. is an n X m matrix
representing the coupling between open and closed channels. H,. and
H,, are related in the following manner: H,. = H,,. Next we introduce an
n X 1 column vector containing the translational wave functions in the
open channels, F,, and an m X | column vector of functions repre-
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senting the translational wave functions in the closed channels, F.:
H(R) Sr+1(R)
Fo=| : |, Fe=| =+ | (119)
fa(R) Srtm(R)

Using the notation introduced here, Eqgs. (116) can be written more com-
pactly as

[(Tg — E)1, + fo + HyJF, = -H.F,, (120a)
[(Tr — E)1. + & + HeJF. = —HF,, (120b)

where &, and €. are diagonal matrices containing the vibrational eigen-
values, and 1,and 1.are n X n and m X m unit matrices, respectively.
The coupled matrix equations are now in a form resembling the formal
equations (5).

In order to deal with Eqs. (120) according to the procedure outlined in
the formal theory, we need to invert the operator in brackets in Eq.
(120a). Toward this end, we define an n X n Green function matrix by

(Tr — E)lo + & + HolGdR, R') = 3R — R')1,, (121

i.e., GAR, R') contains the responses in the open channels at R due to a
unit source at R’. If the unit source (R — R’) is in the /th channel, then
the /th column of G, contains the response in all » open channels due to
that unit source. G, obeys the reciprocity condition:

GJ/R, R') = GR', R), (122)

which says the response in the kth channel at R due to a source in the /th
channel at R’ is equivalent to the response in the /th channel at R’ due to a
source in the kth channel at R. As R — *x, the channels uncouple, and
therefore the elements of the Green function matrix asymptotically are
outgoing free waves:

R—o+x

[GR, RN}y =5 —[e**R/(%,) ][ *(R") ]y, (1232)
[GoR, Ry === ~[e"™R/(3) ) A~ (R" s, (123b)

where
Ay = 3 [ME — &~ Vifz=)]m. (124)

Equations (123) define the asymptotic amplitudes #*(R') of the Green
function matrix. The factor of —%;'2 has simply been added for con-
venience [see the standard asymptotic form of the translational wave
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functions given by Eq. (142)]. Equations (123) can be written more com-
pactly in matrix notation:

R—oxx

GJR, R') —/> A*(R)A*(R'), (125)
where
(A = —[e**R/(H;)'2]8y. (126)

The inversion of the operator in brackets in Eq. (120a) is accomplished
by performing an integration over R’ using the Green function matrix. For
example, to apply the inverse operator to some functions of R, Z(R), we
have

@ Z(R) = f GJR, RYZ(R’) dR' (127

Here we are using %, to distinguish the integral operator and the kernel
G. % corresponds to —Gg3 in the formal theory; the factor of —1 arises
from the factor of —1 connecting Egs. (5) and (120). A numerical tech-
nique for generating G, will be presented in Section II,B,2.

Using the Green function matrix to solve Eq. (120a) we have

F, = F3 - GH.F,, (128)
where F§ is the solution to the open-channel-only problem:
(Tr — E)l, + & + HyJF§ = 0. (129)

Equations (128) and (129) correspond to the formal Egs. (6) and (7), re-
spectively. Using Eq. (128) in Eq. (120b), we obtain:

[T — E)le + & + Hee — HeoGHoolF: = —H,FS, (130)
which corresponds to Eq. (9).

From Eq. (130) we identify the level operator L.. and the level shift
operator R as:

Lee=Tglc + & + Hee + Ree, (131)
R = _Hco@ol'loc- (132)

The apparent difference in sign between Egs. (132) and (11) is due to the
factor of — 1 relating the Green operators. As before, we define eigenvec-
tors and eigenvalues of the level operator:

LeeXs = &X3- (133)

The resonance states are now m X | column vectors containing m func-
tions of R. The resonance states are orthogonal in a fashion similar to

Eq. (22):
e @) (xilxx) = B (134)



198 Curtis L. Shoemaker and Robert E. Wyatt

Here we use the adjoint symbol ¥ to mean transpose complex conjugate.
The orthogonality in Eq. (134) is a consequence of the reciprocity condi-
tion (122) since this orthogonality follows from the symmetry of L (see
Appendix A).

The resonance states are found by diagonalizing the matrix representa-
tion of the level operator in translationally bound states. The translation-
ally bound states (m X 1 column vectors) are defined as

[TR]c + gc + Hcr]d’l = Wld’l- (135)

A numerical technique for solving the coupled closed channels problem
(135) is presented in Section II,B,3. Using the eigenvalue property (135),
the matrix elements of the level operator are

Liy = Wity — (dulHeoGH o ). (136)

In Appendix A, the symmetry of L is related to the reciprocity condition
(122). Diagonalizing the matrix representation of the level operator pro-
vides eigenvalues &; and eigenvectors for computing resonance states:

N
X;i= 2 cudr (137)

i1=1

By expanding F, in resonance states, we can solve Eq. (130):

N 0
F. = 2 MMF_&)) X (138)

+
= E-s

Substituting Eq. (138) in Eq. (128) we obtain the equation corresponding

to Eq. (37):
N 0
F0=F8+E i&i_lMF_o)Kh (139)

+
“~ E-g
where the open-channel response function is
K; = —GHolxs). (140)

In writing expressions for S-matrix elements (probability amplitudes
for undergoing transitions), we need to consider the asymptotic form of
Eq. (139). The asymptotic form of x; can be determined by substituting
the asymptotic form of G, given by Eq. (125) into Eq. (140):

Roxx

o 2255 —A%(R) f A=RVHo R XARVAR' = —A=VE. (141)

Equation (141) defines V. Suppose the incident plane wave enters from
+ through the /th channel. Then the operational definition of the non-
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reactive S-matrix elements is

SR 255 [e(H ) /(K ) Y e ™Ry — S Jre +i%F], (142a)
where ¢(% ) is an arbitrary complex function of ¥ ;. Likewise, the opera-
tional definition for the reactive S-matrix elements is

Ro—=%

HR) == — [c(H)/(Hy) 218 fre™ ™. (142b)

Equations (142) give the asymptotic forms of both F, and Fj. Using
Eqs. (142) and (141) with (139), the S-matrix elements are given by

N
Spr = 59, — > (XilHFD) v,

: 143
o E - & i ( a)
N
H. F3) -
S, =8 - i%'—:—ejl—) vy (143b)

J=1

In Eqs. (143) the subscripts ‘‘r’’ and ‘“‘nr’’ denote ‘‘reactive’’ and ‘‘non-
reactive,’’ respectively. The superscript ‘‘0’’ indicates S-matrix elements
for the corresponding open channel only problem given by Eq. (129). The
n %X 1 vectors S, and S, give those elements of the S-matrix associated
with input flux in channel ‘‘/’’; for example,

Sae=1| : | (144)

Here S} is the probability amplitude for entering in channel ! and exiting
in channel j by the nonreactive process. The corresponding transition
probability is given by |S}}72. Conservation of probability requires

> (swiz + 157 = 1 (1452)

or
SiSnr + SiS; = 1. (145b)

The number of terms included in the summation in Eqs. (143) is equal
to the basis size (V) used in constructing the matrix representation of the
level operator. Hence the numerical values of the S-matrix elements de-
pend on the number of translationally bound states used and lead to con-
vergence provided a sufficiently large number are included (the sensitivity
of the solution to basis size is discussed in Section II,B,4. However, Eq.
(145) is satisfied for any basis size, as the Feshbach theory is inherently
unitary (see Feshbach, 1967). Thus in applying the Feshbach theory, the
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calculation should conserve probability regardless of basis size, but con-
servation of probability does not guarantee converged S-matrix elements.

In computing a transition probability |S|?, one can see from Eq. (143)
that there are three types of contributions. The first is the contribution
from the open-channel-only S-matrix element, which is direct scattering.
The second contribution is due to the formation and decay of the reso-
nance states given by the summation in Eq. (143). The third contribution is
due to ‘‘cross terms’’ between the summation and the open-channel-only
S-matrix element. This third contribution represents interference between
direct scattering and the formation and decay of the collision complex. An
additional interference effect is due to interfering resonances in computing
the magnitude square of the summation in Eq. (143).

2. The Generation of the Open-Channel Green Function by the Technique of

Redistributed Sources

In applying the Feshbach theory, one needs to calculate G(R, R’) in
order to construct the matrix representation of the level operator. In
addition, one needs to calculate the open-channel Green function matrix
to apply the perturbation theory presented in Section II,A, or to calculate
Siegert eigenvalues (the generation of G, is slightly different for complex
energies and will be discussed in Section II,B,5). The purpose of this
section is to present the technique of redistributed sources for generating
the open-channel Green function matrix (this numerical technique can be
extended to the generation of the Green function matrix corresponding to
the operator (E — H)™', where H is the total Hamiltonian of the system,
by applying the proper boundary conditions to the closed-channel compo-
nents). The technique of redistributed sources is based on a variation of
well-known propagation techniques (Light, 1971; Light and Walker, 1976)
used to numerically solve the coupled Schrodinger equations for nonreac-
tive or reactive scattering problems.

We begin by separating the Green function matrix into n separate
column vectors:

G, = [G,G; - -+ G,]. (146)

On the column vectors G; we omit the subscript *‘0’” with the understand-
ing that we are generating the open-channel-only Green function. Using the
definition of the Green function matrix (121), the jth column vector G,
satisfies

[(Tr = E)lo + & + HolGAR, R") = &R ~ R, (147)

where 1; is the jth column of the n X n identity matrix. For a given R’,
we shall solve (147) for the asymptotic amplitudes /7 (R’) [ jth column
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of GX(R’)] and use a propagation technique to map the asymptotic
(R — =x) solution into the interaction region for all R. This process is
repeated for all j and all R’.

Equation (147) can be rearranged as:

d2
R: G, = UR)G; — %S(R - R 1,, (148)

where U is defined as
Un(R) = QU/AY)[Hy(R) + (& — E)8y). (149)

Note that U becomes diagonal in the asymptotic regions and the elements
of G; decouple. The source function 8(R — R’) is contained in the jth
channel. Hence G; gives the response in all n open channels due to a
unit point source in channel j. Integrating Eq. (148) from R’ — & to
R’ + 8, where 8 is a small positive number, we find

d d Y/
i PO = 1. (150a)

G; i T
s 7

Hence the real parts of the diagonal elements of G, have a first derivative
that is discontinuous at the source point R’ by the amount —2.{/A2.
We divide the interaction region into a large number of ‘‘sectors,”
each sufficiently small that U(R) = constant (see Fig. 2). Next we define
a new column vector G} within a given sector by the local transformation:

G«R. R') = T(R)IG}(R, R’), (151)

where T is the orthogonal matrix whose columns are the eigenvectors
of U. Substituting Eq. (151) into Eq. (148), and noting that T is approxi-
mately constant within a sector, we obtain

d? = 24 N

JR? G} = TUTG} — 7z (R — R)TI1,. (152)
The matrix D, defined by D = TUT, is diagonal since we chose T to be
the matrix of eigenvectors of U: D;; = A?5,;. The eigenvalues A} are
real since U is Hermitian.

For R # R’, Eq. (152) simplifies to

dZ
dR*
The elements of G} are now uncoupled (hence the superscript ‘“‘u’’)

since D is diagonal. Solutions in the uncoupled picture can be propagated
(both across sectors and across boundaries between sectors) from R,

GXR, R') = DGR, R"). (153)
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Fig. 2. Schematic illustration of a typical *‘sector’” in which the potential energy curves
are approximately constant.

to R, by the 2n x 2n propagation matrix #(R;, R,) (see Appendix B):

Gy(R,, R") G/(R;, R")
---------- = @(Rlv Rg) Ll (154)

Gy(R,, R') G}'(R,, R")

Here G}’ is the derivative of G} with respect to R. If we can determine
G} at one particular R, we can use Eq. (154) to generate G} at all other
R. As R —» ==, U becomes diagonal and T becomes the unit matrix.
Thus G} and G; become equivalent in the asymptotic region [see Eq.
(125)]:

G} 5 A5 (R) A (R"). (155)
Once the asymptotic amplitudes /7 are known, Egs. (154) and (155)
can be applied to calculate G} at any particular R. Then transformation
(151) generates G;(R, R') at that R. The problem now reduces to solving
for the asymptotic amplitudes %5 (R’').

In Eq. (152), the source function 8(R — R') is contained in all n
open channels provided the elements of the jth row of T are nonzero.
By introducing the decoupling transformation (151), we have redis-
tributed the source function 8(R — R’) among all n open channels.
Thus we have placed in the uncoupled representation in channel ‘[’
a source function T;6(R — R’) which is equivalent to a ‘‘unit source,”’
8(R — R’), in channel j in the coupled representation. Integrating Eq.
(152) from R' — & to R’ + & we obtain

d d _ 2,
7R ves  dR o 72 Tl;. (150b)

Thus in the uncoupled representation, all elements of G} in general
will have a discontinuous first derivative in contrast to Eq. (150a).
Applying the transformation (151) to Eq. (150b) we recover Eq. (150a).

G
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Suppose we choose R = R, sufficiently large and R = R_ sufficiently
small that both U(R,) and U(R_) are diagonal. Then G}{(R. , R’) satisfies
the asymptotic forms in Eq. (155). Suppose we propagate the asymptotic
forms of G/R., R') and G}'(R.. R’) in from the asymptotic region
to the source point R' according to Eq. (154). Then inside the sector
containing R’, G} should be continuous at R’ and G}’ should be dis-
continuous at R’ according to Eq. (150b). (Matching must be done
within a sector as the functions in the uncoupled picture, G}, are not
continuous across the boundaries between sectors. See Appendix B.)
In other words:

A (R A7 (R") AY (R AF(RY)
PR, R | oomememmeeeaes = PR, R,) | -oeeemmmmmmmmne
A~(R)) 5 (R") A¥(R,) st (R")
0
+ %‘- ....... ~ (156)
TR,

Here A* are the derivatives with respect to R of A*. Equations (156)
are a set of 2n complex linear algebraic equations for the 2n asymptotic
amplitudes «/7(R’). Solving Egs. (156) for &/ determines the asymptotic
form of G(R, R’). Then G} can be determined at all R:

GJ(R, R’) A*(R,) Hf(R")
----------- = PR, R | ool (157)

GF(R, R') A (R f(R")

Applying Eq. (151) determines the desired column G4«R, R’) of the
Green function matrix.

3. Solving the Coupled Closed-Channel Problem

In order to construct the matrix representation of the level operator,
we must solve Eq. (135) for the eigenfunctions ¢, and eigenvalues W,.
The solution of Eq. (135) is complicated by the presence of H.{R),
which couples the m closed-channel components of ¢,. Suppose we can
solve the one-dimensional Schriodinger equation associated with each
uncoupled closed channel for its translational bound states and eigen-
values. For closed channel n + k (recall there are n open channels):

(Tg + Hprgare + Envi) bnrs = Onsie,iCnsienss
J=0L2, ... . Mk, k=12,...,m. (158)

{ns+x,; TEPresents the jth translational bound state in vibrational channel
n + k and w.4r,; is the associated eigenvalue. M(k) is the number of trans-
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lational bound states in the kth uncoupled closed channel that we wish to
use in constructing a solution to Eq. (135). Since ¢,,, the kth element of
&, is associated with channel n + k, we expand ¢,, as follows:

MU

bre =, ol nska)- (159)

Jj=1

Equation (135) is simply the matrix notation of Section II,B,1 for the
eigenvalue problem:

(H—- W)¥, =0, (160)

where

¥, = i G| Prvie)- (161)
k=1

Equations (160) and (161) are equivalent to formal Eq. (12) as the summa-
tion in Eq. (161) extends only over closed channels. However, ¢, [and not
¥, in Eq. (160)] in the matrix notation of Section II,B,1 plays the role of ¢,
in the formal theory because we have eliminated the internal states | P, ;)
in setting up the coupled Eqs. (116). Substituting Eq. (159) in Eq. (161)
gives an expansion of ¥, in a basis consisting of products of ‘‘transla-
tional’’ and internal (vibrational) functions:
m Mk)

V= Y cunllnrrs)Pasr). (162)

k=1 j=1

For simplicity we replace the channel index n + & by a single letter with
the understanding that we are interested in closed channels only. Let O}
denote the overlap between |{,,)|®,) and |{,)|®,). Then

W= <¢rl th)(éralCtu) = 8p0py. (163)

The product basis is orthogonal since both H?Y;, and the operator in Eq.
(158) are Hermitian operators with nondegenerate spectra of eigenvalues.

We can solve Eq. (160) by diagonalizing the matrix representation of H
in the product basis of Eq. (162). Let us define the matrix representation
of H, hii, as follows:

i = (Ll (D HIP)H L) (164)
or

hig = (Ll [Tr + €)8p + Hu@®)| L) (165)
Here we have used the definition of H,.(R) given by Eqgs. (117). Forr = ¢
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(same channel) Eq. (165) becomes

hgl = wtuaau (166)
with the aid of Eq. (158). For r # ¢, we have
= (Lral HiR)| o). (167)

Using Eqgs. (166) and (167) we can set up the matrix equation correspond-
ing to Eq. (160):

ha, = W,al. (168)

Diagonalizing h provides the eigenvalues W,, and the eigenvector coeffi-
cients ayy, needed in Eq. (159) to construct ¢,. [For the matrix Eq. (168),
the double indices ‘‘rs”’ and ““tu’’ in h7; must be regarded as single indices
where ‘“‘rs’’ denotes the row and ‘‘tu’’ denotes the column. Likewise, for
oy, “'kj”’ denotes the particular element in the /th eigenvector a;.]

4. The Effect of a Finite Basis of Translationally Bound States on the

Accuracy of the Solution

The closed-channel (translational) wave function F. is expressed either
directly, or indirectly through resonances states, as an expansion in trans-
lationally bound states. What one calculates, therefore, is not the exact
closed-channel wave function F%, but an approximate closed channel
wave function F3. The difference between the two is the error F¢ asso-
ciated with using a finite basis:

FXR) = F¥R) + FR). (169)

The error in the closed-channel wave function introduces a corre-
sponding error in the open-channel wave function and S-matrix elements.
Substituting F2, which one actually calculates, into Eq. (128) gives the
approximate open-channel wave function F2:

F& = F2 — GH F*+ GH,F:. (170)

The first two terms of Eq. (170) are the exact open-channel wave function
whose asymptotic form gives the correct S -matrix elements. The last term
is the negative of the error in the open-channel wave function —F¢:

F$ = [ GR, RHH.{RFR) dR'. (171)

From Eq. (171), one can see that the error in the closed-channel wave
function at all R’ is superimposed by the nonlocal operator ¥ to give the
error in the open-channel wave function at each R. Thus one would expect
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the error in the open-channel wave function to be rather sensitive to the
number of translationally bound states used in the calculation. Associated
with the asymptotic form of Eq. (171) is the corresponding error intro-
duced in the S-matrix elements:

—f AR "H(RDFYR') dR’.

Thus one would expect that the S-matrix elements may converge slowly
with respect to the basis size of translationally bound states for large
open/closed channel coupling. This is indeed the case and will be illus-
trated numerically for the model problem presented in Section II,C,S.

5. A Technique for Calculating Siegert Eigenvalues and Siegert States

As discussed in Section II,A,7, the Siegert states satisfy a set of
coupled equations (100). Corresponding to these formal equations are the
following matrix equations:

[(Ta — &916 + &0 + Hoolks® = Hoex 55, (172a)
[(TR - Sjs)lc + gc + Hcc]x,is = Hcons. (172b)

The open-channel Siegert state «;° and the closed-channel Siegert state x ;°
aren X | and m X | column vectors, respectively. The coupled equations
(172) are equivalent to the following matrix equation:

[Tl + &+ He + Rcc(ajs)]st = &°X5 a173)

which corresponds to formal Eq. (103). In Eq. (173), the level shift
operator is calculated for the complex energy E = &

R.dep) = —~He%l(ePH,. . (174)

The Siegert eigenvalue &;° and the closed-channel Siegert state x;* can
be found by iteratively solving Eq. (173) for the jth self-consistent eigen-
value and eigenvector. Suppose we diagonalize the matrix representation
of the level operator at some energy near the position of thejth resonance,
E = Re(g). This provides the jth eigenvector, which we take to be an
estimate of the expansion coefficients for x;* (all other eigenvectors are
ignored), and an eigenvalue &;, which we take to be an estimate of the
energy-independent eigenvalue 7. We now calculate the level operator at
this new energy, L.{&;), and once more diagonalize the matrix representa-
tion of the level operator to obtain a better estimate of the energy-
independent eigenvalue. Continuing in this fashion generates the self-
consistent solutions &;* and x ;°to Eq. (173). This procedure is demonstrated
in Section II,C,4 for the model problem. It has been found to converge
uniformly and rapidly provided the open/closed channel coupling is not
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large. Convergence is expected to be most rapid for narrow resonances
(small coupling) as the initial guess for &f is real.

The open-channel Siegert state can be calculated once & and x;* are
known:

ki = — G eDHod X5 (175)

The asymptotic form of «f is given by

Roxx

w5522 A%(R) f A*Hoexf dR', (176)

which is similar to Eq. (125). An important difference is that each asymp-
totic wave number 3, in A* is calculated for a complex value of the
energy. Substituting &f for E in Eq. (124) gives

Hy = (1/RR2MQOS ~ & — Vi(2=) — i M), a7

where &f = Qf — i['7/2. Since Qf > & + V,(==) and I'f > 0, we have
Re(¥p) > 0, Im(%;) < 0. Using these results in Eq. (126) shows that «; is
an outgoing wave with an exponentially increasing envelope as R = *xin
all » open channels. This will be illustrated numerically in Section II,C,3
for the model problem.

The Siegert eigenvalue problem is arrived at by replacing E in the
Feshbach formalism by the self-consistent eigenvalue &f [see Egs. (99) and
(100)]. From the expressions for the S-matrix elements given by Egs.
(143), one can see that & corresponds to a pole of all of the S-matrix
elements in the complex energy plane.

To apply the iterative scheme outlined above, it is necessary to com-
pute the Green function matrix for complex energy. Since the energy is
complex, the asymptotic boundary conditions contain the complex wave
numbers J,(&f). This presents no problem. In addition, the matrix U de-
fined by Eq. (149) now contains the complex eigenvalue &f on the diagonal.
Thus the eigenvalues A} of U are now complex. This changes the propaga-
tion matrix ? described in Eq. (154) (for details, see Appendix B).

C. The Application of Resonance Theory to a Model Problem

In this section we shall illustrate the features of the Feshbach theory
through application to a simple one-dimensional (x = 0, n = 1) model
problem. The particular model chosen is one 6f the simplest for demon-
strating the general features of the theory. In order to illustrate the tech-
niques presented in Section II,B for handling multiple open and closed
channels, we have chosen two open and two closed channels. The two
open channels have been chosen such that there is a single ‘‘sector’” with
nonzero coupling between open channels. This simplifies the application
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Fig. 3. Potential energy curves for the four-channel model.

of the technique of redistributed sources for generating the open-channel
Gieen function matrix. In addition, the two closed channels have been
chosen such that they remain asymptotically closed at all energies. Thus
we can neglect the effects of a closed-channel continuum and the defini-
tions of P and Q remain independent of energy for all energies above the
threshold for the second channel. We shall see in Section II,C,2 that the
particular closed channels chosen are ideally suited for studying both
isolated and overlapping resonances.

The potential energy curves for the four-channel model are illustrated
in Fig. 3. Channel 1 has a constant potential everywhere and defines the
zero of energy:

H (R) + ¢ =0.0 (178)

(% and 4 both are given the numerical value of unity). Likewise, channel 2
has a constant translational potential:

Hy(R) + &, = 2.0, (179)

Channels 1 and 2 are open channels as we shall consider only E > 2.
Channels 3 and 4 have constant potentials in the interaction region
0=R=L:

Hyg(R) + &5 = 2.5, O0<R<L, (180a)
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Hy(R) + ¢, = 3.0, 0<R<L, (180b)

and become infinite at R = 0 and R = L. All four channels are coupled
only in the interaction region by a constant matrix element indicated by
Hy in Fig. 3. Hy is independent of R in the interaction region, but does
depend upon the channel labels / and j. In illustrating the resonance
theory, we shall find it convenient to vary both the coupling between
closed channels and the coupling between open and closed channels. As
indicated by the arrows in Fig. 3, we shall consider the incoming wave
entering from +x in channel 1. Except for the calculation illustrated later
in Fig. 18, we shall take L = 2.

1. Open-Channel Green Function Matrix

The technique of redistributed sources presented in Section II,B,2 is
exact for the open channels illustrated in Fig. 3 as the potentials are
indeed constant in the ‘‘sector’’ 0 < R < L. Figure 4 illustrates both G}
and G, forR' = 0.5, E = 4.0, and H;;, = 1.0. Note in Fig. 4a and b that
the source, represented by the discontinuous first derivative at R’ = 0.5,
has been ‘‘redistributed’’ among both channels 1 and 2. Note also that the
functions G {; and G'§, are discontinuous at the boundaries between sectors
[see Eq. (B15) in Appendix B]. Upon transforming G{ according to Eq.
(151), we obtain G, illustrated in Fig. 4c and d. This orthogonal transfor-
mation ‘‘magically’’ removes the discontinuities at R =0 and R=L
while simultaneously removing the discontinuity in the first derivative of
the off-diagonal element G,, as required by Eq. (150a). In the asymptotic
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Fig. 4. G} and G, as a function of R for R’ = 0.5, E = 4.0, and H,; = 1.0.
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Fig. 5. Contours of the real part of G(R, R'), illustrating the reciprocity condition.

regions R < 0 and R > L, G} and G, are identical since the channels are
uncoupledand T = 1.

Figure 5 shows contours of the real parts of each element of the Green
function matrix for £ = 4.0 and H,; = 1.0. These contours demonstrate
numerically the reciprocity condition (122), which gives rise to the sym-
metry of the matrix representation of the level operator and the orthogon-
ality of the resonance states. The diagonal elements G,; and Gy, are sym-
metric about the dashed line representing R = R’. The off-diagonal
elements have the following symmetry: The region R < R’ of G, isthe same
as the region R > R’ of G,,, and vice versa. The imaginary parts also have
the same symmetry as required by Eq. (122). In addition, the real parts of
G, and G,; have a “‘crease’” along R = R' due to the discontinuity in
slope at R = R’ (see Fig. 4c, which is a cut through this surface at
R' = 0.5).

2. The Coupled Closed Channels
For the model problem illustrated in Fig. 3, the two closed channels
are a pair of coupled ‘‘infinitely deep wells’’ extending from R = 0 to
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R = L [see Eqs. (180)]. In this region they are coupled by the constant
matrix element H;, The translational bound states and eigenvalues in
each uncoupled closed channel satisfying Eq. (158) are the familiar infi-
nitely deep well solutions. For channel 3 the solutions are

Loy = (2/L)'2 sin{jmR/L), (181a)

wg = 2.5 + (R22M)jn/0)2, j=1,2,. .. ,M(), (181b)
and for channel 4 the solutions are

Lax = (2/L)'? sin(kwR/L), (181¢c)

wae = 3.0 + (R2/2M) (k7 /L)?, k=1,2,...,MQ2). (181d)

Here M(1) and M(2) are the number of basis functions in the first and
second closed channels, respectively, that we wish to use in constructing
¢, and W,

In order to construct the functions ¢;, we need to solve the eigenvalue
problem given by Eq. (168). For the elements of the matrix h, we have

h¥k = w3edu, (182a)
h = oudp (182b)
hk = h3k = Hsbp (182¢)

corresponding to Egs. (166) and (167). From Eq. (182c), we see that only
the jth translational bound state in channel 3 will ‘‘mix’’ with the jth
translational bound state in channel 4. Therefore, it is convenient for this
problem to use the same number of bound states in each channel:
M(1) = M(2) = M. Thus h is of dimension 2M x 2M and we shall obtain
2M translationally bound states ¢,;. As given by Egs. (182), h is a
tridiagonal matrix. This tridiagonal matrix can be rearranged as a block
diagonal matrix with 2 X 2 matrices on the diagonal. Each 2 X 2 matrix is

of the form:
) H.
o “], j=L2 ... .M, (183)
Hsy vy

and can be diagonalized separately. The eigenvalues W, of the transla-
tionally bound states ¢, are roots of

le - ((1)31 + w“)Wl + Wyjgy — H§4 = 0, (184)

where | = 2j — 1 and [ = 2j. The translationally bound states are of the
form:

oy sin(jmR/L)
. (185)

= (2/L)'"
¢ =@/ [az,, sin(j7R/L)
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Fig. 6. A correlation diagram showing the translationally bound-state eigenvalues W,
I=1,....,6, as a function of the coupling between closed channels.

where the (normalized) eigenvector coefficients ay; and az; are the non-

zero solutions of
wy — W, Hay, ] [auz] 0
=0 186
Hg, wy — W, (2¢7)] ( )

Figure 6 shows a correlation diagram of the bound-state eigenvalues
W, as a function of Hy;for/ = 1,2,. . . ,6(orj = 1, 2, 3). Since only the
Jth translationally bound state, {3;, in the uncoupled channel 3 will ‘‘mix’’
with {4 under the constant interaction Hj,, it is possible for the eigen-
values W, to cross at a particular coupling Hy, provided they do not both
arise from the roots of Eq. (184) with the same index j. This feature makes
this particular model well suited for the study of overlapping resonances.
Recall that for sufficiently small H,., the eigenvalues W, roughly corre-
spond to the positions of the resonances. Thus we could make H,. small
and set Hy, = 1.0 to observe isolated resonances. Then we could increase
Hjy, to a value near 1.8 and allow the resonances associated with W, and
W; to interfere and overlap. As Hy, is increased further, other crossings
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also occur. In Section I1,C,5 we shall compare the qualitative features of
both isolated and overlapping resonances.

3. Resonance States and Siegert States

Figure 7 shows both the real and imaginary parts of the channel-3 and
channel-4 components of x; for E = 4.0; Hy; = Hy, = 1.0;and Hy = 0.4,
i=1,2,andj = 3, 4. It was calculated by diagonalizing the level operator
in a basis of 2M = 20 translationally bound states. As one would expect
from Eqs. (79) and (185), the shape of Re(x3) is the same as the zero-order
contribution ¢;, which has the appearance ~=*sin(27R/L) in both chan-
nels 3 and 4. Note that the amplitude of the real part of x; is much larger
than the amplitude of the imaginary part. This difference in amplitude
arises since there is no zero-order contribution to the imaginary part of the
resonance state [see Eq. (79)]. In addition, since Im(xs) also has the ap-
pearance of sin(27R/L), the most significant first-order contribution is the
term Im(R,3)y( W3 — W', Thus the imaginary part of the resonance
state varies more rapidly than the real part with changes in energy or
open/closed channel coupling.
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Fig. 7. Real and imaginary parts of the closed-channel resonance state x.
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Fig. 8. Real part of the open-channel response function ;.

The open-channel response function corresponding to x; is &3, whose
real part is presented in Fig. 8. This function is antisymmetric about the
center of the interaction region, R = L/2 = 1.0. All «; for this model are
either symmetric or antisymmetric with respect to R = L/2. The type of
symmetry or antisymmetry of &; is not a general feature of the open-
channel response function but is only a reflection of the symmetric chan-
nel potentials and the symmetry of the outgoing-only boundary conditions
of Eq. (141).

Figure 9 illustrates the real part of the energy-independent closed-
channel Siegert state xj corresponding to the energy-dependent resonance
state xs in Fig. 7. x§ was also calculated by diagonalizing the level
operator (calculated at &) in a basis of 20 translationally bound states
using the same coupling parameters as in Fig. 7. The perturbative expan-
sion of Eq. (79) is appropriate for xf as well as x; provided we evaluate the
matrix elements R;; at the complex eigenvalue energy ef. Thus we expect
Re(x5) = ¢, for small coupling, which is verified by Fig. 9.

1.2 1.2

CHANNEL 3 Re(xg) CHANNEL 4 Re (ng)

0.8f 08

0.4 0.4+

0.0 0.0
-0.4F -0.4}
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—12 1 i L I I 1 -1.2 1 L | 1 1 L

=20 -0 00 10 20 30 40 2.0 -1.0 00 10O 20 30 4C
R R

Fig. 9. Real part of the closed-channel Siegert state 5.
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Fig. 10. The magnitude square of both channel components of x3, demonstrating the
exponentially increasing envelope of the open-channel Siegert states.

The magnitude squares of the channel-1 and channel-2 components of
k3 are shown in Fig. 10. Here we are showing the magnitude square since
it clearly demonstrates the increasing envelope of the open-channel
Siegert state. Recall from the discussion of Section II,B,5 that the asymp-
totic form of the channel/ component of x; is ~exp[+iRe(¥)R]
exp[=Im(%)R]. Then the asymptotic form of the magnitude square of
each component is ~exp{*2 Im(¥)R]. Since Im(%;) < 0, this leads to the
exponentially increasing density in the asymptotic regions, which is illus-
trated in Fig. 10. This exponentially increasing density is, of course,
“‘nonphysical’’ and reflects the fact that the eigenvalues &f correspond to
poles of the S-matrix in the complex energy plane.

4. Resonance Parameters

The convergence of the iterative technique of Section II,B,S for cal-
culating Siegert eigenvalues is demonstrated in Table I. The first five
iterations in calculating 5 are shown for the following set of parameters:
Hy=Hy=1.0;H;=04,i= 1,2, andj = 3, 4. The rather rapid con-
vergence of &} is typical of the results that we have obtained in calculating
other eigenvalues for small open/closed channel coupling. As one would
expect, convergence is most rapid for small coupling and inherently nar-
row resonances.

In addition to the Siegert eigenvalue, one can define an energy-
independent eigenvalue &f by calculating &,(E) at the energy Re(sy):

ef = ex(Re(£D)). (187)

Thus &f is simply the Feshbach eigenvalue calculated at a particular real
energy. Table II compares &} and &f for k = 1, 2, 3, and open/closed
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TABLE 1
CONVERGENCE OF A SIEGERT EIGENVALUE®
Iteration Re(ef) Im(e)
0 5.0145 0.0000
1 5.2935 -0.1362
2 5.2839 —0.1015
3 5.2820 —0.1048
4 5.2824 —0.1047
5 5.2824 —0.1047
@ The convergence of &} is shown for H;; =
Hy=10,Hy=04,i=1,2,andj=3,4.
TABLE 11
COMPARISON OF & AND g;"
q G
k Hy Real Imaginary Real Imaginary
1 0.2 2.9539 —0.0030 2.9539 —-0.0030
0.4 2.9590 —-0.0094 2.9591 —0.0094
0.6 2.9675 -0.0124 2.9677 -0.0123
0.8 2.9743 -0.0111 2.9744 -0.0110
2 0.2 5.0829 -0.0321 5.0836 -0.0315
0.4 5.2748 -0.1129 5.2824 -0.1047
0.6 5.5601 -0.2110 5.5818 -0.1811
0.8 5.9086 —-0.3013 5.9451 -0.2384
3 0.2 6.6543 ~0.0009 6.6543 —0.0009
0.4 6.6555 —-0.0033 6.6555 -0.0033
0.6 6.6579 —0.0064 6.6579 —-0.0065
0.8 6.6617 —-0.0093 6.6617 -0.0093

T Hy, = Hy, = 1.0; H, represents all matrix elements coupling open and closed

channels.
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Fig. 11. Resonance parameters as a function of the coupling between open and closed
channels: exact (solid line); first order (dashed line); Siegert (O).

channel couplings of Hy = 0.2, 0.4, 0.6, 0.8. £f and &} are essentially
identical for all Hy for the inherently narrow resonances k = 1 and £ = 3.
This is to be expected since Im(ef) is small for narrow resonances. How-
ever, for the inherently broad resonance k£ = 2, &f and &}, differ somewhat,
even for small coupling. From Table II, it is apparent that Re(&f) > Re(ef)
and Im(ef) > Im(ef). Note that the half-widths I';/2 and I'f/2 correspond-
ing to £f and £f do not vary as the square of the coupling (as the energy-
dependent half-widths), but increase much more slowly. In fact, I'f/2 and
I'5/2 both decrease in increasing H; from 0.6 to 0.8. If Hy is increased to
1.0, this trend continues: I'f/2 = 0.0089 and I'§/2 = 0.0088.

Figure 11 compares the energy-dependent resonance parameters (2,
and T'y/2 calculated for E = 4.0, H,, = H,, = 1.0 as a function of
open/closed channel coupling. The solid lines represent the ‘‘exact’’ res-
onance parameters, which were found by diagonalizing the representa-
tion of the level operator in a basis of 20 translationally bound states. The
dashed line represents the first-order resonance parameters, which agree
quite well with the exact resonance parameters, even for larger coupling.
As predicted by the perturbation theory of Section II,A,4, the energy-
dependent Feshbach resonance parameters vary quadratically with the
strength of the open/closed channel coupling. For comparison, a few of
the Siegert resonance parameters have also been plotted. The Siegert
resonance parameters are quite different from the energy-dependent
Feshbach resonance parameters since the latter are calculated at £ = 4.0
(however, recall the close comparison of the self-consistent Feshbach
eigenvalues and Siegert eigenvalues in Table II). As noted in the discus-
sion of Table II, the Siegert resonance parameters do not show a quadratic
dependence on the coupling strength.
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The energy dependence of the Feshbach eigenvalue &, is illustrated in
Fig. 12. As before, Hy; = Hy, = 1.0, and &,(E) is shown forE = 4.0-8.0 in
increments of 0.4 and for open/closed channel couplings of both H; = 0.4
and 0.8. As the energy increases from 4.0 to 8.0, the real part of &
monotonically decreases and the imaginary part increases as the eigen-
value moves closer to the real axis. As predicted in Section II,A,6, the
energy dependence is strongest for the larger coupling, and the energy
derivative is greatest at lower energies. Figure 12 also illustrates the per-
turbation theory of Section II, A ,4. Increasing the coupling by a factor of 2
from 0.4 to 0.8 moves the eigenvalues approximately 4 times their original
distance from the real axis. For comparison, & and &§ have been plotted
for Hy; = 0.8. Notice that &f lies on a smooth curve passing through the
points &,(E), whereas &§ does not. The Feshbach resonance parameters
&(E) lie on a smooth curve not containing & since &(E) is an analytic
function evaluated at a real energy, while &/ is the same function evaluated
at a complex energy.

5. Qualitative Features of Resonances

In this section the qualitative features of both broad and narrow, and
isolated and overlapping resonances are illustrated via the four-channel
model.

Figure 13 shows transition probabilities as a function of energy for the
following parameters: Hy; = Hgy = 1.0; Hy =04,i = 1,2,andj = 3, 4;
4.0 = E = 8.0. From Table II the resonance parameters for this case are
e = (5.2824, —0.1047) and &§ = (6.6555, —0.0033). These resonance pa-
rameters suggest that we should observe a broad resonance around
E = 5.28 and a narrow resonance centered at E = 6.65. In addition, ac-

Re(€p)
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0.0 T % T
S
\ g ®® 9/62
W, X Pl
- L F
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®
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Fig. 12. The Feshbach eigenvalue &, as a function of energy. (x)H;; = 0.4; (®)H,; = 0.8.
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Fig. 13. Transition probabilities for a range of energies encompassing both a broad and a
narrow resonance.

cording to the definition (51), the two resonances are isolated (not over-
lapping). These resonance parameters accurately predict the positions of
the resonance structures of the transition probabilities in Fig. 13. How-
ever, the range of energies for which the resonances dominate the transi-
tion probabilities is actually somewhat larger than I'; and I'§. In any case
I'§ < T3 predicts the third resonance to be more narrow than the second,
which is qualitatively affirmed by Fig. 13. Of course, all transition prob-
abilities change rapidly in the vicinity of each resonance, as is obvious
from Eqs. (143).

Argand diagrams of S-matrix elements for energies near the broad
resonance centered at £ = 5.28 are shown in Fig. 14. The S-matrix ele-
ments are plotted for energies in the range 5.0 = E < 5.5 in increments of
0.02. The direction of increasing energy is indicated by the arrow in the
figure. The increasing separation of the plotted symbols as E nears 5.28
reflects the strong energy dependence of the S-matrix elements in the
vicinity of the resonance. The nearly circular paths in the complex plane
are characteristic of an isolated resonance.

As discussed in Section II,A,1, both PV and Q¥ change drastically for
energies near a resonance. The rapid asymptotic variation of PV, of
course, is reflected in the S-matrix elements and transition probabilities.
The rapid variation of Q¥ near a resonance is indicated in Fig. 15 by
showing |fy* at E = 5.18, 5.28, and 5.38. As E nears the position of the
resonance, E = 5.28, the density associated with channel 4, |f,|*, increases
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substantially. Of course, a similar buildup of density occurs in channel 3
also.

By increasing Hg4, we can drive the broad and narrow resonances of
Fig. 13 closer together so that they overlap and interfere (recall the corre-
lation diagram in Fig. 6). Table III presents the resonance parameters for
H;, = 1.6, 1.7, and 1.8. For H,, = 1.6, the narrow resonance occurs at
higher energies than for the broad resonance. As Hj, is increased to 1.7,
the resonances overlap according to the definition (51). Upon increasing
H,, further to 1.8, the narrow resonance now occurs at lower energies
than the broad resonance. Transition probabilities for these three cases
are shown in Fig. 16. For Hy; = 1.6 and 1.8, the narrow resonance intro-

+Im

+Re L +Re

nr
Sii

+Re

r r
sll 52|

Fig. 14. Argand diagrams of S-matrix elements for a range of energies near an isolated
resonance.
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TABLE 111

ei AS A FUNCTION OF Hy®

k Hy, Re(&g) Im(ef)
2 1.6 5.8341 -0.0734
(broad) 1.7 5.9275 —0.0692
1.8 6.0212 —0.0652
3 1.6 6.0658 -0.0015
(narrow) 1.7 5.9998 -0.0014
1.8 5.8677 -0.0012

“Hy =10, Hy=04,i=12,andj =3, 4.

duces an additional structure on curves that are otherwise qualitatively of
the same shape as the isolated broad resonance of Fig. 13. For Hy, = 1.7,
the transition probabilities are qualitatively similar in shape to those of the
isolated resonance of Fig. 13 except for the tiny irregularities indicated by
the arrows and by the sharpness of the second extrema in |S§;? and
|SH[%. It is quite possible for one to mistake these strongly overlapping
resonances for a single isolated resonance, based on the shape of these
transition probabilities. However, if one looks at Argand diagrams of the
S-matrix elements, it is clear that this resonance structure is due to over-
lapping resonances. Figure 17 shows the S-matrix elements as a function
of energy for 5.0 = E < 5.5 in increments of 0.02. The direction of in-
creasing energy is indicated by the arrows. The interfering narrow reso-

1.2

00
—20

Fig. 15. The rapid variation of Q ¥ for energies near a resonance is demonstrated by |f;[?
for energies below, on, and above resonance.
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nance introduces an additional structure (indicated by arrows in the
figure), which distorts the large circular patterns that otherwise would be
similar to those of Fig. 14.

Instead of varying Hj,, we can also cause the resonances to overlap
and interfere by increasing the length L of the interaction region. Increas-
ing L causes the bound-state spectrum to become more dense. As the
eigenvalues W, crowd closer together, so do the positions {, of the reso-
nances since {W;} represent zero-order positions. Figure 18 compares S
for L = 2.0and 8.0 (for Hy, = Hyy, = 1.0; H; = 04,i=1,2,andj = 3,
4) for the same energies as Figs. 14 and 17. For L = 2.0 we get the usual
circulation pattern characteristic of an isolated resonance. For L = 8.0,

+Re

+Re

r
SZI

S

Fig. 17. Argand diagrams of S-matrix elements for a range of energies encompassing a
pair of overlapping resonances.
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Fig. 18. Argand diagrams of Sff comparing L = 2.0 (a) and 8.0 (b) for energies in the
range 5.0 = E = §.5.

however, there appears to be a loss of correlation between neighboring
points of an energy scan of increments of 0.02 for some energy ranges.
The ‘‘loss of correlation’ is only artificial in that by using a smaller incre-
ment one would find the S-matrix elements to be continuous functions of
E, but very strongly energy-dependent due to the overlapping and interfer-
ing resonances.

Figure 18 was not generated using the Feshbach theory, but rather was
solved by a propagation technique similar to that discussed in Section
I1,B,2 and Appendix B. As L is increased beyond 2.0, the Feshbach
method rapidly requires a much larger basis of translationally bound
states in order to generate converged S-matrix elements and quickly be-
comes unsuitable as a means of solving the stationary-state Schrodinger
equation. As L increases, the eigenvalues W; become more dense, and
those resonances that were far resonances for small L now become
strongly energy-dependent and make significant contributions to QV.
Thus one needs to include additional ‘‘zero-order resonance states’’ ¢, in
the calculation in order to properly calculate both Q¥ and S-matrix ele-
ments (see Section II,B,4). In addition, as the open/closed channel cou-
pling is increased, a larger basis of translationally bound states is required.
(See Table IV for a quantitative comparison.) However, the Feshbach
technique is more sensitive to increasing L than to increasing the size of
the open/closed channel coupling.
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TABLE IV

S-MATRIX ELEMENTS AS A FUNCTION OF BAsIs S1zE®

Basis
size,
H,; M Y SH
0.1 2 -0.058 -0.070 0.099 —0.036
4 -0.058 -0.069 0.099 -0.034
Exact —0.058 -0.069 0.099 -0.034
0.4 2 -0.072 -0.103 0.155 —0.088
4 ~0.063 -0.086 0.143 —0.065
6 —-0.061 —0.088 0.144 —0.065
Exact -0.061 -0.088 0.143 —-0.064
Basis
size,
Hy M Sh St
0.1 2 -0.739 -0.110 0.508 0.405
4 —0.740 -0.111 0.507 0.405
Exact —-0.740 -0.111 0.507 0.405
0.4 2 -0.769 -0.129 0.433 0.396
4 -0.786 -0.137 0.407 0.402
6 —-0.786 -0.140 0.406 0.402
Exact -0.787 -0.140 0.405 0.402

"Hy=Hy=10;Hy=04,i=1,2,andj=3,4; E=4.0; L = 2.0.

III. Time-Dependent Theory

The time evolution of a quantum mechanical system can be described
by the integrated form of the time-dependent Schrodinger equation:

W(x,t) = e HAM(x "), (188)

where Ar = ¢ — ' and x denotes the complete set of coordinates for the
problem at hand. In describing the time development of a collinear chemi-
cal reaction [of the form of Eq. (104)], let us form an initial wave packet at
t=1t',or At = O:

Y(x, t') = 2m)"'2 J’:a(.%'l)‘l’(x, Hy) d Ky (189)
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The factor (27)~'2 is inserted for convenience in normalizing the initial
wave packet. In Eq. (189) we are using the asymptotic wave vector in
vibrational channel 1, %,(E), as the variable of integration in superimpos-
ing the stationary solutions ¥(x, %) (E could also be used.) Inserting Eq.
(189) into Eq. (188) and using the eigenvalue property of ¥(x, ¥}) gives

V(x, 1) = 2m)~" fo”a(%;)e-w'“'"qf(x, 1) d3ti, (190)

where E' = E(¥}). Performing the integration over % for any given x and
t (or At) gives the corresponding state of the collision system ¥(x, 7).

A. Translational Wave Packets

Since the experimentalist typically observes the product molecules or
the unreacted molecules, we shall consider the form of Eq. (190) appro-
priate in the asymptotic reactant region R > R, and in the asymptotic
product region R < R_. Projecting on the internal states (®;|, the asymp-
totic form of Eq. (190) is

AR, ) = @m7e [ % a(ti)e smp(R, %) dt,

J=hL...,n (191a)
SR, 1)=0, j=n+1,...,n+m, (191b)

where fi(R, t) are the translational wave packets. Equations (191) deter-
mine P¥(¢) in the asymptotic region (note that Eq. (191a) is valid for the
truly collinear case x ¥ 0, as well as the one-dimensional case x = 0,
since the discussion is based on the asymptotic form of the wave function.
Of course, Eq. (191b) implies Q¥ (f) = 0 in the asymptotic region.
Suppose the initial wave packet is localized at Az = 0 in channel] /.
Then in the asymptotic reactant region R > R,, Eq. (191a) becomes

AR, ) = 8,2m) " [ 7 [a(X)/(%i) "]

x exp{—i[#{(R — R, + E' At/h]} d¥}

—@me [T [/ IS FH)

x exp{+il#;R + #|R, — E' At/h]} d¥}, (192)
where the asymptotic form of f;(R, ¥}) given by Eq. (142a) has been used
and in which we have chosen c(¥;) = e**ifs to set the initial conditions on
the wave packet. In Eq. (192), ;(E) is considered to be a function of

H\(E), and ¥,(¢) denotes the threshold of channel / in terms of #,. The
first term of Eq. (192) represents the incoming wave packet and the sec-
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ond term is the reflected nonreactive wave packet. A corresponding equa-
tion can be written for R < R_ describing the reactive wave packet.
Let us consider the kinematics of the incoming wave packet. The
‘‘position’’ of the incoming wave packet is taken to be the position at
which the superposition of incoming waves constructively interferes.
Constructive interference (superposition of waves of approximately the
same wave number) occurs when the ‘‘phase’” 8,(%,;) of the exponential:

8(H) = H R — Ry + E At/h, (193)
is stationary as a function of %,. Computing d8,/d%,, we have
Aoy _ (g - gy P s (R0
%, (R - R) o + 5\ (194)

Here we have used d,/d%, = 3%,/%, and the definition (124). Let %,
represent the value of J; for which the spectral distribution a(3;) ¥ is
a maximum. Then equating d8,/d ¥, to zero and evaluating at %, = ¥,
we obtain

R =R, - V, At, (195a)
where
V,=hH,/ M. (195b)

At At = 0 the wave packet is ‘‘located’’ near R,. As At increases, the
wave packet moves toward the interaction region with ‘‘speed”’ V,. Of
course, Eq. (195a) is valid only for R > R,, since we have based the
discussion on the asymptotic form of the translational wave function.
Equation (195a) is valid, therefore, for At < V,"Y(R, — R,).

Of course, the initial wave packet must be normalized:

(W(x, t)|¥(x,t")) = 1. (196)

Since the time evolution operator e ~'#2“* js unitary, ¥(x, t) remains nor-
malized for all . Since the wave packet is localized in the entrance chan-
nel/ atz = t', Eq. (196) becomes

a*(ADa(H}) .
1 —f f R dXy dHT 5—
KD J HAED ( ‘%‘l )] (HLAD"E !

X f exp[—i - HINR — R)] d(R — R,). (197)
Since the initial wave packet is localized in the asymptotic region R, <
R < =, the lower limit of the integral, R,, may be formally extended
to —x, Then this integral is just the Fourier representation of the
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Dirac delta function, 8(%; — ¥). Substituting 8(¥; — ¥{) = (¥{/ K1

8(Hy — A7), the normalization condition is
j“’ la(H D2 dHy = 1. (198)
H(€)

One possible choice of a(J,) satisfying Eq. (198) is the Gaussian dis-
tribution:
a(H)HT? = Q) VHAH ) V? exp[—(H, — HD?/4 AXT],
Hy > Hi(€), (199a)

aH)HTE =0,  Hy= H(&). (199b)

For this spectral distribution a(%,)%1'? is peaked about ¥, = ¥¢ with
a width measured by A%,. Since a(¥%,) = 0 for ¥, < ¥,(&), we must
choose X ¢ > #,(£&) for Eq. (199a) to satisfy Eq. (198).

The kinematics of the outgoing, nonreactive wave packet can be
understood in a similar fashion. Substituting

S}'zr(c%'l) = |Sﬁr(‘%/l)|eianf(7{’.) (200)

in the second term of Eq. (192), the outgoing, nonreactive wave packet
in vibrational channel j is

—(27)12 " a(HD)|SH] B J 9 201
@mn [ e L (201a)
where the phase of the outgoing wave, 8,( X }), is given by
8(HY) = AR + H R, + 8 (K — E' At/h. (201b)

Computing the derivative of 8,(X}), we have

ds, _ o Wy, p Wi, dSF K3
ao - R TR T o T T

Next we must equate dd,/d¥; to zero and evaluate it at the maximum
of the spectral distribution a(37)|S J(H)|%; 2. The effect of the factor
|SH¥| is to shift the maximum away from the maximum of the original
incoming spectral distribution a(X) % '2 at %} = ¥, to a different
value, ¥, = %,. In fact, if there are several resonances in the range of
energies for which a(J}) is of appreciable amplitude, there may be
several maxima of a(¥})|S}|#;'*. Thus each resonance can give
rise to an outgoing wave packet, each moving with a different velocity.
Let us suppose that a particular maximum of the spectral distribution
occurs at %, = ;. Then setting Eq. (202) equal to zero and evaluating

At. (202)
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at ¥, = %, yields

R=%ap _ X d o,y (203a)
%, %, d
V, =k, /M. (203b)

In Eq. (203a), %; = ¥ %,). Likewise, d&}/d¥; is evaluated at
%: = %,. Thus an outgoing, nonreactive wave packet moves away
from the interaction region with *‘velocity” V;.

Since the discussion above is based on the asymptotic form of the
translational wave functions, R > R,, Eq. (203a) is valid only for
At > Atyin, Where

M . M Ay
Atm,,=———.—<R +7’-R0)+—.——‘—’- 204
"R\t g, A, dX1 (204)

The term in Eq. (204) not associated with the initial position (i.e., R,)
or the definition of the asymptotic region (i.e., R;) must be the time
delay 7 due to the excitation and subsequent decay of Q ¥(¢). Therefore,
we define the time delay as

po MO 4o (205)
Bt dily s | dE

(For other discussions of the time delay, see Bohm, 1951; Wigner, 1955;
Smith, 1960.) Associated with each maximum of a(¥?7)|S }|%; V2 there will
be an outgoing wave packet whose kinematics is described by Eq. (203a)
and suffering a time delay given by Eq. (205). Qualitatively, we know from
the Feshbach formalism that the S-matrix is more strongly energy-
dependent for energies in the vicinity of a narrow resonance than for
energies near a broad resonance. Thus from Eq. (205) we see that a broad
resonance is associated with a short time delay and a narrow resonance is
associated with a long time delay.

If the spectral distribution of the outgoing wave packet is rather broad,
then the wave packet will be somewhat localized and the kinematics of
Eq. (203a) will be convenient. However, if the spectral distribution is
narrow, then the wave packet will be spread out and the ‘‘position’ given
by Eq. (203a) will not be distinct. Thus for a peak in the spectral distribu-
tion due to a broad resonance we expect Eq. (203a) to be applicable. By
the same token, Eq. (203a) is of little use for wave packets arising from
narrow resonances. In addition, both the incoming wave packet and all
outgoing wave packets continually spread at At increases.
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B. Time-Dependent Theory and Resonance Parameters

From the discussion of Feshbach resonance theory of Section II, it
would seem reasonable that an S-matrix element S; could be approxi-
mately parameterized as

" o~ Bﬂ
SulB") = au + TE o N T T2
= S, (background) + S;(res; E') (206)

for a range of energies near an isolated resonance centered at E' = (Q,.
Equation (206) is the well-known Breit-Wigner parameterization (e.g., see
Taylor, 1971; Roman, 1965). Here oy and B are taken to be independent
of E' for the range of energies in question: (), and I'; are taken to be
energy-independent resonance parameters, such as the Siegert or self-
consistent Feshbach resonance parameters. Naturally, oy contains both
the contribution of the open-channel-only S-matrix element and the con-
tributions from far resonances. Upon substituting Eq. (206) into the outgo-
ing wave packet of Eq. (192), we would obtain two integrals. The wave
packet associated with «y; corresponds to a promptly scattered wave
packet since oy is approximately constant for the range of energies in ques-
tion. The second term of Eq. (206) gives rise to the time-delayed wave
packet. Defining 8; = Br + i8;, we have for the phase and magnitude of

Sj(res; E'):
8,(E') = tan~* (gié ;%‘:) 1%:?:;;) (207a)
[Ss(res; E')| = |B4[(E" — Qu)?* + T}/4]7'2. (207b)

From Eq. (207b) it is evident that the spectral distribution a(¥3)|S J|#; "
is peaked at approximately E' = (), or Hy = H(Qy), provided a(H})
is not strongly peaked. Computing the derivative of Eq. (207a) with
respect to ¥, we have

ddy _ (h2 %,
d;

) 1Bal* T /2 .
M [BRE' — Q) + BIk/2F + [BAE' — Q) — Brl'k/2F
(208)

Evaluating Eq. (208) at E’' = (), and substituting into Eq. (205) yields the
connection between the time delay r and the resonance width parameter
T I’y

e = 2h/T. (209)

Here we have added the subscript k to the time delay to emphasize that it
arises from the kth resonance. Thus a broad resonance gives rise to a short
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time delay, and a narrow resonance gives rise to a lengthy time delay. It
must be emphasized that Eq. (209) should be regarded only as a qualita-
tive connection between I'y and 1, because it is based on a number of
severe assumptions that may seldom be realized. Note that the factor 83
does not appear in Eq. (209). Thus 7 is the same for all exit channels.

The resonance parameters (), and I'y determine the qualitative nature
of the time-delayed wave packets. The resonance parameter (), deter-
mines the *‘velocity’’ of the outgoing wave packet in each exit channel j,
V; = h¥l;/ M = h¥(Q)/ M, since Eq. (207b) is peaked about E' = (.
The resonance parameter [, determines both the time delay for all exit
channels and the ‘““width’’ of the peak approximately centered at 7 ,({);)
in the spectral distribution a(3,)|Su(res; E')|¥;,'2. Thus a narrow
resonance is associated with a long time delay and a broad wave packet,
whereas a broad resonance is associated with a short time delay and a
somewhat more localized wave packet.

C. The Time Evolution of the Model Problem

In this section, we shall illustrate the discussion of the time-dependent
theory using the model problem of Section 11,C. For the results presented
below, the following coupling parameters were used: H,, = H3, = 1.0;
Hy;=0.8,i= 1,2, andj = 3, 4. In addition, a(J,) is given the functional
form in Eq. (199) with A%, = 0.9 and J#¢ = 5.1 (corresponding to an
average energy of 13.0). The initial wave packet is localized in channel 1
at R, = 6.0.

The initial incoming translational wave packet (magnitude-square)
is illustrated in Fig. 19. |fi)* has a maximum of 0.69 centered at
R =.R, = 6.0. At At = 0.6, the incoming wave packet has moved toward
the interaction region and broadened somewhat. Even though the leading
edge of the wave packet has entered the interaction region, all probability
(on this scale) remains localized in the entrance channel.

This distribution of probability at At = 1.2 is shown in Fig. 20. The
bulk of the incoming wave packet has plowed through the interaction
region and is being promptly transmitted. In addition, considerable excita-
tion of the closed channels has occurred and a promptly scattered reactive
wave packet is leaving the interaction region in channel 2. The ‘‘bumps’’
of the reactant site of the channel-1 wave packet result from interference
between the promptly scattered, nonreactive, elastic wave packet and the
trailing portions of the incoming wave packet.

Figure 21 illustrates the spectral distribution a(%,)|S$i| %z'"* as a func-
tion of ¥, for the outgoing wave packets corresponding to the nonreac-
tive, inelastic process of forming vibrationally excited reactants. The
peaks corresponding to the inherently broad resonances 2, 4, 6, and 8 are
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CHANNEL 4
[fq l2
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3

CHANNEL 2
2
Ity |

| 1
CHANNEL 1 | A1=0.6 .
2 0.69 4at=0
ki | | l

|R=0  jL=2 |RO=6

Fig. 19. Magnitude square of the incoming wave packet at At = 0 and 0.6.

labeled. The smaller structures are due to the inherently narrow reso-
nances 1, 3, 5, and 7 (in order of increasing position). The positions of
these structures are accurately predicted by the Siegert positions €}f. The
amplitudes of peaks (4) and (6) are larger, in part, due to the maximum of
a(¥,) near ¥#, = 5.0. The outgoing wave packets corresponding to peaks
(4) and (6) are indicated in Fig. 22 by the cross-hatched areas under the
arrows. The positions of the arrows were calculated using Eqgs. (203a) and
(209). For resonances 4 and 6, the time delays calculated from the Siegert
widths are 2.07 and 2.21, respectively. Note that the scale (0.034) used in
plotting Fig. 22 is approximately 20 times smaller than that of Figs. 19
and 20.

CHANNEL 4 At=1.2
Ig)
_________ N e e - — —
4 |
CHANNEL 3
Itg 12
_________ s e e s
| |
CHANNEL 2
13 |2
| I I
CHANNEL |
_If_ilz—d/‘k
|R=0 L=2 |RO=6

Fig. 20. Magnitude square of the translational wave packets at At = 1.2.
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Fig. 21. The spectral distribution for the nonreactive, outgoing wave packets in channel
2. The peaks labeled (2), (4), (6), and (8) are positioned at ¥,(Q2), j = 2, 4, 6, and 8.

The total probability in the closed channels as a function of Ar is
shown in Fig. 23. Note the rapid excitation followed by rapid decay as the
incoming wave packet moves through the interaction region. For longer
times, however, the decay is much slower and clearly nonexponential. If

CHANNEL 4 At=48
2
141

CHANNEL 3
It 12

CHANNEL 2
If512 (4) (6)

CHANNEL | |
A 12 0.034

N |

|IR=0 |L=2 |Ro=6

Fig. 22. Magnitude square of the outgoing wavelets corresponding to peaks (4) and (6) in
Fig. 21.
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Fig. 23. Total probability in the closed channels as a function of Az.

the open/closed channel coupling were increased, the maximum of this
peak would increase and the peak would become more narrow, corre-
sponding to broader resonances with shorter time delays.

IV. Summary

Feshbach theory has been reviewed and then developed for applica-
tions to chemical reactions. The time-independent formulation was then
applied to a model four-channel reaction involving two open channels
interacting with two asymptotically closed channels. The generation of
the multichannel Green function for the open channels and the solution of
the bound-state problem for the interacting closed channels was discussed
in detail. A perturbative analysis of two definitions of resonance param-
eters was presented. The dependence of the complex eigenvalues of the
level operator upon collision energy and upon the coupling strength be-
tween the open and closed channels was numerically investigated. In
addition, comparisons were made with energy-independent Siegert eigen-
values. Plots were presented of typical resonance states and their open-
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channel response functions. Finally, transition probabilities for isolated
and overlapping resonances were analyzed in terms of Argand diagrams,
which show the energy dependence of individual S-matrix elements.
Then, in Section III, a time-dependent study of the same four-channel
reaction was presented. The time evolution of translational wave packets
was discussed analytically and graphically. The growth and decay of
probability in the closed channels was shown graphically. Also, the rela-
tion between the evolution of the open-channel scattered wave packets
and the time delay was discussed. All of this analysis clearly shows that
resonances in chemical reactions are a beautiful class of phenomena that
serve as a very sensitive probe of the dynamics and structure of the
*‘collision complex.”’

Appendix A. Symmetry of the Matrix Representation of the
Level Shift Operator

Applying the identity (a|A|b) = (b|A’|a)* to the matrix representation
of Raq yields Ry = (&|Rjq|d)*, or

Ri = ($il(HopG $#Hpo)'|dbic)*. (A1)
Using (G#3)' = Ggs, (Hpg)' = Hgp, and (Hgp)' = Hpq, Eq. (A1) becomes

Ru = ($lHarG37 Hpa &) = [ [ #7 HopG7 Hpatr dx]",  (AD)

Since the bound-state functions are real and (Gg7)* = G&3, Eq. (A2)
becomes

Ry = f &iH opG §7 Hpg &y dx,

or Ry; = Ry.. Thus the matrix representation of the level shift operator is
symmetric. Since the Hermitian operator Hgq is diagonal in the basis of
translationally bound states, the matrix representation of the level
operator Lgq is also symmetric: Ly = Ly.

The symmetry of the matrix representation of the level shift operator
can also be demonstrated using the matrix notation of Section II,B,1.
Using this notation, we shall see that the symmetry of R is a direct conse-
quence of the reciprocity condition (122) satisfied by the open-channel
Green function matrix. In matrix notation:

R = [[ R HLRIGR, RIHAR)S(R)YdR dR'.  (A3)

Since the integrand in Eq. (A3) is simply a number (in contrast to a vector
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etc.), it must equal its transpose:

Ru = [[ $(RMH(R)GAR, RVHolR) SR dR dR'.  (A4)

Here we have made use of H,, = H,. Using the reciprocity condition
(122), we obtain

Ru= [[ ${RVHRIGAR’, RV Ho(R) d(R) dR’ dR,  (AS)

so that R,; = Ry, with Ry, written explicitly in matrix notation. Since the
orthogonality of the resonance states follows from the symmetry of L [see
Eqgs. (23)-(26)], the orthogonality of the resonance states is also a direct
consequence of the reciprocity condition (122).

Appendix B. Generation of the Propagation Matrix

In order to generate the n X n open-channel Green function matrix,
one must generate a number of 2n X 2n propagation matrices %, defined
in Eq. (154). The purpose of Appendix B is to explain how these propaga-
tion matrices may be calculated.

Consider first the propagation of solutions in the uncoupled represen-
tation within a given sector. Within that sector the uncoupled solutions
GJ(R, R') solve Eq. (153). Each element of G} satisfies an equation of the
form:

d2

R: GHKR, R') = MG¥R, R"), (B1)
where Gy is theith element of G;. From here on we shall drop superscripts
and subscripts as well as the argument (R, R’) with the understanding that
we are interested in propagating a typical element of G}{R, R’) within a
given sector. Thus Eq. (B1) becomes

G"(R) = \G. (B2)

The eigenvalue of U, A%, is either negative or positive, corresponding to
either a locally open or locally closed channel, respectively.

Suppose we know G(R,) and G'(R,) and would like to find G(R) and
G'(R). Let us define the distance AR within the sector we wish to propa-
gate the solutions:

AR=R - R, (B3)
Using Eq. (B3), we can expand G(R) in a Taylor series about R,

GR) = 3 (1/n)G™(R,) AR, (B4)
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where G'™ denotes the nth derivative of G with respect to R. The summa-
tion in Eq. (B4) can be separated into terms containing even or odd pow-
ers of AR:

GR) = 3 [1/@n1G(R) AR™

n=0
+ i [1/2n + DN]G®Y(R,) AR, (BS)

n=0

The summations in Eq. (B5) can be simplified using the form of the differ-
ential equation (B2) satisfied by G. Differentiating Eq. (B2), we obtain

G'*(R) = NG'(R). (B6)

Equation (B6) can be differentiated to obtain
G'(R) = \*G"(R) = MG(R). B7
Continuing this process of differentiation, the following pattern develops:
G2"(R) = A**G(R), (B8a)
G +(R) = A*"G'(R). (B8b)

Using Eqgs. (B8) in Eq. (BS), we obtain

G(R) = ( ; (A(fnl)a')z )G(Ro) + (; %)G'(Ro). (BY)

If A?2 < 0 (locally open), then the terms in the infinite series alternate
in sign and we obtain

G(R) = G(R,) cos]\| AR + |A["'G'(R,) sin|\| AR. (B10a)

If A2 > 0 (locally closed), then the terms in the series do not alternate
in sign:
G(R) = G(R,) cosh|A\| AR + |\|"'G’(R,) sinh]A\| AR.  (B10b)

As in Eq. (B4), G’'(R) can be expanded in a Taylor series and Egs.
(B8) can be used in a similar fashion. For A* < 0, we obtain

G'(R) = —|\|G(R,) sin]\] AR + G'(R,) cos|A| AR. (B10c)
For A2 > (:
G'(R) = \|G(R) sinh|]A\| AR + G'(R,) cosh|A| AR. (B10d)

If the eigenvalue A% is complex, as in the technique for generating
Siegert eigenvalues (Section 1I,B,5), then Eqs. (B10b) and (B10d) must
be used with A replacing |A| (in this case, either complex square root of
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A?* may be used for A). Equations (B10a)-(B10d) can be written more
conveniently as a single matrix equation (see Light and Walker, 1976)
using a 2n X 2nlocal propagation matrix:

G}R, R P, | P, |[GHR,. R)

P, | LGJ(R,, R’)

(B11)

The n X n matrices P;, P,, P3, and P, of the local propagation matrix are
defined as

8y cosh|A| AR for A2 > 0,

(Poy = Py = ’ (B122)
84 cos|\| AR for A2 < 0,
-1 a1 2
Po)y = '5u|>\| sinh|]A\| AR for A2 > 0, (B12b)
Syl\|7t sin]A| AR for A2 < 0,
1 2
®2)y = {6u|}\| sinh]\| AR for A? > 0, (B120)
—8yA| sin]A\| AR for A% < 0.

In Egs. (B12), R is positive for propagation in the direction of increas-
ing R or negative for propagation in the direction of decreasing R.

Equation (B11) provides a prescription for the propagation of solu-
tions within a sector. However, to propagate solutions from any R,
to any R, as required by Eq. (154), we must also be able to cross
boundaries between sectors. At the boundary R = R, between sector |
and sector i — 1 the solutions G,(R, R') (in the coupled representation)
and their derivatives must be continuous. Using the local transformation
given by Eq. (157), the conditions for continuity are

T'GHR, — 8R, R') = T'G}Ry, + 3R, R'), (B13a)
T'Gf(R, — 8R, R') = T'GJ' (R, + 8R, R'). (B13b)
Here the superscripts { — | and / remind us that the eigenvectors of U

differ from sector to sector. Equations (B13) can be combined as a
single equation:

G}(R, — 3R, R')

T 1 0 || GHR, + SR, R’)
=| —=a—- -!- ----- - - (Bl14)
| . ¥(R, + 8R, R')
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Note that GJ(R) is not continuous across the boundaries between sectors in
the interaction region since

T # 1. (B15)

Equations (B11) and (B14) provide the means for both crossing a sec-
tor and jumping the boundary between sectors, respectively, in the un-
coupled representation. The 2rn X 2n propagation matrix #(R;, R,) in Eq.
(154) is obtained by assembling the appropriate products of the matrices in
Eqs. (B11) and (B14) for crossing the appropriate sectors and jumping the
appropriate boundaries lying between R, and R,.
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